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1 Note on 20250218

REF:

e [I, Berkovich-Koblitz, 1990] Spectral theory and analytic geometry over non-archimedean
fields.

o [2, Bosch-Giintzer-Remmert, 1984] Non-Archimedean analysis. A systematic approach to

rigid analytic geometry.
e [3, Conrad, 2008] Several approaches to non-archimedean geometry.

e Lecture notes of Mattias Jonsson.

1.1 Berkovich Space

A language to study analytic geometry for non-archimedean field (analogue of complex geome-
try).

Recall complex manifold: Topological space + structure sheaf.

More generally: complex analytic space.

1.1.1 Valued field

DEFINITION 1.1 (Valued fields). A valued field is a pair (k,|-|), where k is a field, |- | is norm, i.e.,
|| k%RZQ s.t.

e |la|=0iff a =0;
* la—bl <faf+1b];
e |ab] = |a||b| (multiplicative).
DEFINITION 1.2. (k,|-|) is complete is k is a complete metric space under |- |.

For arbitrary valued space (k,|- ), (k,|-|) == completion of (k|- |).
Fact: k=Fk = k=k.

EXAMPLE 1.3. o (C,|-|oo) with the standard Euclidean norm. Subfields: (R, |- |x), (Q,] - |co)
o (R - Joo) = (@, ] - foo)-
e k C Csubfield, € € (0,1]. Let |- | =|-|5,. Then (k,|-|) is a valued field.

e k any field, |- |o := trivial norm, i.e. |a| =0, Va € k*. (k,| - |o) complete.

)7

* (p-adic fields) p = prime number. ¥r € Q*, write r = p"§, pf a,b. Fix c € (0,1) (e.g. ¢ =
|r|p == ™. The completion of Q for |- |, is

D=

Q, = {p-adic numbers}, @ =C,.
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o (Laurent series) k =field,

+oo
k=k((4)) = {f: Z a;T" |a; €k, a;=0 fori<<0}.
1=—00
Fix ¢ = (0,1) (e.g. ¢ = e™!). Define ordgf := min{i | a; # 0}, |f| = 9. (k,|-|) is
complete.
DEFINITION 1.4. (k,|-|) is non-archimedean (NA) if |a + b| < max{|al,|b|} for every a,b € k. A
valued field (norm) that is not NA is called archimedean.

Fact : If (k,|-|) is archimedean and complete, then & = R or C, and |- | = | - |5, for some
e € (0,1].
PROPOSITION 1.5. (k,|-|) is non-archimedean if |n| < 1, Vn € Z.

1 n 1
< ( (?) kuﬂw”-i>
1=0

=(n+ 1)% max{|al, |b[}

Proof. “only if” part: |n|=]1+---+1]<...<1.
“if” part: Pick a,b € k. Then Vn,

o+ = |(a+ )" =

S

=0

1
n

< ((n+1) - max{lal, [b[}")"
— max{|al, |b|} (n = +00).

Focus on the NA case. (k,|-|) NA. Denote
E°={a€k|la] <1}, k°°={a€k]||a| <1},

where k° is a ring and k°° is the maximal ideal of k°. k = k°/k°° residue field. e.g.

—_~—

E(+) =k, Qp=F,, (k]|o)~k=k.
Fact : If (k,|-]) is NA, then
o lal > [b| = Ja+b| = |al;
e balls in k£ are both open and closed;
o [k is totally disconnected, i.e. only connected subsets are singletons;

L] B17BQ balls, then B1 ﬂBQ =g of Bl C B2 or B2 C Bl.

1.1.2 What is a space?
Naive “definition” of “k—manifold” X:
e X covered by U, ~ V, open in k™;

« transition maps are analytic Vog — Vsa;
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o analytic functions are locally convergent power series.
There are some problems:
o balls in k™ are open and closed, X = | |balls, totally disconnected;

o too many analytic functions. e.g. k = Q,,

p—1
B(0,1) =17, = | |i+pZ,,
1=0

Ui =i+ pZy, f:=1ion U; = no meaningful notion of analytic continuation.
General properties for a nice notion of space should have: X should consist of
1. aset X;

2. a topology on X;

3. a structure sheaf Ox on X, where the sections Ox(U) on U C X open, consist of analytic
functions on U.

1. (J. Tate 1960s) rigid spaces. No topology but a Grothendieck topology.

2. (M. Raynaud 1970s) formal models of rigid spaces.

3. (V. Berkovich 1980s) k—analytic space (Berkovich space) (very good topology).
4. (R. Huber 1980s) adic space.

1.1.3 Berkovich affine space

(As a topological space)
k = (k,|-|) complete valued space. R = k[T1,...,T,]. Max R = {maximal ideals of R} ~ k" if
k = k. Spec R = {prime ideals of R} = A}, algebraic geometry version of affine space.

DEFINITION 1.6 (Berkovich version). A7®” is defined as a set
A;®" == {multiplicative seminorms on R extending the norm on k}.

A seminorm |- |,: R — R satisfies the conditions for being a norm except: |a| =0 = a = 0.
Topology on A;"*" is the weakest topology s.t.

