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Abstract

These are the notes on Prof. Xie Junyi’s classes.
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1 Algebraic Integers

1.1 Note on 20250922

COROLLARY 1.1. Let L be a number field. Then O is the biggest subring of L which is finitely
generated as a Z-module.

Proof. O is f. g. Z-module. Let B be a subring of L which is f. g. as a Z-module. Then for any
b € B, b is integral over Z, so B C Oy,. |

Exampre 1.2. If charp > 0, there exists DVR, which is not Japanese, i.e. there exists A DVR, L
finite field extension of Frac(A), such that the integral closure B of A in L is not a finitely generated
A-module.
For example, let
k=TF,(to,t1,...), K=TF,(t/". /7 ..),

and

A= {h € K[z]] | h= Zaixi, a; € K, k(ag,ay,...) is a finite extension over L}.
i>0

Then A is a DVR. Note
AX :{a0+~~-|a07§0},

SO

f::Zti/pmi ¢ A.

i>0

Let R := A[f]. Only need to show the integral closure B of R in L := Frac(R) is not f. g. over R.

For all n > 0, set
1 i—n 1 } : 1 i

i>n i<n

Moreover,
h’fz = Ztixp(iin) €EA= hn S B7 Vn.
i>n
Hence, f € A+ "B for all n.
Assume B is f. g. over A. Take

M :=BJA, N:=(]a"M,

n>1

which are f. g. A-modules, and N = N. By Nakayama’s lemma (m = (z)), N = 0. So f € A,
which is a contradiction. Q.E.D.

Let C =) ApB; C B with §; a basis for L/K.
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Define
C*={BeL|Tx(B-v) €A VreC}

:{56L\Tr(ﬁ~ﬁi)€z4i:1,...,m}
= AB;,

where {0/} is the dual basis of ;. We have
C=> ABCBCY AB =C"

Then, how to fine C*?
Assume L = Q[f] with 8 € Op,. Let f(x) be the minimal polynomial of 8 with deg f = m. Let

Want to find C*.
LEMMA 1.3 (Euler).

, 0, 0<i<m-—2,
(/) - {0

Proof. Let 81 = §,..., By be the roots of f. Then

T (8/£/(8) = an# 5

Consider o
Dj(@) = ] (@ - ) € Qlal,
k#j
deg D; = m — 1, and
Dj(x) _ {1, x = pj,
D;(B;) 0, =70, k#j

So any polynomial P € Q[xz] of deg < m — 1, we have

_m D](x)
_;D 3

SO

D ] ’
Compare the coefficients of x”fl. We get

o8 o, 1<m-1,
ZD<(ﬁj)_{1 l=m—1.

j=1 J )
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As )
z(8) = P 28",
i=0
Lemma =
Tr (5%’(5)) €A, VI>o.
Moreover,

det (Tr (ﬁ" : f’ﬁ(;)>o<i,j<m1> = (-1)™,

which is a unit in Z. Hence,

is a basis of C* —

1.1.1 Finding the ring of integers

Let K be a field of char 0.

PrOPOSITION 1.4. Let L = K[B] for some 3, and f(x) the minimal polynomial of B over K with
deg f = m. Suppose b1, ..., Bm are the roots of f in K. Then the discriminant of f:

m(m—1)

D B,....8m =[] Bi-8)"=(1"7 Nmyx (f'(B).

1<i<j<m
Proof. '
D(1,8,...,8™) = det (0:(87))% = det(57)?
= I -8
1<i<j<m
= ()™ T TIs: - 85)
i jAi

= (™ [T re)

m(m—1)

=(=1)" = Nmpk (f'(8).

REMARK 1.5. D(1,8,...,8™ Y =0 iff f has multiple roots.
Let L be a number field.
PROPOSITION 1.6. Let B1,...,Bm be a basis of L/Q, and d .= D(B1,...,Bm) € Z. Then

Zﬁl+---+ZﬁchLcZ%+--~+Z%".
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Proof. For g € Oy, write
B=Y zifi, zi€Q
Let 01,...,0., be the embeddings of L into Q. Then

o;(B) = ingj(ﬂi), j=1,...,m.
Solve z;, we get
Ai OL
z; = € ,
det (O—j(ﬁk)) det (O—j(ﬂk))
Note det(a;(8x))? = d. Hence, every dz; € 0L NQ =Z. So f € Z5 +--- + 25 n

1=1,...,m.

Now write L = Q[a] with o € Of. Compute d = D(1,q,...,a™"1). Then
Z[a] C Ord=*Z]al.

Note
(d_ll[a] : Z[a]) = dm.

For every coset 3 + Z[a] of d~'Z[a] is in Oy, iff
(B+Z[a])NOL # 2.
Let B1,...,m € d~Z[a] represent all the cosets of d~*Z[a]/Z[a]. Test any 3; whether 3; € O, or

not.

1.2 Note on 20250924

1.2.1 General strategy

Write K = Q[a] with a € Ok. Compute D(1,q,...,a™ ). If it is square-free, then {1, cr, ..., ™1}
is automatically an integral basis as

D(1,a,...,a™ ) = disc(Ox /Z)(Ok : Z[a])?.

If it is not square-free, {1,c,...,a™ 1}{1,qa,...,a™ !} may still be an integral basis. Some-
times we can show this by Stickelberger’s thm or look at how prime ramify. If {1,a,...,a™ 1} is
not an integral basis, one has to look for algebraic integers outside Z[a].

PROPOSITION 1.7. Let K be a number field.

(a) The sign of disc(K/Q) is (—1)°, where 2s is the number for homomophisms K — C whose
image is not in R;

(b) (Stickelberger’s thm) disc(Ok /Z) =0 or 1 mod 4.
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Proof. (a) Let K = Q[a] and a4, ..., o, be the real conjugates of a, and vy 1, i1, .-, Qpts, Crts
be the complex conjugates of a. Then

sign (D(l,Oz7 R amfl)) = sign ( H (pgi — m))Q =(-1)°.

1<i<s

(b) Let aq, ...,y be an integral basis of Ok. Let 01,...,0,, be the embeddings of K — Q.
Then
disc(Ok /Z) = det(o;a;)?.

Let
pP= > (owar) - (0h,am),
81l
even permutation
N = > (ohar)(oi,am).
i1l
odd permutation
Then

disc(Ok /Z) = P2 — N? = (P + N)? — 4PN,

where P + N and PN are integral over Z.
For any 7 € Gal(Q/Q), either TP = P,7TN =N or TP = N,7N = P. So

T(P+N)=P+ N, 7(PN)=PN,
which implies P+ N, PN € Q = € Z. Then

disc(Ok/Z) = (P+N)*>*=0o0r 1 mod 4.

ExampLE 1.8. Consider K = Q(y/m) with m € Z square-free.
Case m= 2,3 mod 4. Then

D(1,/m) = disc(z® —m) = 4m.

By Stickelberger’s thm,
disc(Ok /Z) = 4m,

hence {1,1/m} is an integral basis.

Case m =1 mod 4. The element is integral, and

+m
2

p(1.5)

14++vm

Then {1, } is an integral basis.
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2 Dedekind Domains and Factorization

¢ Definition of Dedekind domains;
e Ideals in Dedekind domains factor uniquely into products of prime ideals;

¢ Rings of integers in number fields are Dedekind domains.

2.1 Note on 20250924

2.1.1 Discrete valuation rings

DEFINITION 2.1. A ring A is called a discrete valuation ring (DVR) if it is a principal ideal domain
which has the following equivalent conditions:

(a) A has exactly one non-zero prime ideal m;
(b) up to a unit, there exists a unique prime element 7 € A;
(c) A is alocal ring, and is not a field.

Proof. (a) < (b), (c) = (a).

(¢) = (a). There exists (m) nonzero maximal ideal = (w) # (0). If () C (7) is another
nonzero prime ideal, then 7’ = - h. If h € (7'), then h = 7’ - g, then 7’ = 7'7rg, = = is a unit,
which is a contradiction. So h ¢ (7'), hence (7') = (). |

EXAMPLE 2.2. m
Ly = {— € Q | n not divisible by p}
n

is a DVR with the unique maximal ideal m = (p).
Recall that any A-module M and m € M, the annihilator of m is defined as

Ann(m) :={a € A | am = 0},

which is an ideal of A, and proper if m # 0.
PROPOSITION 2.3. An integral domain A is a DVR iff

(a) A is Noetherian,
(b) A is integrally closed,
(c) A has exactly one non-zero prime ideal.

Proof. Aisa DVR = (a), (b), (¢).
(a)+(b)+(c) = Aisa DVR. (¢) = A is a local ring, not a field. Only need to show A
is a PID. Choose ¢ € A with ¢ # 0, not a unit. Consider M = A/(c). Pick m € M \ {0} s.t.
p := Ann(m) is maximal. Such m exists as M is a f. g. A-module, and A is Noetherian. Write
m = b+ (¢). Then
p={a€ A:c|ab}.
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Claim: p is a prime ideal.
Otherwise, 3,y ¢ p, s.t. 2y € p. Then yb+ (c) € M \ {0} as y ¢ p. But,

Ann(yb+ (¢)) D Ann(ym) 2 Ann(m),

where the last inequality holds as © € Ann(ym) \ Ann(m). This contradicts the maximality of p.
Asm#0ctb, ie 2¢ A

Claim: { € Aandp= (%)
p-bC () = %p C A is an ideal. If %p C p, then % is integral over A, hence in A as A is

integrally closed, which is a contradiction. So %p =A ie p= (%)

Let 7 := 7. Then p = () is the unique nonzero prime ideal of A. Let a be a proper of A.
Consider

2

aCcar tcar2c---

If ar =" = ar~"~! for some 7 > 0, then 7~ (an~") = ar~" = 7! € A, which is a contradiction.
Thus, the sequence is strictly increasing. As A Noetherian, there exists maximal m s.t. a=™ C A,
ar™ ™17 A Thenar ™ ¢p = a7 m=A = a=(1"). [ |

2.1.2 Dedekind domains

DerINITION 2.4. A Dedekind domain is a an integral domian A s.t.

(a) A is Noetherian,
(b) A is integrally closed,
(¢) A not a field and every nonzero prime ideal p is maximal.

REMARK 2.5. Proposition 2.3 =—> A local domain is a Dedekind domain iff it is a DVR.
PROPOSITION 2.6. Let A be a domain, and S a multiplicative subset of A.

(a) If A is Noetherian, so is S™1A;
(b) If A is integrally closed, so also is ST1A.
Proof. Omit. |

PROPOSITION 2.7. Let A be a Noetherian integral domain. Then A is a Dedekind domain iff for
every nonzero prime ideal p in A, the localization Ay is a DVR.

Proof. The “only if” part follows from the above Proposition.
For the “if” part: Only to show A is integrally closed. Let € Frac(A) be integral over A. Set

a={acA|axc A}

If a # A, then there exists a nonzero prime ideal p of A s.t. a C p. Since A, is integrally closed,
x € A,. Hence, there exists s € A\pst. st € A = s€a = s € p, which is a contradiction.
Thus,a=A = z € A. |



Dedekind Domains and Factorization 10

2.2 Note on 20250929
2.2.1 Unique factorization of ideals

THEOREM 2.8. Let A be a Dedekind domain. Then every nonzero ideal a of A can be written
uniquely (up to ordering) as a product of nonzero prime ideals:

— 1 Tn
@ =Py P,

where the p; are distinct nonzero prime ideals of A and r; > 1.

LemmA 2.9, Let A be a Noetherian ring. Then any nonzero ideal a in A contains a product of
nonzero prime ideals.

Proof. Suppose not, choose a maximal counterexample a. Then a is not a prime ideal —-

Jx,y € abut zy € a = both (z) + a and (y) + a strictly contain a = each of them contains
a product of prime ideals = a D ((z) + a) - ((y) + a) contains a product of prime ideals, which
is a contradiction. |

LEvmA 2.10. Let A be a ring, and a,b be relatively prime ideals on A, i.e. a+b = A. Then for
any m,n € N, a™ and b™ are relatively prime.

Proof. Let a €a, b€ b, s.t. a+b=1. Then for r > m + n,

r

1=(a+b)" =) C)mn €a™+b".

i=0
]

LevmMa 2.11. Let p be a mazimal ideal of an integral domain A, and q = pA, the mazimal ideal of
Ap. Then the map
a+p"—a+qm" AT — Ap/q™

is an isomorphism.

Proof. Injectivity.

Only need to show qN A = p™. Clearly p™ C q" NA. Let a € g™ N A. As a € q™, there exists
s€ A\pst. as € P = s is invertible in the field A/p = It € Ast. st=1—uforuep
_—

st =st(l+u+---+u™H=1-um,

where u™ € p™. Hence, a — au™ = ast’ € p™ = a € p™.
Surjectivity.
Let a/s € Ap, witha € A, s € A\ p. As p maximal, (s) +p=A = (s) +p™ = A by Lemma
210 = JbeAjuep”st. sh+tu=1 =
a ab  ab uab

g_g_l—u:ab+1—u'

Soa/s+q™ = ab+ q™. |
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Proof of Theorem 2.8. Now A is a Dedekind domain.
Existence: We prove that any ideal a of A can be factored into a product of prime ideals.
By Lemma 2.9, there exists an ideal b C A s.t.

b=p} - plr Ca,

where p; are distinct prime ideals and each two of them are relatively prime. Hence, by Lemma
2.11,

Afb = Afpit X X Afprr > Ap Ay X X Ay 4
where each A,, is a DVR = any ideal in A,,/q;" takes form q;'/q;*, 0 < s; <1, = a/b
corresponds to

Tm

qrt/at XXy Jagr.

S1 S
a pl PR n’;{n 51 s
—_—=—— = = P m
b b i P
Uniqueness.
Suppose

P =a=pitp
(some s;,t; may be 0). Assume s; +t; > 1. Take

_ wS1tt Smttm
b= p5iti. . piptin,

Consider
AJb ~ Am/‘ﬁﬁtl XX Ay, fagr T

— s; = t; for all 4. ||

REMARK 2.12. 8; > 0 <= ad,, # Ay, < a C p;.

COROLLARY 2.13. Let a,b be two ideals in A. Then a C b <= aA, C bA, for every nonzero prime
ideal p of A.
In particular, a = b <= aA, = bA, for allp.

Proof. “="7 is clear.
“=” Write a = pi'---pim and b = pi'---pSm where p; distinct, s;,7; > 0. For any i,

m

ﬂApiCbApi:>7"7;ZSi:>aCb. |

COROLLARY 2.14. Let A be an integral domain with only finitely many prime ideals. Then A is a
Dedekind domain iff it is a principal ideal domain (PID).

Proof. “«<7” is clear.

Assume A is a Dedekind domain. To show A is a PID, only need to show prime ideals are
principle. Let pi,...,p,n be these prime ideals. Choose x; € p; \ p?. By Chinese Reminder
Theorem, Jx s.t.

r=x; mod p3;
x=1 modp;, Vi>1.

Then (z) = p;. |
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COROLLARY 2.15. Let a D b # 0 be two ideals of a Dedekind domain. Then a = b+ (c) for some
ce A

Proof. Write a = pI*---prm and b = pJ* - - - pim where p; distinct, s;,7, > 0. a Db = s; <1y,
Vi. For i =1,...,m, choose z; € A s.t.

x; € pfl \pjﬁ_l
By Chinese Reminder Theorem, d¢ € A s.t.
c=xz; modp;, Vi

Then b+ (¢) = a. |

COROLLARY 2.16. Let a be an ideal of a Dedekind domain. Let a € a\ {0}. Then 3b € a s.t.
a=(a,b).
Proof. Take b = (a) C a in the above corollary. |

COROLLARY 2.17. Let a be a nonzero ideal in a Dedekind domain A. Then there exists a nonzero
ideal a* in A s.t. a-a* is principal.
Moreover, a* can be chosen (but not both):

1. to be relatively prime any particular ideal ¢; and
2. s.t. a-a* = (a) with any given a € a.

Proof. Let a€a,a#0. aD (a) = (a)=p7*---ppm and a=pj*---pim, s; < ;. Take

* T1—S81

a =p

Coplm ST
Then a-a* = (a).
Now show that a* can be chosen relatively prime to ¢. We have a D ac = Ja € a s.t.
a=ac+ (a).
Above argument = Ja* s.t. (¢) =a-a* =
(a)=a-a"=a-c-a"+(a)-a"=(a) ¢+ (a)-a”,
= dce€c, a €a*s.t.
a=a-ct+a-d = (1)=c+a"
|

REMARK 2.18. We know PID = UFD, but the inverse is not true in general. For example,
Elx,y] is UFD but the ideal (x,y) is not principle.

PROPOSITION 2.19. Let A be a Dedekind domain. Then A UFD = A PID.
Proof. Only need to show every prime ideal p of A is principle.
Let a € p\ {0}. Then
a=umyt - poe,
for w unit, r; > 1 and 7; irreducible. Thus, there exists m; € p. Hence, (m;) prime = maximal
= (m) =p. |
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2.3 Note on 20251020
2.3.1 Ideal class group

13
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3 Discrete valuations

3.1 Note on 20251022
Let K be a field.

DEFINITION 3.1. A discrete valuation on K is a nonzero homomophism v: K* — Z s.t.

v(a+b) > min{v(a),v(b)}.

v is called normalized if v(K*) = Z.

Indeed, if v is not normalized, write v(K*) = mZ for some m > 1. Then Llv: K* — Zis a
normalized discrete valuation. We extend v to a map

vi K = ZU{+o00}

sending 0 to +ooc.

EXAMPLE 3.2. o A = Dedekind domain, p C A a prime ideal in A. K = Frac(A). Vc e K*,
define
vp(c) =max{n € Z | c€ p"}.

Then v, is a normalized discrete valuation on K.

+ In particular, when A is PID, 7 a prime element of A, then for every c € K*, write ¢ = 7™ 3
with a,b € A not divisible by 7. Define v(c) = m.

e eg. A=7Z, 7= p prime number, K = Q. Then for every > € Q*, write ™* = p"
not divisible by p. Define v, (%) =r.

% with a,b

e eg. A=Clz], p = (t — a) for some a € C, K = C(x). Then for every f(z)/g(xz) € K*, write

f) ()
0@ =T 5@

with h(a), k(a) # 0. Define v, (%) =r.

e Let U be a connected open subset of C, and
M(U) = {meromorphic functions on U}.

Then K = M(U) is a field. For any p € U, ¥ f € K*, ord,(f) := vanishing order of f at p,
ie. f=c-(2—p)°% /S +0(z°%f) with ¢ # 0. Then ord, is a discrete valuation on K.
REMARK 3.3. O(U) = {holomorphic functions on U}, M(U) = Frac(O(U)). However, O(U) is
not a Dedekind domain in general.
Fact: 3z, € U, with x,, —» x € OU. For any m > 0,

I, ={feO)] f(xn) =0, Vn > m}.

Then I, is increasing, and 3h € O(U) s.t. h(x,) =0,Vn, = I, C Lnt1, YVm. So O(U) is not
Noetherian.
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LevMA 3.4, If v(a) > v(b), then v(a +b) = v(b).
Proof. v(a+ b) > min{v(a),v(b)} = v(b). Also,

v(b) =v(a+b—a) > min{v(a+bd),v(a)} =v(a+D).

|
REMARK 3.5. v induces a map
K—R
ar—s e V@ = |ql,.
We can check that | - |, is a non-archimedean absolute value on K :
la +b] < max{|al, o]}
PROPOSITION 3.6. Let v be a discrete valuation on a field K. Then
A:={a€e K|v(a) >0}
is a DVR with the unique mazximal ideal
m={a € K |v(a) > 0}.
Im € A st. m=(n), and every a € K* can be written uniquely as a = ur®(®).
Proof. Easy. |
PRrROPOSITION 3.7. Let A be a Dedekind domain. Let py, ..., pm be distinct primes ideals of A, and
1y, Tm € A. Then for any n € Z,, there exists x € A s.t.
ordy,(z —x;) >n, i=1,...,m.

Proof. The ideals p?“ are relatively prime two by two. By Chinese Reminder Theorem, 3z € A
s.t.
r=x; modp'tl, i=1,.

7 )

= ordy, (z —x;) > n. [ |

S, M.

THEOREM 3.8. Let A be a Dedekind domain, and K = Frac(A). Let L/K be a finite separable field
extension, and B the integral closure of A in L. Then B is a Dedekind domain.

Proof. We have proved that B is Noetherian as an A-mod. Any ideal of B is a finitely generated
A-mod = B is Noetherian. B is integrally closed by definition. We only need to show that every
nonzero prime ideal q of B is maximal.

Let 8 € q\ {0}. As 3 is integral over A, we have

B+ aif" et an =0, a; €A,

with minimal degree n = a,, #0. Then a, € SBNA = qNA#0. Let p=qN A. Then p is
a nonzero prime ideal of A = p is maximal = A/p is a field. B/q is an integral domain and
algebraic over A/p = B/qis a field = ¢ is maximal. |
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REMARK 3.9. e This Theorem shows QO is a Dedekind domain for any number field K.

e In fact, we do not need the full strength of separability.

LevMA 3.10. Any integral domain B containing a field k and algebraic over k is itself a field.

Proof. Let 8 € B\ {0}. As 3 is algebraic over k, dimy, k[] < co. Consider the k-linear map

Lg: k[B] — E[f]
x — Pz.

Lg is injective = surjective = Iy € k[f]| C Bs.t. Lg(y)=1 = pBy=1. |
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4 Factorization in extensions

Let A be a Dedekind domain, K = Frac(A), and L/K a finite separable field extension. Let B
be the integral closure of A in L. Let p be a nonzero prime ideal of A. Then

pB:Bfl... 597

where f3; are distinct prime ideals of B, and e¢; > 1.

Say e; is the ramification index. If some e; > 1, then p is ramified over in B (or L); if e; = 1 for
all 4, then p is unramified in B (or L).

Say 8 divides p (written | p) if 5 occurs in the factorization of p in B.

e(8/p) = ramification index.

f(B/p) =[B/B: A/p] (residue class degree).

A prime p is said to be split (or split completely) in L if e; = f; = 1 for all ¢, and it said to be
inert in L if pB is a prime ideal (g =1 and e; = 1).
EXAMPLE 4.1. e (2) = (1+14)? in Z[i], so (2) ramifies with ramification index 2.

e (3) is inert in Q[i] as Z[i]/(3) =~ Fy.
o (5) = (2+14)(2 — 1) splits completely in Q[i].
Levma 4.2, A prime ideal B of B divides p iff p =N K.
Proof. “onlyif”: pCNK,FNK#A = p=FNK.
“if”: p=FNK = pB C S = p occurs in the factorization of pB. |
4.1 Note on 20251027
THEOREM 4.3. Let m = [L : K. Let p1,..., By be the prime ideals dividing p. Then

If L is Galois over K, then all ramification numbers e; and the residue class degress f; are equal
= efg=m.

Proof. To prove (4.1), we shall show each side equals [B/pB : A/p] = dim 4, (B/pB).
First, show > 7_, e;f; = [B/pB : A/p]. By Chinese Reminder Theorem,

g g
B/pB=B/[]s5 ~]]B/5"
=1

i=1

Only need to show [B/f{" : A/p] = e;f;. For any r >0, 0 # 6[/@“1 is a B/B;-module, and there
is no non-trivial submodule. So 87 /8] *1is a one-dimensional B/B;-vector space =—>

dimA/p(ﬁ:/5I+l) = dimA/p B/BZ = fi-

Consider the chain
BDp;i DB DBy

3
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Each quotient 37/8; ' has dimension f; over A/p =

e;—1
[B/B5* = Afpl =) dimayp (8] /87F1) = eifie
r=0

Then prove [B/pB : A/p] = m. Want to replace A, B by A’ = A,, B = B, respectively. Note
that K = Frac(A) = Frac(A’), L = Frac(B) = Frac(B’), and B’ is the integral closure of A’ in
L. Let p’ = pA’. Then p'B' = (pB)B' = B ---5,°, where ] = ;B’, B}/B; = B;/f; and
Al = Afp — BB A'Jp) = . So [B'W/ B+ A'Jp) = Y0, eif

Only need to show [B/pB : A/p] = m when A is a DVR. In this case B is a free A-module —>
there exists an isomorphism of A-modules A™ — B. Tensoring with K, we get an isomorphism of
K-vector spaces K — B4 K = L = n =m. We can also show [B/pB : A/p] = n by tensoring
with A/p = [B/pB: A/p] =m.

Now assume L/K is Galois. Any o € Gal(L/K) induces o: B — B isomorphism. For any
prime ideal 8 of B dividing p, o(5) is also a prime ideal of B dividing p. As o is invertible, the map
B — o(B) is a bijection on the set of prime ideals of B dividing p = the Galois group Gal(L/K)
acts transitively on the set of prime ideals of B dividing p.

Suppose both 3,8’ divide p, and §’ is not conjugate to g, i.e. ' ¢ Gal(L/K)B. By Chinese
Reminder Theorem, Ja € '\ U,cqair/x)o(B)- Take b = Nm(a) = [, cqair/x)o(a). Then
a€pB = be f NA=p. On the other hand, any o € Gal(L/K), a ¢ o=1(B) i.e. o(a) ¢ 3 for
all 0 € Gal(L/K) = b= [l,cqar/x)c(a) ¢ BN A=p. Contradiction! |

4.1.1 The primes that ramify

THEOREM 4.4. Let K be a number field, L/K a finite field extension, A C K a Dedekind domain
(e.g. A= Og), and B the integral closure of A in L. Assume that B is a free A-mod (true when
A is a PID). Then a prime p ramifies in L iff p | disc(B/A).

In particular, only finitely many prime ideals ramify.

Levma 4.5 Let A be a ring and B admitting a finite basis {e1,...,en} as an A-mod. For any
ideal a of A, {€1,...,en} is a basis of B/aB as an A/a-mod, and

D(e1,...,en) = D(e1,...,ey) mod a.

Proof. Easy. ]
Levma 4.6, Let A be a ring. Let By, ..., By be rings containing A and free of finite rank as A-mods.
Then

disc (( [15) /A) = [ disc(B,/A).
Proof. Direct computation. |

We say an element « in a ring is nilpotent if 3m > 0 s.t. o™ = 0.
Fact: A =ring:
Rad(A) := {a € A | « nilpotent} = ﬂ p.
pCA prime
A ring is called reduced if Rad(A4) = 0. e.g. A/Rad(A) is reduced.
Recall that a field & is called perfect if any finite extension K /k is separable.
Fact:
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1. If char k = 0, then k is perfect.
2. If chark = p > 0, then k is perfect iff Va € k, 35 € k s.t. P = a.

Levva 4.7. Let k be a perfect field, and B a finite-dimensional reduced k-algebra. Then B is
reduced iff disc(B/k) # 0.

Proof. Let 8 # 0 be a nilpotent element in B. Let ey, ..., e, be a k-basis of B with e; = 8. Then
eire; are all nilpotent = Tr(eje;) =0 == the first column of the matrix (Trpg /i (eie;))1<ij<m
is zero = disc(B/k) = 0.

. |
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4.2 Note on 20251103

PROPOSITION 4.8. Let f(x) € A[z] be an Eisenstein polynomial w.r.t. a prime ideal p of a Dedekind
domain A. Then f(x) is irreducible, and if « is a root of f(x), then p is totally ramified in K[a].
In fact, pB = 8™ with = (p,«) and m = deg f.

Proof. L := K(«). Then
[L: K] <m=degf.

Let 8 be a prime ideal of B dividing p with ramification index e, e < m. Consider the equation
o™+ a4 ap, =0,

Then

o ordg(a™) =m-ordg(a);

o for1 <i<m-—1,

ordg(a;a™ ") = (m —i) - ordg(a) + ordg(a;)
= (m —1) -ordg(a) + e - ordy(a;) > (m — i) - ordg(a) +e;
o ordg(am) =e-ordy(am) = e.

If ordg(c) = 0, then 0 = ordg(a™) < ordg(other terms), contradiction. So ordg(«) > 1. For all
i=1,....m—1, 4
ordg(a;a™™*) > (m —1i) -ordg(a) + e > e.

= ordg(a™) = m-ordg(a) = ordg(am) =e = e =m and ordg(a) = 1 since e < m. |
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5 The finiteness of the class number

5.1 Note on 20251103
5.1.1 Norms of ideals

Let A be a Dedekind domain, K = Frac(A), and L/K a finite separable field extension. Let B
be the integral closure of A in L. We want to define a homomorphism

Nmp/4: Id(B) — Id(A),
makes the following diagram commutes:

* 2% 1By

le J{Nm

KX —— Id(A)

Id(B) is the free abelian group on the set of prime ideals. Only need to define Nm(p) for p
prime.
Let p be a prime ideal of A,

B =118
If p is principle, say p = (), then
Nm(pB) = Nm(7B) = Nm(n) - A= (") =p™, m=][L:K]. (5.2)
Generally,
m(pB) = Nm (] 5) = [[Nm(8)". (53)
Compare (5.2) and (5.3). Recall )", e; f; = m. So we can define
Nm(;) = p’".

Then (5.3) holds.
We take this as our definition:

DeriniTION 5.1. Let 8 be a prime ideal of B. The norm of 3 is defined as

Nm(3) = p/@/® where p:=pnA,  f(B/p)=[B/B: A/p].

To avoid confusion, we also use A to denote norms of ideals. If we have a tower of fields
M D> L D K, then
NL/K(NM/La) = NM/Ka-

PROPOSITION 5.2. 1. Any nonzero ideal a of a Dedekind domain A,

NL/K(GB):ﬂm7 m:[L:K].
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2. Suppose L/K is Galois. Let  be a nonzero prime ideal of B with p = N A. Write
pB = (B1---B4)¢. Then

N@)-B=G8)7= [[ o6

c€Gal(L/K)
8. Any nonzero b € B,
N(bB) = (NmL/K(b))A-
Proof. 1. Y efi =m;
2. efg=m;
3. First, treat the case L/K Galois. Let b = bB. Then the map

1d(4) — Id(B)
a— ab

is injective (by 1). Only need to show Nm(b) - B = N (b) - B. By 2,
N(b)-B=]]o®B)=]]eo®) B =Nm(b)-B.

In the general case, let E/K be a finite Galois extension s.t. E D L. d = [E : L]. Then we
have

Niyx(bB)* = N7,k (NpL(bC)) = Ng/x (bC) = Nmp, x (b) A
= Nmp/ g (Nmg/(b)A = Nmp, i (b4)A = (Nmp 5 (b) A)%.
|
Now assume K is a number field. Every a nonzero ideal of Ok is of finite index in Ok, i.e.
#1(Ok/a) < .
DErINITION 5.3, Define A'a = (Ok : a) = §(Ok/a) € Z>1, and call it numerical norm of a.
PROPOSITION 5.4. 1. For any ideal a in Ok,

Niola) = (A (a)),
in particular, A (ab) = A (a) A (b).
2. Let b C a be fractional ideals in K, then
(a:b) =4 (a"tb).

Proof. 1. Write a = [[B]*, fi = f(Bi/pi), (pi) = Bi N Z, where p; are prime numbers. Then
Nm(8;) = (pi)?, and
OK/U. >~ HOK/ :’,
where

w0/ =TT #6818 = (20x/89)

0<s<r;—1
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and [0k /Bi : Z)(p)] = fi = #(Ok/B:) = p*. Hence, A (a) = #(Ok /a) = [[p]"". =
(A (a) = [[ (1) = Nyl

2. Any d € K*, the map
(Ka+) — (Ka+)
r——d-x

is an isomorphism = (da : ab) = (a: b). Since a~'b = (da)~!(ab), may assume a,b C Of.
(a7'b)a = b = A (a7'b)A(a) = A (b). Also, (Ox : a)(a : b) = (Ox : b). Hence,
(a:b) = A4 (a"tb).

]

THEOREM 5.5. Let K be a number field with [K : Q] = n. Let A = disc(K/Q), and
2s = #§{non-real complex embedding of K}.

Then there exists a set of representatives for the ideal class group of K consisting of integral ideals

a with |4
n: s
A (@) <2 (=) VIBk]

™
The bound is called the Minkowski bound (denoted by By ), and the Minkowski constant

oY)

Note that (2s < n)

1

cKm/%;n(ﬁ)s < Vamn (2

€/ T

n
> — 0, n—oo.

THEOREM 5.6. The class group number of K is finite.
Proof. Only need to show for any M > 0, the set
#{a | integral ideal of O with A (a) < M} < 0.

If a =T[5, then
Ao =][r" ) =602,
where p; > 0 prime. A (a) < M = p; < M for all i = finitely many 5;, ; <n, fi <n. H

5.2 Note on 20251105

Let S = {integral ideals in K with norm < By}, which is finite, and Cl(Og) = S/ ~, where
a~bifa-b~!is principal.
To decide whether a ~ b, only need to decide whether ¢ := a-b~! is principal. If ¢ = (v), then

A (¢) = [Nm(v)],

which is a diophatine equation (has algorithm to solve). Fix a Z-basis of O, e1,...,€en, and

v = a6
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Exanvrrie 5.7. K = Q(v/=5). Then Cl(Of) is generated by a with .4 (a) < 0.63 x v/20 < 3.
Ax = 20.

For a # Ok, we have a | (2). (2)
A (p) = 2. If p is principal, then p =
solution. = Cl(Ok) has order 2.

= p?, where p = (2,1 +/=5). /' (p?) = H#(2) =4 =
(@) = (m +nv=>), 2 = A (p) = A (a) = m? + 5n?. No

DEFINITION 5.8. An extension L of a number field K is said to be unramified over K if no prime
ideal of Ok ramified in Op,.

THEOREM 5.9. No unramified extension of Q.

Proof. Let K/Q be a finite extension of Q. Since a set of representatives for CI(K) > 1, and it
has numerical norm > 1. Theorem 5.5 —
T\ /2
(1) =

|A‘1/2 > ﬁ(ﬁ)s > n"

n! n!

4
Then
o ag > 1;
1/2 n
e (1) (101) 51
= a, >1,Vn = |A| >1 = K can not be unramified. |

COROLLARY 5.10. No irreducible monic polynomial f(x) € Zlx] of degree > 1 with discriminant
=1.

Proof. Let f be such polynomial. Let a be a root of f(z). Then disc(Z[a]/Z) = +1 = Zla] is
the ring of integers of K = Q[a] = disc(Ok/Z) = £1. Contradiction with Theorem 5.9. |
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5.2.1 Lattices
Let V be a Q-vector space, dimV = n.
DerINITION 5.11. A lattice A in V is a subgroup of the form

AN="7Ze + - Ze,

with ey, ..., e, linearly independent elements on V' (for R).
Fact: r <n.
When r = n, the lattice is said to be full.

A full lattice in V' is a subgroup A for V' s.t. the map
RA—V

Z’I‘i & x; —> Zﬁ.’lﬁi

is an isomorphism.

ExaMpLE 5.12. The group Z + Z+/2 of R is a free abelian group of rank 2, but it is not a lattice in
R.

Levna 5.13. The following conditions on a subgroup A of V' are equivalent:

1. A is a discrete group;

2. 3 an open subset U of V s.t. UNA = {o};

3. V compact subset K of V, §(K NA) < oo;

4. ¥ bounded subset B of V, #(BNA) < co.
Proof. Easy. ]
PrOPOSITION 5.14. A subgroup A of V' is a lattice if and only if it is discrete.

Proof. “Ounly if”: A = > Ze;, i = 1,...,r, e; linearly independent. Extend ey,..., e, to a basis
e1,...,en of V. Assume r =n. Then U :=>_"" ,(—1/2,1/2)e; is open in V and U N A = {o}.

“If”: Replace V by the R-subspace generated by A. We may assume V is generated by A (over
R). Jeq,...,e, € A forms a R-basis of V.

A = z": Ze; < A,
i=1

and V/A' ~ (R/Z)"™ compact. Let K := """ ,[0,1)e; bounded, and K — V/A’ bijective. Moreover,
K NA — A/A bijection. A discrete = K NV finite = A/A’ finite = 3IN € Z> s.t.
N-A/N =0 = AC A = Ais free abelian of rank n. Then for fi,..., f, a Z-basis of A,
they are linearly independent over R. |

DEFINITION 5.15. Let V be a R-vector space, dim V' = n, and A a full lattice in V. Write A = > Ze;.
For any Ay € A, let

Dingy ={Mo+ Y aie; |0 <a; <1}.

Such a set is called a fundamental parallelopipod for A.
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Its shape depends on the choice of the basis (e;). Fix e;,

V:ZDA.

PYEIN
REMARK 5.16. 1.YFPDofA=Zf +---Zf, in R,
Vol(D) = |det(f1,..., fn)l

Ifalso A=Zf{+---Zf], thendet(f1,..., ) = xdet(f1,..., fn). So Vol(D) does not depend
on the choice of the basis for A.

2. When A D A are two full lattices in R™, we can choose the bases (e;) and (f;) for A and A’
s.t. fi = mye;, where m; € Z>1. With the choice of basis, the FP D’ of A’ is a disjoint union
of (A: ') FP D of A. Hence,

u(D')
p(D)

The choice of a basis for V' determines an isomorphism V ~ R"™, hence a measure p on V.
w is invariant under translations = p is well defined up to multiplication by a nonzero
constant.

Thus the ratio of measures of two sets is well defined. The equality (5.4) holds for two full
lattices A D AN in V.

THEOREM 5.17. Let Do be a FP for a full lattice V, and S a mesurable subset of V.. If u(S) > (Do),
then S contains distinct points « and 8 s.t. B —a € A.

=(A:A). (5.4)

Proof.

(Do) < p(S) =" u(SNDy) =Y u((S—N)nDy),
AEA AEA

— there exists A1, Ay € A distinct s.t.
[(S—/\())QD()}Q[(S—/\Q)QD()} + 0 = Dom[()\l —)\2)+S] #+ 2.

Pick « in the above set, then S =a — (A1 — X2) € S, a — 5 € A. |
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5.3 Note on 20251110

Let T'C V. We say T is symmetric in the originifa € T — —a € T.
If T is convex and symmetric in the origin, we have:

a—p
2
LEMMA 5.18. Assume T satisfies (5.5) and u(T) > 2"u(D). Then TN (A\ {o}) # @.

Va,f €T = eT. (5.5)

Proof. Let S = %T. Then p(S) > p(D). Theorem 5.17 = Ja,f €S, a# fst. a—p € A. By
(5.5),a— 8= % € T. Hence, TN (A\ {0}) # 2. [

THEOREM 5.19 (Minkowski; 1896). Let T be a subset of V', that is compact, convex, and symmetric
in the origin. If u(T) > 2"u(D), then T contains a point of the lattice other than the origin.

Proof. Let e > 0. Since T is compact, for T, = (14€)T, we have T C S and pu(T,) = (1+¢€)"u(T) >
2"u(D). By the previous lemma, T. N (A\ {0}) # @ = T N(A\{0}) # @ by the compactness
of T. |

REMARK 5.20. Theorem 5.5 has many non-trivial consequences. It was the starting point for
“geometry of numbers”.

COROLLARY 5.21. Any n € Zx>g is a sum of four squares.
Proof. From the identity
(a3 + a3 + a3 + a3)(b] + b3 + b3 + b7)
= (a1by — azby — agbs — asbs)® + (arby + asby + azby — asbs)?

+ (a1bz — agby + agby + asbs)? + (arby + asbs — azby + asby)?,
we only need to show that any prime number p is a sum of four squares. 2 = 12 +12 + 02 4 02. For
odd prime p:
Claim: m?+n?+1=0 mod p has a solution (m,n) € Z2.
Proof of the claim. Consider the sets
A={m?|m=0,1,...,(p—1)/2}, B={-n*—-1|n=0,1,...,(p—1)/2}.
Then A =tB=(p+1)/2 = ANB# @ = Im,nst. m>=-n?—-1 mod p. |

Fix a solution (m,n) of the claim. Consider the lattice A C Z* consisting of points (a1, as,as, a4)
satisfying
a1 =masg +nay mod p, as =naz—mayg mod p.

Then A is of index p? in Z*. Let

T = {(a1,a2,a3,a4) € R* | a3 + a3 + a3 + a3 < r?}.
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Then u(T) = 72r*/2. A FP D of A has measure u(D) = p?. Let 2p > r? > 1.9p. Then u(T) >
16p(D). Theorem 5.19 = T contains a point of A other than the origin, say (a1, a9, as, asq).
Then

al+a3+a3+ai=0 modp, af+ai+ai+al<22p = a+ai+al+al=p

5.3.1 Finiteness of the class number

Let K be a number field, [K : Q] = n. Let r be the number of real embeddings {o1,...,0,.} of K,
and 2s the number of non-real complex embeddings {041,751, +,0r+s,0rts}. Then n =r+2s.
We have an embedding

0: K —R xC~Rt=R"=V
ar— (o1(a),...,o0(@),0r41(@), ..., 0p1s()).
Metric on V:
H(xlv' <oy Lpy 21y e "ZS)” = |$L'1|2 +o |x7‘|2 + 2(|Zl|2 +oo |ZS|2)'

PROPOSITION 5.22. Let a be a nonzero ideal of Ox. Then o(a) is a full lattice in V with fundamental

parallelopipod D satisfying
u(D) =27°V|Ag|- A (a).

Proof. Let aq,...,a, be a basis of a as a Z-module. To prove o(a) is a lattice, we show that the
matrix A =
or(ar) -+ oilen) Re(orqi(ar)) -+ Re(opyi(an)) im(opii(en)) -+ im(or41(ar))
or(an) -+ or(an) Re(oris(an)) - Re(opis(an)) im(oris(an)) - im(orys(an))

has nonzero determinant. Let the matrix B =

or(ocr) -+ oi(ar) oppi(ar) orgr(on) o oppi(as)  orgs(on)

oi(an) - o1lan) orpi(an) orpi(an) oo orpi(an)  orgs(an)
Then det(B) = det(A4)(det(1, 151, —i))" =
det(A) = (=2i)"*det(B) = +(-2i)"*D(ay,...,an) /2 #0.

Moreover,
w(D) = |det(A)| =27°|D(ay,...,an)|"?
=27°V/|Ak| - [Ok : d]

= 2_8\/ ‘AK| . JV(CI)
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PROPOSITION 5.23. Let a be a nonzero ideal of Ok . Then there exists a nonzero element o € a s.t.

Nmggjo(0)] < (2) 2 VIBRT - H (a).

Proof. Let
Xe={z eV ||| <t}

which is compact, convex, and symmetric in the origin. Choose t s.t. u(X;¢) = 2"u(D). Then

7TS

m = 2” '278\/ |AK| JV(CL)
4\ s/nplt/n 1
— {= (;) V|Ak] - A (@)

n

tn

By Theorem 5.19, 3o € a, a # 0 s.t. o() € X¢. Then
|Nmysg(@) = [[loi@)] - [ lors(@)?
i=1 j=1

< (M)n (by AM-GM inequality)

(8 - (&) v
|

THEOREM 5.24. There exists a set of representatives for the ideal class group of K consisting of
integral ideals a with
n! r4\s
A @) <2 (=) VIBk]

Proof. Let ¢ be a frational ideal of K. We want to show that the class of ¢ in C1(K) is represented
by an integral ideal a with .4 (a) < Bg. Since ¢! is a fractional ideal, 3d € Ok, d # 0 s.t.
dc~! = b is an integral ideal. By the previous proposition, 35 € b, 3 # 0 s.t.

N o(B)] < (2)' /Bl -4 (0).

Let a = (8)d'c. Then a is an integral ideal in the class of ¢, and

@) = [Nmgeio8)] - H (0) < ()2 iAx]

5.3.2 Binary quadratic forms

Let
Qz,y) = az® + bry + ey’



The finiteness of the class number 30

We call it integral if Q(m,n) € Z for all m,n € Z, i.e. a,b,c € Z. Its discriminant is defined as

dg = b — 4ac.

A form is said to be non-degenerate if dg # 0.
Two integral binary quadratic forms @ and @’ are said to be equivalent if there exists M €
SLQ (Z) s.t.

Q)= Qe+ avre o), 2= (2 7).

The question considered by Gauss was to try to describe the set of equivalence classes of forms
with a fixed discriminant.
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5.4 Note on 20251117

Let d # 1 be a square-free integer. Let K = Q(v/d) and dg = disc(Ox /7).
Recall

dx =4d ifd=2,3 mod 4,

dg =d ifd=1 mod 4.

Define norm form gx by
gk (z,y) = Nmg gz + yVd) =2? —dy? ifd=2,3 mod 4,

and
1+Vd
2
In general, if @ is an integral binary quadratic form, then dg = di - f? for some integer f, where
K = Q(/dg). Moreover, if dg = d, then @ is primitive, ged(a, b, c) = 1.
Fix a field K = Q(+/d) and an embedding K < C. Choose v/d to be positive if d > 0, and have
positive imaginary part if d < 0.
Write Gal(K/Q) = {id,o}. If d < 0, define C17(K) := CI(K), and if d > 0, define

1-d
qx (z,y) = Nmg /g <x+y ) :x2+xy+Ty2 ifd=1 mod 4,

ClIT(K) =1d(K)/PT(K),

where PT(K) is the group of principle ideals of form («) with @ > 0 under any embedding of K
into R.
Let a be a fractional ideal in K, let a;,as be a basis of a as Z-mod. We know

2

aq a2 :dK-JV(a)Q.

o(a1) o(az)

After possibly reorder of ai, as, we may ask

Mo "=l - N (a).

o(a1) o(az)

For such a pair, define
Qay.an(,y) = A ()7} Nmg g(a1z + azy).
This is an integral binary quadratic form with discriminant dg.

THEOREM 5.25. The equivalent class of Qa,.ay(,y) depends only on the image of a in CIT(K).
Moreover, the map sending a to the equivalence class of Qq, 4, defines a bijection from CIT(K) to
the set of equivalence classes of integral binary quadratic form with discriminant dg .
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6 The Unit Theorem

Let K be a number field, » be the number of real embeddings of K, and 2s be the number of
non-real complex embeddings.
Thus,
K®pR~R*xC?®

and r + 2s = [K : Q).
THEOREM 6.1. The group of units in Ok is finitely generated with rank =1+ s — 1.
Denote Uy = Oj;. The torsion group of Uk is u(K) = {roots of 1 in K}.

ExamprLE 6.2. Let K be a real quadratic field. Then rk(Ug) =2+0—-1=1.
Let K be a complex quadratic field. Then rk(Ux) =0+1—1=0.

A set of units uy,...,us_1 is called a fundamental system of units, if it forms a basis for Uk
modulo torsions i.e. any unit u can be written uniquely in the form

w= gl €€ p(K),

Leviva 6.3, An element o € K is a unit iff « € Og and Nmg g(a) = £1.

Proof. If a € Uk, then 38 € Ok s.t.
a-f=1 = Nm(a) Nm(f) =1 = Nm(a) = +1.
For the converse, fix an embedding og: K < C and identify K with o¢(K). Then
+1 =Nm(a) = Ha(a) =a« H ola) = a-p.
o oFoo
Then a € Ox == o(a) are algebraic integers = J is an algebraic integer. As f = +a ™1,

beK = el = a€Ugk. |

6.0.1 Proof of that Uy is finitely generated

PROPOSITION 6.4. Given m, M > 0. The set of all algebraic integers « s.t.
1. the degree of a < m; and
2. || < M for all conjugates o' of «,

is finite.

Proof. By (1), a is a root of a monic irreducible polynomial of deg < m over Z.
By (2), the coefficients of the polynomial are bounded in term of M. Only finitely many such
polynomials. |

COROLLARY 6.5. An algebraic integer o, each of whose conjugates, in C has absolute value 1, is a
root of unity.

Proof. By Proposition 6.4, {1,a,a?,...} is a finite set. [ |
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REMARK 6.6. It is essential to require o to be an algebraic integer. For example, o =

a root of unity.

Consider
c: K —R"xC*

a— (0104 .. OpQ Op 10 o O s ).
Take logarithm, we consider
L: K* — R"*
a+— (logloial,. .., log|orysal),

It is a homomophism for x.
For any u € Uk, since Nmg g(u) = £1, we have

lovul - IUT'(U)HUT-&-IU‘Q T |U7'+su|2 =1,
= L(u) is contained in the hyperplane
Hooy+... 42,4+ 2041+ ...+ 22,45 =0,

H~Rr+s-1
ProproSITION 6.7. The image of L in H is a lattice in H.
ker L|y,. is a finite group (hence = u(K)).

Proof. Set
C={zxeH]| |z <M},

3+4i
5
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is not

for which o € C' and bounded. Let L(u) € C, then |o;u| < eM for any j. By Proposition 6.4, only
finitely many such u € U == 0(Uk), i.e. $(L71(C)NUk) < 0 = L(Uk) is a lattice in H, and

ker L|y, is finite.

Consider the exact sequence:

Loo

0 — uw(K)— Ux — L(Ug) — 0,

where g is finite, and L(Uk) is a lattice in H hence free of rank < dimH =r+s—1 = Uk is

finitely generated and rk(Ug) <7+ s — 1.

THEOREM 6.8. The image L(Uk) in H is a full lattice (= rk(Ug) =r+s—1).

Proof. We work with
0: K 5 R"x C* ~R"2,

For x = (z1,...,Zr, Trt1,...) € R” x C*, define
Nm(z) =21 ... pTri1Trg1 * TrtsTrts-
L: K* — R"*% extends to

L:R" x C* — (RU{—o00})"*

(xla"'axr,xr+la"') — (10g|x1|a"'710g|xr+1|a"'
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continuous, surjective.
Consider
Y ={z eR" xC°||Nm(z)| =1},

which is a group for x. Then
e Y is closed;
« Y =L1(H).

= L|y =Y — H surjective, continuous, and preserves the multiplication.
Levinvia 6.9, 3Q CY compact containing (1,...,1) s.t. Y =, cp uld.
Proof. Let y € Y, the map
R"x C* — R" x C*®
Ty

has |Jacobian| is |[Nm(y)| = 1. == It preserves the volume. Minkowski’s thm = 3B s.t. any
compact convex subset 7' C R” x C* symmetric in the origin, if u(T) > B, then TN (0(Ok)\{0}) #
J.

Pick such T. Any y € Y, y~!T satisfies the same condition. For example, u(y'7T) = u(T) > B
= T,vy, € O \ {0} s.t. v €y 'T = A ((7y)) = Nm(yy) < maxier Nm(T) = By.

The set of principle ideals 4" (y) < By is finite. Denote it by {(71),..., (ym)}. Then (v,) = (Vi)
for some i =1,...,m. Thus, v, = 'yi-sy_l for some e, € U = %—~E;1 cy T = yc €y-’y;1T

=
m

yecey: (UVi_lT)'
i=1

AsyeY, e €Y,y el ey =

compact, = Y = J. .y Q. [ ]

Lemma —

H=LY)C |J (L(u) + L(Q))

uelU

= H =Uuer@(u+L(Q) = L(U) is full. Otherwise, there exists a nonzero linear function
g: H— Rs.t. g(L(U)) =0. Then

i) =g( U (u+L©))=gL)

weL(U)

is bounded. Contradiction! [ |
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6.1 Note on 20251119
6.1.1 S-units

Let S be a finite set of prime ideals of Og.
DEFINITION 6.10. The ring of S-integers is

Ok(S) = (] Op = {a € K | ordy(a) >0, Vp ¢ S}.
pgS
If S = @, then OK(S) = 0Og.
DErINITION 6.11. The group of S-units is
U(S) = 0r(S)* ={a € K |ordy(a) =0, Vp ¢ S}.
Clearly, the torsion subgroup of U(S) is u(K).
THEOREM 6.12. The group of S-units is finitely generated with rank =r + s+ 45 — 1.
Proof. Write S = {p1,...,p:}. Consider the homomophism
0:U(S) — 7t
u— (ordy, (u),...,ordy, (u)),

where ker § = U(S). Only need to show rkim(f) = ¢. Let h = § C1(K) < oo. Then p! is principal
for any i. Write p? = (m;). Then 7; is an S-unit with

6(m;) = (0,...,0,h,0,...,0),
where h is at the i-th position. = im(6) D h - Z*, hence rkim() = t. |

Exavrre 6.13. K =Q, S ={(2),(3),(5)}. Then U(S) = {£2*3m5" | k,m,n € Z}.

6.1.2 Example: CM fields

DEFINITION 6.14. We say a number field K is totally real if all of its embeddings in C lie in R, i.e.
r=mn, s =0. And it is totally imaginary if non of its embedding in C is in R, i.e. r =0, s = n/2.
A CM field K is a totally imaginary quadratic extension of a totally real field, i.e.

¢ K=K"(Ja);

o KT is totally real;

e a € KT, any conjugate of « is negative.

Such KT is unique. Indeed, any 0: K < C, KT = 07 1(c(K) NR).

Let K bea CM field. m=[KT:Q] = [K : Q] =2m. Sork(Ux)=m —1=1k(Ug+). =
[UK : UK+} < o0.
PROPOSITION 6.15. The index of u(K) - Ug+ in Uk is either 1 or 2.
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Proof. Gal(K/K™") = {Id,}. For any a € K, write 7(a) = a. For any field embedding p: K — C,

we have p(a) = p(@) = Va € K, any conjugate of a/@ in C has norm 1 = a/a € pu(K).

Consider
¢: Ux — p(K)/p(K)?

a— 2 mod u(K)?2.
a

Any u € ker(¢), u/u = &2 for some ¢ € pu(K). Then

— u-E €Kt = uep(K) Ugs+.
Conversely, if u = £ - u™ with € € u(K) and ut € Ug+, then u/u = &2 € ker(¢). So ker(¢) =
u(K) - Ug+. Note that u(K) is a cyclic group = #u(K)/u(K)? < 2. [ |

6.1.3 Cyclotomic extensions

Let K be a field.
DEFINITION 6.16. € € K is said to be a primitive n-th root of 1 if €® =1 but £ # 1 for all d < n.

2mwim

Then the n-th roots of 1 in C are the numbers e
(m,n) =1.

, 0 < m < n —1, which is primitive iff

LeEMMA 6.17. Let € be a primitive n-th primitive root of 1. Then £™ is primitive iff (m,n) = 1.

Let K = Q[¢], where ¢ is a primitive n-th root of 1. Then K is the splitting field of 2" —1 —
K is Galois over Q.

Denote G := Gal (Q[¢]/Q).
It permutes the set of primitive n-th root of 1 in K.
For any o € G, o(§) = £™ for some m with (m,n) = 1. The map
G — (Z/nZ)*
o — [m)]
is an isomorphism.

DerINITION 6.18. The cyclotomic polynomial ®,, is defined by

o, = [ @-¢m= 11 (x—¢)

me(Z/nZ)* &'t primitive n-th root of 1

= " —-1= Hdln Dy(x).
PRrROPOSITION 6.19. TFAE:

1. The map G — (Z/nZ)* is an isomorphism;

3. G acts transitively on the set of primitive n-th roots of 1;

4. ®,(x) is irreducible (= it is the minimial polynomial of ).
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Proof. Easy. |

We now prove theses statements.
First treat the case n = p”, where p is prime.

PROPOSITION 6.20. Let & be a primitive p"-th root of 1 with p prime. Then

1L [K:Q=p(@)=p"'p-1);

€

m=1—¢ is a prime element of Ok and (p) = (7)¢ with e = ©(p");

e

The discriminant of Ok over Z is £p°, where ¢ = p"L(pr —r — 1) (= (p) is the only
prime to ramify in Q[¢]).

Proof. ¢ integral — Z[¢] C Ok. If ¢ is another primitive p"-th root of 1, then & = £° and
E=¢"st. pts, ptt. = Z[¢] = Z[¢'] and Q[¢] = Q[¢']. Moreover,

1-¢ 1-& 1

1_5—1_6—1+£+---+§ € Z[¢].
11:5, € Z[€] similarly. = 11%56’ is a unit of Z[¢]. Set t :== " . Then

a? -1 1
i = = = oo p71
Cpr(2)= ey = oy =LAt
and ®,-(1) = p. So
! 1-¢ ® (")
p=2p=[[0-¢) =T[5 0-9=u-0-9 (66

for some unit u in Z[¢].
So we get (p) = (m)¢, for m =1—& and e = p(p”). = (p) has > p(p") prime factors in Ok.
As [Q[¢] : Q] < deg @,r = p(p"), we get = p(p"). = (1).
Moreover, - O is a prime ideal, otherwise (p) - Ok has too many prime ideal factors = (3).
Then in Ok,

(p) =p*®), p=(r) prime, f(p/(p)) = 1.

We next show (up to sign) disc(Z[€]/Z) is a power of p.
Since

disc(Oz/Z) - (Ox + Z[¢])* = disc(ZI€]/Z),
this will imply
o disc(Ok/Z) is a power of p;
o (Ok :Z[¢]) is a power of p =

pM O C Z[€] for some M. (6.7)
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‘We have
disc(Z[¢]/Z) = £ Nmy (P} (£)),
where
rept—1
@ =1 By (o) = <1 = O )= = B0 = g

Nmpg/g(€) = £1, Nmg/g(p") = (p")#®") = pre®),

Claim: Nmpg (1l — &) =+pP", V0 <s <.

Proof of Claim. Case s = 0:

The minimal polynomial of (1 —¢) is ®,~(1 — ). Then constant term is ®,r(1) = p =
Nmye/g(l — &) = +p.

Case 1 <s<r:

£P" is a primitive p” ~-th root of 1. The s = 0 case for Q[¢P"]/Q implies NmQ[Eps]/Q(l—fps) = +p,

Q7] Qer)) = 823 = pr— —

Nmy gl — &) = (2p) 0" T = (p)r”.
n

Claim = Nmg q(®)-(£)) = £p°, where c =r(p—1)p" ' —p" ' =p"Hpr—r—1) = (4).
Recall p = (1 — &) = (w) and f(p/(p)) = 1. Then Z/(p) ~ Ok /(7) = for any m,

Ok =Z+70kg =...=Z+ 7L+ -+ 7" Z+ 7m0k CZ[¢] + 7™ Ok.

Recall p = 7%(") x 4 where u is a unit in Z[¢], and pM O C Z[¢]. Then by taking m sufficiently
large (m > ¢(n) - M), we have

Ok C Z[§] + 7" Ok C Z[¢].

= (2). [}
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6.2 Note on 20251126

REMARK 6.21. Compute the sign of disc(Q[€]/Q). In our case, Q[¢] has real embedding unless
& ==+1. So except this trivial case,

sign(disc(QIE]/Q)) = (~1)°, 5 = sp(n).
If £ a primitive p”-th root of 1, and p" > 2, then
-1 r—1
o -0 = 2=

which is odd iff p" =4 or p =3 mod 4.

REMARK 6.22. Let £ and &' be primitive p"-th and q¢"-th Toots of 1. If p and q are distinct primes,

then K == Q[{]NQ[¢'] = Q. Since:
K CQ[¢] = K unramified except p, and K C Q[¢']| = K unramified except q, hence K/Q
unramified — K = Q.

THEOREM 6.23. Let £ be a primitive n-th root of 1.

2. Oqieg = Z[¢], s0 1,§,... ,E2M=1 s an integral basis for Oqe) over Z;

3. If p ramifies in Q[E], then p | n. Moreover, if n =p" - m, ptm, then
(p) = (B1--B,)?") in Q[]

with B; distinct primes in Q[€].

Proof. Induction on the number of primes dividing n.
Suppose n = p" - m, p prime, r > 1 and p t m. May assume the theorem holds for m. Let
&yr == &™ be a primitive p"-th root of 1, and &,, = £P" be a primitive m-th root of 1.

We have Q[¢] = Q[£,]Q[&m):
Q[¢]

N

Q[&pr] Q[&m]

Q

(p) ramifies totally in Q[¢,], so (p) = p*®"). But (p) unramifies in Q[,,] by induction hypoth-
esis. Say (p) = p1---ps where p; are distinct prime ideals.

Ql¢] = QEml&pr] = [QI¢] : Qlém]] < @(p"). Each p;O is a ¢(p") power (O = Ogyg), ie.
p;0 = ﬂf(pr), for 8; some ideals in O. Hence, p; ramifies totally in Q[¢], i.e. B; prime =—

[QI€] - Q] = p(p") - p(m) = p(n).

= (1).
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LevMa 6.24. Let K, L be finite field extensions of Q, s.t.
[KL:Q]=I[K:QJL:Q],
and let d be the greatest common divisor of disc(Ok /Z) and disc(O/Z). Then
Ok Cd'OxOr.

Proof. Let {a1,...,an} and {f1,...,B,} be integral bases for Ox and Oy, respectively. Then
{cif;} is a basis for KL over Q. Thus, v € Ok, can be written as

Aij
fy:ZTOziﬂj, TEZ,
i,J

with “2 uniquely determined. We may assume (r,a; ;Vij) = 1. We have to show r | d.

We identify L with a subfield of C. Any embedding o: K < C extend uniquely to an embedding
KL — C.

To see this, write K = Q[a]. KL = L[a]. The hypothesis on the degree = the minimal poly-
nomial of o does not change when we pass from Q to L. So there exists a unique L-homomorphism
L[a] — C sending « to o(«).

Applying o to v, we get

o(y) = Z %U(Oﬁ)ﬁm
i
Write x; = Zj a;-f B; and let o1, ..., 0, be the distinct embeddings of K into C. We get m linear
equations:

Zok(ai)xi =or(vy), k=1,...,m.
j=1

-1
(w1 wm)” = (n(0n)) - (@19, om ()
Denote D := det (04(c;)). Then
D,
vi =4, Di€O0kr,

and D? = disc(Ok /Z) = Ax =

A Q; 4
Z Ii JﬁjZAKJJi:DDiGOKL.

A
SEKY g Wij = | Agayy, Vij.

—
r|(a;; Vij)Ax = r|Ak.

Similarly, r | Ar. So r | (Ak,Apr). |
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Back to prove the theorem.
Induction hypothesis and p { m = disc(Q[¢,r]) and disc(Q[E,,]) are coprime. Lemma 6.24
—

Oqle) = Oale,) O] = Zlépr]2[Em] = ZIE],
= (2).
LevMA 6.25. Same setting of Lemma 6.2/, i.e.
[KL:Q]=[K :Q]L:Q),

and assume O, = O Or. Then

disc(K L/Q) = disc(K/Q) ¥ dise(L Q).
Proof. Let {a1,...,amn} and {B1,...,5,} be integral bases for Ok and Op, respectively. Then
{a;B;} is a basis for KL over Q.

Let {o1,...,0m} and {71,...,7,} be the embeddings of K < C and L < C respectively.

The proof of Lemma 6.24 shows that there exists a unique embedding ds;: KL < Cs.t. dgt|x =
os and dg |, = 7¢. Those 0, are all embeddings KL — C.

det (55t(aiﬁj)) = det (O'S(Oéi)Tt(Bj)) = det (Mtj)v

where

Myj = (7u(8)) - o)

Since M;; commutes with each other,

det (Mtj) = det (det (Tt(ﬂj)) : (as(ai))n> = <det (n(ﬁ;-)))

disc(KL/Q) = disc(K/Q)[L:Q] diSC(L/Q)[K:Q]_

=B (on)

m

: (det (Js(ai)))n,

= (3) by induction.
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6.3 Note on 20251201

REMARK 6.26. o Statement (c) of the above Theorem shows that if p | n, then p ramifies unless
p(p") =1, i.e. p" =2. Thus, if p | n, then p ramifies in Q[&,] except p =2 and n = 2x (odd
number).

o Letm € Zs1. Then o(mn) > ¢(n) exceptn is odd and m = 2 = p(Q[&,]) s cyclic of order
n (generated by &, ) except when n is odd, in which case it is cyclic of order 2n (generated by
—&n)-
THEOREM 6.27 (Kummer). Let p be an odd prime. Ifp{ Cl (Q[ﬁp}), then there is no nonzero integer
solution (x,y, z) to aP + yP = 2P.
REMARK 6.28. If pt C1(Q[&p)), call p a regular prime.

Proof of Kummer’s theorem for the case p relatively prime to zyz. p = 3 case: looking
modulo 9.

p = 5 case: looking modulo 25.

Now assume p > 5. We may assume (z,y) = 1, i.e. z,y, z relatively prime in pair.

Ifzx =y=—2 modp, then —22P = 2» modp = 32 =0 modp = p|32z = p|=z
contradiction.

Hence, either = # y or x #Z z mod p.

After rewriting the equation to 2P 4+ (—2)? = (—y)P, we may assume z £y mod p.

Set € :== &,. The roots of 2P +1 =0 are —1,—¢,...,—&P71. So
p—1 p—1
xr+1=[l(x+¢) = [[(@+&w) ="
i=0 i=0

Let p be the unique prime ideal of Z[¢] dividing p —>
p=(1-¢), VvVi<i<p-1
LEMMA 6.29. The elements x + &'y of Z[€] are relatively prime in pairs.
Proof. Assume there exists a prime ideal q dividing = + &'y and = + &y, i # j, =
ql (& —¢&)y=vpy
and ‘ ‘
q| (¢ =&z =p.

Since (z,y) =1, q[p = q=p. Asz+y=(z+{y +(1-&)y, wehavep|z+y = p|aty
= 2P =2aP +yP =2P + (—y)? =0 mod p, contradiction. |

Levma 6.30. Any o € Z[E], of € Z + pZ[E].
Proof. Q[¢]/Q totally ramifies at p = Z/pZ ~ Z[¢]/p. So a =u+v € Z+ p. Thus,

p—1
p . o
ol = (u+v)P =uP u'vP Tt 0P,
(u+v) +;(Z> +

where p | (¥) and vP € p? = (p). Hence, o? € Z + pZ[¢]. |
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LEMMA 6.31. Let
a=ag+ar+ - +ap_ 1"

with a; € Z and ag -+ - ap—1 = 0. If a € nZ[€] for some n € Z, then n | a;, Vi.

Proof. Since 1+ &+ -+ + P71 = 0, any subset of {1,&,...,£P71} with p — 1 elements will be a

Z-basis. This lemma is clear. | |
View
p—1
[[E+¢y) =)
i=0

as an equality in Z[¢]. Then factors in the LHS are relatively prime in pairs. So each one as an
ideal is a p-th power, i.e. _
(z+¢&y) =af
for some ideal a; in Z[¢].
AsptCl (Z[{]), a; is principal. Say a; = («;). Take ¢ = 1, we have

r+&y=u-af, whereu e Z[{]*.
Claim u = ¢&" - v, where v = 7.
Then Lemma 6.30 implies there exists a € Z s.t.

! =a modp = z+E&y=Eval =& va mod p.

— B

r+&y=&"va’ =& "va mod p.
Then we get

§(x+gy) =& (z+&y) modp.
=

T4y — €z — "1y =0 mod p.
If 1,&,£27=1 €27 are distinct, then p | @, contradiction. The only remaining possibilities are

1. 1 =¢£2", then
y—&'ly=0 modp = ply,

contradiction.

2. 1=¢>"1 & ¢ =¢2. Then

(z—y)—(z-y)E=0 modp = p|(r—y),
contradiction.

3. £ =¢271 Then
t—Er=2—-€"r=0 modp = p|uz,

contradiction.
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Proof of Claim. £ =¢&,, n > 2. Set

QT =Qle+¢7.

Under any embedding p: Q[¢] < C, p(¢71) = p(€). So Q[¢]T is a totally real field. Then Q[¢] is a
CM field. Hence, the index of u(Q[¢]) - Ugpe+ in Ugjg is 1 or 2.

LEMMA 6.32. If n is an odd prime power, then any unit u € Q[&] can be written as u = £ - v, where
£ is a root of 1, and v is a unit in Q[€]T.

Proof. By contradiction, if the homomophism (p = pu(QI[¢]))

Ugje) — 1/ 1?
ur— u/Tu

were surjective, then there exists u € Ugj¢) s.t. W = Su where 8 is a root of 1 which is not a square.
Asnisodd, p = {£1}-(£). So p? = (£) = B = —&™ for some m € Z. Let

u=ag+- -+ a¢(n),1§“’(")_1, a; € 7.

Then o(m)-1
T=ao+ - +agm_& .

Modulo the prime p = (1 — &) = (1 - §) =
u=ap+- - Gppy—1 = modp = u=-"u=—-u modp,
= 2u€p = 2 € p, contradiction.

Lemma =— Claim. | |

The proof is complete. n
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7 Absolute values
DEFINITION 7.1. An absolute value on a field K is a function
K — RZO

s.t.

(a) |z =0iff z =0;

(b) [yl = || - [yl;

(©) |z +y < |+ [yl.
If the stronger condition

(@) 2+ yl < max{|z], |y[},
holds, the | - | is called non archimedean. An absolute value is called archimedean if it is not non
archimedean.
REMARK 7.2. (a)(b) = |-]: K* — (Rso, X) s a homomophism. Rsq is torsion free =
|w(K)| =1. In particular, Vz € K, |z| = | — z|.
EXAMPLE 7.3. 1. Let K be a field, and o: K < C. Then we get an archimedean absolute value

on K by |z| = |o(z)].

2. Let ord: K* — Z be a discrete valuation, then |a| :== ¢~ °*4® for ¢ > 1 is a NA absolute

value.

For example, any prime number p, we have the p-adic absolute value |- |, on Q:

lal, == ¢~ ordp(a) o5 1.

Usually we normalize this by taking ¢ = p.

Similarly, any prime ideal p in a number field K, we have a normalized p-adic absolute value

|a‘p _ (e/‘/l(p))ordp(a)-

3. On any field K, we define the trivial absolute value: |a] =1, Va # 0.

7.0.1 NA absolute value
Recall (¢’) |z + y| < max{|z|, |y|}. Then

PO

finite

< max{|z;|}.

PROPOSITION 7.4. An absolute value | - | is NA iff lm - 1|, m € Z is bounded.
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Proof. “Only if” trivial.
“If” part: Assume |m-1] < N, Vm € Z. Then

oty = ]gj BEE ; {107) At~} < 0 08 malol, iy

foranyn >1 =

o+ yl < (n+ YN max{|z], |y|}

= (¢)) by n — 0.

46
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7.1 Note on 20251203

COROLLARY 7.5. If char K # 0, then any absolute value on K is NA.
PROPOSITION 7.6. Let | - | be a non-trivial NA absolute value and put

v(x) = —log,|z|, =#0, c¢>1,
then v: K* — R satisfies the following conditions:
 v(zy) = v(z) +o(y);
* v(z+y) = minfo(z), v(y)}-

If v(K™) is discrete in R, then v is a multiple of a normalized discrete valuation ord: K* — Z C R.
We say | - | is discrete when |K *| is a discrete subgroup of Rx.
PROPOSITION 7.7. Let | -| be a NA absolute value. Then

A={ac K||a <1}

1s a subring of K, with
U={acK|la] =1}

the group of units in A and
m:={a€ K ||a| <1}

the unique maximal ideal of A.
In particular, | - | is discrete iff A is a DVR.

Exavrre 7.8, Let R = Q[t] and 7 > 0. Then any f =}, a;t’ € R, define
|flr = max{|a;|r'}
where |a;| denotes the p-adic absolute value with |p| = p~!. One can check
° |f|r:01ﬁf:07
® |f1f2‘r = |f1|r : |f2‘r'

Hence | - |, extends to an absolute value on K = Q(t) = FracQ[t]. If log,r ¢ Q, then |- |, is not
discrete.

An absolute value | - | defines a metric on K with
d(a,b) == |a — b|,

which induces a topology on K.
ExampLE 7.9. On (Q,]| - |p), we have p™ — 0 as n — oo.
PROPOSITION 7.10. Let |- |1, | - |2 be absolute values on K, and |- |1 nontrivial. Then TFAE:

1. |1, |- |2 defines the same topology on K ;

2. a1 <1 = |al2<1;
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3. |-l2=1|-|} for some a> 0.

Proof. (1) = (2): I |1 < 1, then ™ - 0 = |a2 < L.

(2) = (3): |- |1 nontrivial = Jz € K with |z[; > 1 = |z|]2 > 1. Let y € K*,
m,n € Z\ {0}. Then
m

]
og |y|1 cm

log |21 n’

loglzlz ~ n

loglyla m )y
™ |2

ym
<1:‘—‘ <1<
™ 1

1 1 1
08 |y - % vl (replacing y by y~! for the converse inequality). Set a = 08 |x\2’ then
log|z];  loglzls log |z,
log |y|2 = alog |y|1.
(3) = (1): Clear. |

Two absolute values are said to be equivalent if they satisfy the above equivalent conditions.

THEOREM 7.11 (Ostrowski). Let |- | be a nontrivial absolute value on Q.
o If|-| is archimedean, then |- | is equivalent to | - |oo;
o If|-] is NA, then it is equivalent to | - |, for exactly one prime p.
Proof. Let m,n € Q-1. Write
m=ag+an+---+an",

logm

withOSaign—l,ar#O.Thenrg1 , and
o

la;| < 1]+ ---]1] = a; < n. (7.8)
Let N := max{1, |n|}. Then

logm)n ]\flogm/logn7 (79)

i< el < 3l < (14N < (15 727

and again applying this to m!, we get

Im|* < (1 + t—llogm)n . Ntlogm/logn
ogn

‘m‘ < (1 -‘rtlogm)l/tnl/t . Nlogm/logn
logn

Letting ¢ — oo, we get
|m| < Nlogm/logn. (710)

Case (i) |n| > 1 for any n > 1.

Then N = |n| =
|m|1/logm < |n|1/10gn’ Vm,n > 1.
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Hence |n|'/1°8™ = ¢ a constant = |n| = 8™ = nl°8¢, Let a := logc. Then
In| =Inl%, Vn€Zsy.
Note that | - | and |- | are homomophisms Q* — R and {Zs1,+1} generates Q* =—
-1 =1"15%-
Case (ii) 3n > 1s.t. |n| <1
Now N = 1. We then have |m| <1 for any m € Z = |-| is NA. Let
A= {reQ|s] <1}, mi={zeQ|fs|<1}

Then m N Z is a prime ideal of Z and m NZ # 0. Otherwise, |- | is trivial. So mNZ = (p)
with p prime.
Im|=1 if meZ, ptm.

So for any x € Q*, write x = m -p", where m,n € Z\ {0}, pt mn, r € Z. Then
n

|m|
|| = — - Ip|" = |p|".
|n|

Let a := —log, [p[. Then |z| = [z|5. |

THEOREM 7.12 (Product formula). For p a prime or oo, let |- |, be the normalized absolute value
on Q. Let |- |o be the trivial absolute value. Then

H lal, = lalo, VYae€Q.
P

7.1.1 Places of a number field
Let K be a number field.

DEFINITION 7.13. An equivalence class of absolute values on K is called a place of K.

THEOREM 7.14. There exists exactly one place of K for
o any prime ideal p;
o any real embedding;
e any conjugate pair of complex embeddings.

In each equivalence class, we select a normalized “absolute value”

lal = (j(m)“d"(“);

e any p prime ideal of Ok,

e any real embedding,
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e any non-real complex embedding
o: K= C, |a|:=|o(a)?
(notice that this is not an absolute value, but we ignore it.)
Let v be a place on K a number field.
e If v is from a prime ideal, call v a finite place.

e If v is from a (real or non-real) embedding, call v an infinite (real or complex) place.

DEFINITION 7.15. We write | - |, for an absolute value in the equivalence class. If L D K and w,v
are places of L and K respectively s.t. |- [y| x is equivalent to |- |, then we say w divides v or w
lies over v. Write w | v.

For finite places, w | v means
6111 N0k = Po-

For infinite place, w | v means

0w: L — C extends the o, or 7,: K — C.
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7.2 Note on 20251215

THEOREM 7.16 (Product formula). For any place v, let | - |, be the normalized absolute value. The
for any a € K*,

H |a], = 1.

v

Proof. Product formula for Q plus the next result.
LevmMa 7.17. L/K finite extension:

(a) Any place on K extends to a finite number of places of L;
(b) Any place v of K and o € L™,

H ‘Oélw = ’NmL/K(oz)L)

wlv
Proof. Next part. n
||
7.2.1 The weak approximation theorem
LEMMA 708, If | - |1y. .., | - |n are distinct inequivalent nontrivial absolute values of K, then there

ezrists a € K s.t.
|a\1 > 1,
|a\i <1, Vi#l.
Proof. First let n =2. Then |- |; and |- |2 are not equivalent shows that there exist b,c € K s.t.

‘b|1 < ]., |b|2 Z 1,
‘C|1 > 1, |C|2 < 1.

Take a = g
By induction, assume this lemma holds for n — 1 absolute values. Then there exists b,c € K s.t.
‘b|1>17 |b|i<1, 1=2,...,n—1;
lelh > 1, |e|ln < 1.
If |b|, <1, set
a=c-b", r>0.
If |b], > 1, set

c-b"
a:= T 7> 0.
Note
br 1, if | > 1;
’1+b’” _{o, if b < 1.

Easy to check such a is OK. |
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LevMA 7.19. Same situation as Lemma 7.18. There exist a, € K for r >0, s.t.
lar|1 =1 and la.|; =0, Vi=2,...,n.

Proof. Pick a as in Lemma 7.18. Set

a
A, =
" 1+a”
|
THEOREM 7.20. Let | - |1,...,| - |n be distinct inequivalent nontrivial absolute values of K, and
ai,...,a, € K. For any € > 0, there exists a € K s.t.
|&—ai|i<€, Vi=1,...,n.
Proof. By Lemma 7.19, choose b;, i =1,...,n s.t.
Set
a=aiby + -+ apby,.
|
REMARK 7.21. Let K; = (K,| - |;).
We have the following diagonal embedding:
n
7 K — HKI
i=1
Theorem 7.20 = 7(K) is dense in [, K;.
COROLLARY 7.22. Let |- |1,...,| " |n be distinct inequivalent nontrivial absolute values of K. If

lali' -+ -lal;r =1, 7 €R,
for any a € K*, then r; =0 for all 1.

Proof. Assume r; # 0 for all i. Pick a; € K with |a;
ast. |a—a;;~0foralli = |q;]]" >1foralli = T[], ]|a;

i# > 1. Then Theorem 7.20 = there exists
i> L [ |




Completions 53

8 Completions

Let K be a field with an absolute value | - |.
DEFINITION 8.1. A sequence a,, of K is called a Cauchy sequence if Ve > 0, 3N > 0 s.t.

lan —am| <e, Vm,n>N.

K is called complete if any Cauchy sequence has a limit in K.

EXAMPLE 8.2.
p=14+24 ... 420 =271 1

is a Cauchy sequence for | - |3, and lim a, = —1.
n—oo

THEOREM 8.3. Let K be a field with an absolute value | - |. Then there exists a complete valued
field (K,|-|) and a homomophism K — K preserving the absolute value that is universal in the
following sense:

Any homomophism K — L from K into a complete valued field (L, |- |) preserving the absolute

value, extends uniquely to a homomophism K — L.

Proof. Define R
K := {Cauchy sequence of K}/ ~,
where (ay,) ~ (by) if |a, — by| — 0.

Check K is a field.
For a € K, defined by a Cauchy sequence a,, € K, define |a| := lim |ay,|.
n—oo

This is well-defined. Check | - | is an absolute value on K, and (K, | - |) is complete.
Check the map R
K —K
a+— (a,a,...)
is an isometry.
Let (L,| - |) be a complete valued field with an isometry ¢: K < L. It extends uniquely to
K — L by
(an) — lim ¢(a,).

n—00

REMARK 8.4. K — K is uniquely determined up to a uniquely isomorphism by the universal
property.
REMARK 8.5. The image of K in K is dense in K.

Any place v of K, write K, the completion of K w.r.t. v. When v corresponds to a prime ideal
p, we write K for the completion and O, for the ring of integers in K.

For example, Q, is the completion of Q w.r.t. the p-adic absolute value. Write Z,, (not Z,) for
the ring of integers in Q.
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8.0.1 Completion for discrete valuation field

Let | -| be a discrete NA absolute value on K, and A the valuation ring. Let m be the maximal
ideal of A. Write m = (), where 7 is called a local uniformizing parameter. Then

[K| = {c™ | m e Z} u{0},

where ¢ = || < 1.

Let a € K* with a,, — a, where a, € K. Then lan, —a| < |a| for n >0 = |a,| = |a| for any
n > 0. So |IA(| = |K| and | - | is a discrete absolute value on K.

Let ord: K* — Z be a normalized discrete valuation on K. It extends to a normalized discrete
valuation on K.

Define A := {a € K | |a| < 1}, which is the closure of A in K, and @ := {a € K | |a| < 1} is the
maximal ideal of A, = () in A, = the closure of m in K.

Similarly, " = the closure of m™ in K for any n > 1.

LEVMA 8.6, The map A/m™ — AJ@™ is an isomorphism.
Proof. Easy. |

PROPOSITION 8.7. Choose a set S > 0 of representatives for A/m. The series > a;w* where every

a; € S and a; = 0 for i < 0 converges in K and each element ofIA( has a unique representive of
the form.

Proof. Easy. |

REMARK 8.8. S 20 4s necessary. For example, let S* be a set of representatives if A/m\ {0}. Let
s1 € 8%, set S :=5*U{s17}. Then

0= (sym) 7" — (s1) - 7", VneZ

Examprre 8.9. Any element of @, can be written as

i aie{O,...,p—l};
Zaip7

a; =0, Vi<O0.
PROPOSITION 8.10. We have a natural isomorphism
A~ lim A/m".

Proof. Define R R
A— A/m™ ~ A/m™.

It induces A — @A/m". Define @A/m” — A as follows:
@, € A/m"™ with @,;; mod m" =a, modm".
Let a,, € A with a,, =@, mod m™. Then (a,,) is a Cauchy sequence. Define

(an) — lim a, € A.

n—roo
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8.0.2 Newton’s lemma

Let A be a complete discrete valuation ring and 7 generates its maximal ideal.

PROPOSITION 8.11. Let f(z) € Alz] and ag be a simple root of f(x) mod w. Then there exists a
unique root a of f(x) with a = ag mod 7.

Proof. Let
U={z€eA|lz=ay modn}~n-A,

a complete metric space. Define
F.:U—U

)
f'(z)

TH—— T —

Since ag is a simple root of f mod 7, we have

flap) =0 mod m;
f'(ag) #0 mod .

Hence, for any z € U, we have |f'(z)]=1and f(z) =0 mod 7 = F:U —U.
For z1,29 € U, 9 = 21 + A with |A| < |n|. Then

f(x2) = flzr) + f'(21)A + ¢,

where e € A- A? —

f(x1)A+e ‘ € ‘ 9
F(xo) — F(x1)| = |A — = < |A]F < |x| -4,
(o)~ Flan)| = o = LEDBEE |22 < AP <ol 1a)
— F:U — U is a contraction map — F has a unique fixed point. |

THEOREM 8.12. Let f(z) € Alz], and ag € A satisfying |f(ao)| < |f'(ao)|>. Then there exists a
unique oot a of f(x) s.t.

|aao|§‘

f(ao)
f/ (a0)2
Proof. Newton’s method. | |
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8.1 Note on 20251217
8.1.1 Hensel’s lemma

Let A be a complete discrete valuation ring and m its maximal ideal.

THEOREM 8.13 (Hensel’s lemma). Let k = A/m be the residue field of K. For f(x) € Alx], write
f(z) its image in k|x).
Consider a monic polynomial f(x) € Alz]. If f(z) factors as f = goho with gy, ho monic and
relatively prime in k[x], then f itself factors as f = gh with g and h monic s.t. § = go, h = hg.
Moreover, g and h are uniquely determined and (g,h) = Alz| (called strictly coprime).

LEvMA 814, If f,g € Alz] s.t. f,G are relatively prime and f is monic, then (f,g) = Alz].
More precisely, there exist u,v € Alz] with degu < degg, degv < deg f s.t. uf +vg=1.

Proof. Set
M = Al /(f.9).

As f is monic, M is a finitely generated A-mod. As (f,g) = k[z], we have
(f,9) + mAfz] = Ala].
— mM = M. Nakayama’s lemma = M = 0. Then there exists u,v € Ax] s.t.
uf +vg = 1.
If degv > deg f, write v = fg+ r with degr < deg f =
(utq9)f+rg=1,
where deg(u + ¢qg) < degyg, and degr < deg f. |

We next prove the uniqueness.

LeEMMA 8.15. Suppose f = gh = ¢'h with g, h, ¢, h monic and § = ¢', h = I with G, h relatively
prime. Then g=g¢', h="h'.

Proof. Lemma 8.14 implies (g,h’') = A[x] = there exists r,s € Alz] s.t. gr +h's=1 =
g =ggr+ghs=ggr+ghs = g|g.
As g, g’ same degree and monic, g = ¢'. |
Finally, we prove the existence of g and h.
Proof. There exist monic polynomials gg, hg € A[z] s.t.
[ —goho € 7 - Alz],
where m = (7). Suppose we have constructed monic polynomials g,,, h,, s.t.

f—gnhn =0 mod 7",
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and
gn =¢go mod T, h, = hy mod .

We want to find u,v € Alx] with degu < deg go and degv < deg hyg, s.t.
= (gn + 7" ) (hy + 7" T0) =0 mod 7" 2,

i.e.
(f — gnhn) — 7" (uhy, + gov) =0 mod 72

+1

Since f — gnhy, = 7" - r, where r € Alx], this is equivalent to

r = uhy, + gpv mod .

Because gg, ho are monic and relatively prime (h,,, g,) = A[z], by Lemma 8.14 —> 3 such u,v. B

REMARK 8.16. Theorem 8.13 implies: A factorization of f into product of relatively prime polyno-
mials in k[z] lifts to a factorization in Alx].

For example, in F,lx], 2P — x splits into p distinct factors, so it also splits in Z,x] = Z,
contains the (p — 1)-th roots of 1.

More generally, if K has a residue field k with q elements, then K contains q roots of the
polynomials x4 — x. Let S be the set of these roots, then

a—a : S—k

is a bijection preserving multiplication. The elements of S are called the Teichmiiller representatives
for the elements of the residue field.

8.1.2 Extensions of NA absolute values

THEOREM 8.17. Let K be complete w.r.t. a discrete absolute value |-|r. Let L be a finite separable
extension of K of degree n. Then |- |k extends uniquely to a discrete absolute value |- |, on L and
L is complete for the extended absolute value: ¥b € L,

1/n
b = | Nmy,x (b) K/ :

Proof. Let A be the valuation ring of K, B the integral closure of A in L, and p the maximal ideal
of A. Then B is a Dedekind domain. Suppose there exist prime ideals 51 # B2 in B. Then there

exists b € f1 \ Po. B
Let f(z) € Alr] be the minimal polynomial for b. Then Hensel’s lemma implies f(z) = g(z)'

power of an irreducible polynomial in k[z] where k = A/p. Both 8; N A[b] and B2 N A[b] are distinct
prime ideals containing p —

Bun A [pAR], 520 AR /pARD

are distinct prime ideals of

Ap) [pAlE] = (Afp)la] / (5(@)') = kla] / (5(2)"),
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which only has one prime ideal (g(z)). Contradiction. Hence, B has only one prime ideal — B
is a DVR with a unique prime ideal .
Therefore, | - |k extends to a ungiue absolute value | - |, on L, which cooresponds to 3.
Similarly, | - |k extends ungiuely to an absolute value |- |1, on a Galois closure L' of L. Any
o € Gal(L'/K) defines an absolute value on L by b — |0(b)|-. Uniqueness = |o(b)| = |b|L =
bl =

[Nm@)[,c = | [To®)] = bl = bl = [Nmg @)/

Finally, we show that (L,|-|.) is complete. Let ey, ..., e, be a basis of B as A-mod. Assume
p = 5°. Consider
¢: PKe; — L
(ai) — Z a;e;
[[(ai)] = max|a; [z

Check
o P Ke; is complete;
e ¢ is bounded.

Only need to show: if ’ > age;

L
If B | b= ase;, then pl/el | b= ae; = pl¥/el | a; for any i.
= (L,|-|L) is complete. |

is small, then max; |a;| is small.

COROLLARY 8.18. Let § be a possibly infinite separable algebraic extension of K, then |- |k extends
uniquely to an absolute value |- |q on Q.

Proof. Q =JL, over all L subfields of Q with L/K finite extension. |
REMARK 8.19. In this corollary, | - |q is still NA, but it need not be complete and need not be
discrete.

However, if Q is algebraically closed, then Q is still algebrailly closed.
EXAMPLE 8.20. . @ is not discrete:

/" = p|"/" =p /" = 1.

o @p is complete; dimg, @p countable.

Define C, := @
COROLLARY 8.21. Let K,L as in Theorem 8.17. Then n = ef, where n = [L : K], e is the
ramification index, and f is the degree of residue field extension.

When e = n, so pB = 8", we say L is totally ramified over K.
When f =n, we say L is unramified over K.
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8.2 Note on 20251222
8.2.1 Newton’s polygon

Let (K,|-|) be complete, discrete, where ord: K* — Z is the cooresponding valuation. It
extends to a valuation ord: K = — Q.

DEFINITION 8.22. For a polynomial
fz) =" +az" '+ +a,, a €K,
define the Newton polygon of f(z) to be the lower convex hull of the set to points

P, = (i,ord(ai)), 1=0,...,n.

Figure 1: Newton polygon

PROPOSITION 8.23. Assume char K = 0. Suppose that the Newton polygon of f(z) € K[z] has
segments of x-length n; and slope s;. Then f(x) has exactly n; roots a in K with ord(a)) = s;.
Moreover, the polynomial

filmy= [ @-a)

ord(a;)=s;
has coefficients in K.

Proof. For the first part, don’t need f(z) has coefficients in K. It suffices to prove the following
statement:

Let f(z) = [[(z — o), if exactly n; of a;’s have order s;, then the Newton polygon of f(z) has
a segment of slope s; and z-length n;.

Induction on n = deg f. If n =1, obvious. Assume it holds for n. Let

g(z) = (z—a)f(z) ="' + b2 + - + byy1,

where b; = a; — aa;_1.
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May assume ord o < s1. Then fori=1,...,n+1,

ord b; = ord(a; — aj—1)
> min { ord a;,ord a;_1 + ord a}
> min {N (i), N(i — 1) + ord a }
> N(i—1)+orda.

(8.11)

Figure 2: Newton polygons for f and g

For those vertex ¢ — 1, the “="in (8.11) holds, i.e. the Newton polygon for g is as Figure 2.

Now prove the second statement.

Let « be any root of f(x) with ordw = s;. Let mq(z) be the minimial polynomial of «. Then
any root o of my(z) has orde’ =s; = mq(z) | f(x) = fi(x) has coefficients in K. |
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9 Locally compact field

PROPOSITION 9.1. Let (K, |- |) be complete, discrete. Let A be the valuation ring of K and m the
maziaml ideal of A. Then A is compact iff A/m is finite.

Proof. Let S be the set of representatives for A/m. Then
A= | |@+m),
zes

where each (z + m) is open and nonempty. If A is compact, then £S5 < co.
On the other hand,

A=limA/m" C [T A/m",

n>1

where the last inclusion is a closed embedding. If A/m is finite, then every A/m™ is finite = A
is compact. |

COROLLARY 9.2. If A/m is finite, then m™, 1 +m™ and A* are all compact.

DEFINITION 9.3. A local field is a field K with a nontrivial absolute value | - | s.t. K is locally
compact.

Classification of local fields
(a) Archimedean case: K ~ C or R;
(b) NA local field of characteristic 0: finite extension of Qp;

(¢) NA for charp # 0: isomorphic to the field of formal Laurent series k((t)) over a finite field k.

9.0.1 Unramified extensions of a field

Let (K,|-|) be a complete discrete valued field. Assume both K and the residue field k are
perfect.
Let L be an algebraic extension of K. We define

e B={aeL||a <1}
e p={ael|la <1}
e [:= B/p the residue field of L.
PROPOSITION 9.4. There is a one-to-one correspondence:
{K' C L, finite and unramified over K} <+— {k' C 1, finite over k}
K' +— k.
Moreover,

(a) if K' < k' and K" <+ k", then K' C K" iff k' C k";
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(b) if K' < K, then K' Galois over k iff k' is Galois over k, in which case there is a canonical
isomorphism
Gal(K'/K) ~ Gal(k'/k).

Proof. Let k'/k finite extension. Write k' = k[a] for a € ¥/ C L. Set fo(x) to be the minimal
polynomial of a over k. Let f(z) be any lifting of fo(z) in A[z]. As a is a simple root of fy(x)
(since K and k are perfect), Newton’s lemma shows there exists a unique a € L s.t. f(a) = 0 with
a =a mod p. Then K[a| C L is a finite unramified extension over K with residue field ¥ =
K’ — k' surjective.

Let K’ C L, K'/K finite unramified with residue field &’. Then

(K" K] = [k : K]. (9.12)

Newton’s method implies there exists a1 € K’ C Ls.t. f(ap)=0and a; =« mod p = a1 =«
= K’' D Kla]. By (9.12), [K' : K] = [k : k] = [K(«a) : K] = K’ = K[a] = injective.

(a) K' ¢ K" = k' C k”. Assume K/ C k”. Then there exists a unique K"/ C K" with
kK" = K'. Since both K" and K’ C L, the uniqueness implies K"/ = K’ — K' C K" = (a)
holds.

(b): Assume K'/K Galois. Since Gal(K'/K) preserves the valuation ring A" in K’ and the
maximal ideal, we get Gal(K'/K) — Aut(k'/k). Write k' = k[a] with g(x) € Alz] s.t. g(z) € k[z]
is the minimal polynomial of a = g is irreducible.

Let o € A’ be the unique root of g(x) s.t. @ = a. Then K'/K Galois = g(z) splits in K’
= g(x) splits in &’ = k' Galois over k. Let f = [k’ : k| = [K' : K], and let a4,...,ay be the
roots of g(z). Then

{aq,...,ay} ={o(a)| o € Gal(K'/K)}.

As g(z) is separable, a; mod p are distinct = the image of Gal(K'/K) in Gal(k'/k) has order
f. So Gal(K'/K) — Gal(k'/k) is an isomorphism.

Conversely, if k'/k is Galois, write k' = kla] and o € A’ lifts a. The formal proof shows
K’ = Kla]. Hensel’s lemma = A’ contains the conjugates of a« =— K’ is Galois over K. W

COROLLARY 9.5. There exists an unramified extension Kqg of K contained in L that contains all
unramified extension of K in L.
When K is finite, it is obtained from K by adjoining all roots of 1 of order prime to chark.

COROLLARY 9.6. The residue field of K is k. There exists a subfield K™ of K s.t. a subsfield L
of K finite over K is unramified iff L C K"".
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9.1 Note on 20251224
9.1.1 Totally ramified extension of K

Let (K,|-|) be a complete discrete valued field, and 7 the local uniformizing parameter of K.

DEFINITION 9.7. A polynomial f(x) € K[z] is called Eisenstein if it is Eisenstein for (7), i.e.
f(z) = apz™ + arz" t + -+ ap

with
ordag =0, orda; >0 for a; >0, orda, =1,

< |ag| =1, |a;| < 1, |an| = || <= the Newton polygon is as follows:

PROPOSITION 9.8. L/K finite extension of K. Then L/K is totally ramified iff L = K[a] with «
a root of an Eisenstein polynomial.

Proof. «: L = K[a] with « a root of an Eisenstein polynomial f(z) of degree n. Extend ord from
K to L. Then ord(a) = - = the ramification index of L/K > n. [L: K] =n = totally
ramified.

=: L totally ramified over K. Let a be a generator of the maximal ideal of Or,. Then ord @ = +

n

The elements 1, q,...,a" ! represent different cosets of ord(K*) in ord(L>), i.e.
X X 1
mdu;)/onﬂkf)::—Z/Z.
n
= 1,...,a" ! are K-linearly independent = they are K-basis of L = L = KJa], we have

a relation
a"+a " '+ +a,=0, a €K

There exist at least two terms having minimal order. Note that
1
1 =ord(a™) = ord(ay,) in ord L/ord K = —Z/Z,
n

and ord(a;a™ 1), ... ;ord(ay) differ from each other in 17/7. This happens only if 1 = ord(a™) =
ord(ay), and ord(a;a’) > 1 for all i = 1,...,n — 1. That is, the polynomial 2™ + a;2" ! +--- +a,
is Eisenstein. |

REMARK 9.9. Let L/K be a finite totally ramified extension, and A, B the valuation rings for K, L.
Let 7,11 be prime elements in A, B. Then B = A[Il].

Proof. B, A have the same residue field = B/(II) = A/(r) =
B=A+UB=A+I(A+1B) =...= Al + I™B, ¥Ym> 1

The discriminant of 1,11, ..., TI" ! equals to a unit times 7! for some | > 0 = II°B C A[ll] C B.
Pick m = ¢, A[x] D A[ll] +1I°B = B. |
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9.1.2 Ramification groups

Let L/K be a finite Galois extension. Assume the residue field k of K is perfect. Then G :=
Gal(L/K) preserves the absolute value on L = it preserves

B={a€eL||a <1}
p={a€L]||a <1}

Write p = (II). We define a sequence of subgroups
go go 5G;D...

by the condition 4
c€g < |o(a)—a|<|O, VaeB.

DEFINITION 9.10. We call
e Gp the inertia group;

¢ G the ramification group;

e G;, i > 1 the higher ramification groups of L over K.

LevmMA 9.11. The G; are normal subgroups of G and G; = {1} for i > 0.
Proof. Easy. |
THEOREM 9.12. Let L/K be a Galois extension. Assume the residue field extension l/k is separable.

(a) The fixed field of Gy is the largest unramified extension Ky of K in L and
G/Go = Gal(Ko/K) = Gal(l/k).
(b) For any i > 1, we have

Gi={0€Gy||oll -TI| < ||}

Proof. (a): Let Ky be the largest unramified extension in L. Then o(K)j) is also unramified =
o(Kp) C Ky = Ko/K Galois.

Gal(Ko/K) — Gal(l/k)

is an isomorphism, and Gy = ker (G — Gal(l/k)) = K, = L%.
(b): Let Ap be the valuation ring of K. Then B = A[II]. Since Gy leaves Ap fixed, o € G; iff
|o(IT) — 1] < I |

COROLLARY 9.13. We have an exhaustive filtration G D Gy D ... s.t.
e G/Go = Gal(l/k);
e Go/G1 — 1%
e Gi/Git1 =1, i>1.
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Therefore, if k is finite, Gal(L/K) is solvable.
Proof. Let o € Gy, then o(II) is a prime element = o (II) = uIl where v € B*. The map
o+—u modIl

is & homomophism Gy — [* with kernel G;.
Let o € G;, i > 1, then |o(II) — 11| < [T} = o(II) = I + all**! for some a € B. THe map

oc+—a modp
is a homomophism G; — [ with kernel G; ;. [ |

DEFINITION 9.14. An extension L/K is said to be widely ramified if p | e where p = chark.
Otherwise, it is said to be tamely ramified.

Hence, for a Galois extension L/K,
L/K unramified <= Gy = {1},

and
L/K tamely ramified < G; = {1}.

9.1.3 Krasner’s lemma

Let (K,|-|) be complete discrete. Extend | - | to an absolute value on K.
PROPOSITION 9.15 (Krasner’s lemma). Let o, 3 € K and assume o is separable over K[B]. If « is
closer to 8 than to any other conjugate of o (over K ), then Kla] C K|[f].
Proof. See Milne p.132. |

Now assume char K = 0. For h(z) = 3" ¢;2¢, define ||k :== max{|c;|}. If h(z) monic,
n—1 )
h(z) =2" + Z cix'.
=0

Let « be any root of h(z) |a| < ||A]].

Fix a monic irreducible polynomial f(z) in K[z]. Let g(x) be another irreducible polynomial
and suppose ||f — g¢|| is small. For any root § of g(x), |f(B) = |(f — ¢)(8)] is small. Write
f(B) =118 — a;) where a; are roots of f = may assume

16— anl < IF(B)1™.
For ||f — g|| small enough,
7)) < (minla; — o)
= |8 —a1]| < |ag — a4 for i # 1 (called 8 belongs to ;. Now Krasner’s lemma implies
Klo] C K[B].
If deg f = deg g, then K[oy] = k[f].
PROPOSITION 9.16. Let f(x) be a monic irreducible polynomial of K[x]. Then any monic polynomial

g(x) € Klx] sufficiently close to f(x) is also irreducible, and each root B of g(x) belongs to some
root « of f(x). We have K[a] = K|[3].
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