Az,an — Rzo

| |e —> [ fla

is continuous for every f € R.
Base:
{1l <71yl fmle <rmslgile > 51,00 lgile > i}

Fact : A;"®" is Hausdorff, locally compact and path connected. We have a canonical inclusion

Max R < A7,
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Proof. m € Max R = R/m is a finite field extension of k. Thus, |- | in & canonically extends to a
norm |-|" on R/m. Then

R—»R/WLREO

defines a point | - | € A",

Max R —s Al="

m— ||,

m = {a € R | |a|m = 0}. [ |
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2 Note on 20250220

2.1 Why seminorm?
Fact : Assume (k,|-|) = (C,| - |«). Then AZ®" = C" =Max R, R =C[T},...,T,).

Proof. Gelfand-Mazur Theorem: If A is a complex Banach field, then A ~ C.
For x € Ag’an,

Pp={feR||[fl. =0},

which is a closed prime ideal of R. |-|, induces a multiplicative norm on R/P,, and thus Fra@Pz)
is a complex Banach field, which is C. This implies R/P, = C, x € Max R. |

Algebraic geometry: In the definition of seminorm, we used x, < on R but not +.

(R, x,<) 5B = ({0,1}, x, <).
Trivial norm: |-|o: k = B C R.

Spec R = {multiplicative seminorms on R, valuated on B} — A;"*", (k, |- o),

which is a closed subset. Then the induced topology on Spec R is the constructible topology, i.e.
topology generated by constructible subset = topology generated by

{‘fl|l’ :07"'7|fm|1’ =0, |gl|1’ = 17"'v|gl|17 = 1}

AG (with constructible topology) ~ “Berkovich space” for B.
ExamprLe 2.1 (Affine line). Assume k =k, || = |- |o. Then A,lc’an =

Figure 1: Affine line

Case 2: | - |, trivial norm on k[T], i.e. |f|. =1, Vf # 0.
Case 1: |T|y > 1, r=|T|s € (1,400). Then |T —al, =r, Va € k. = z is uniquely determined
by 7.
:Jda€kst |T—al, <1 Setr:=|T—al, €[0,1), then |T—bl, =|T—a+(a—0b)|, =1,
Vb # a, x determined by r.
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ExampLe 2.2, Assume k =k, |- | = | o

(Rsg, ) < A"

(s fa) — |- |2

x

AZ < AD
p—R—R/p o, g,

Indeed,
AQ _ (A%an)RN).

o Divisorial valuations:

A CP; = A7 U Lo
Pick 7: X 2 IP’% with X smooth projective. Let £ C X be a prime divisor, which defines a
valuation
k[Tl,TQ] =R—RU {+OO}
P+ ordgm*P.
Pick » € Ryg. Then
|.|:xE:P'_>efrordE7r P

is a norm on R which belongs to Ai’a“.

. . . P
Fact : Divisorial valuations are dense in A;"*".

BB £ could be contained in 7 (L)
Indeed,

2,an _ m2,an
AP =Dy UV,
where

D™ ={]|o: |[Ple <1, VP € R} = {| - [o: T1|s < 1, |Thlo < 1}.

The decomposition is preserved by the action of Rs.
27 € Vi iff B € 171 (Loo).

]D)2,an .

i 1s compact.
How V., looks like?
Define

K = {| : ‘ac € Ve | max{|T1|x, |T2|ac} = e} = Voo/R>0-
= Voo = Voo X Ryg. Let A% C X a smooth projective compactification. 90X = X \ A2
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2.3 .

\

Figure 2: Example of 0X

For higher model X’ — X, we have A(X) C A(X’), where the inverse contraction is denoted
by 7. L
Fact : Voo = lim A(X), which is a compact tree.

R

0

Figure 3: Picture of Vo

There exists natural way to compactify C? by V..

THEOREM 2.3 (Friedland and Milnor). f: C?* — C? polynomial automorphism. Assume hop(f) > 0.
Then no f—periodic curve.

A classical example of such automorphism is the Hénon map:
(2,y) — (y,ax + P(y)),
where deg P > 2, a # 0, hiop(f) = log deg P.

Proof. Let C C C? C P? be an algebraic curve. s = a branch of C at co centered at o.
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Figure 4: A branch s

Define z, = V., by
P—s e—ordo(P|5)><'r

for some r > 0. L
Dynamics of f on Voo with hyop(f) > 0,

s
Cme 170 f
T with ke D7

A
I)('\'5l'+‘\/‘x_‘:¢.\?j _& /D((:.\)’\/\<4
et pvindis )

—

Figure 5: Dynamics of f on V.
P(zs) # x4, z_ and f"(P(zs)) — x4, not periodic.

2.2 Seminormed groups

Analogy: In AG, local chart X = Spec A with ring A.
Berkovich: local chart X = M(A) with A Berkovich ring.

DEFINITION 2.4 (Seminormed groups). Let M be an abelian group. A seminorm || - || on M is

-] M = Rsg, s.t.
« [0l = 0;
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o If =gl <IIfII+ llgll, and is a non-archimedean (NA) seminorm if

o I =gl < max{[|f], lgll}-

BB | - || induces a topology on M. || - || is a norm if and only if (M, | - ||) is Hausdorff.
B v |- || = {meM||m| =0} || induces a norm on M/ ker||-|.
DEFINITION 2.5. M = completion of M/ ker || - || for || - ||.
ExampLe 2.6. If || - || = 0, then M=0.
DEFINITION 2.7. Two norms || - || and || - || are equivalent if 3C' > 1 s.t.
CTH- <1<l -
If N C M is a subgroup, then we get a residue seminorm on M /N

£l = inf{llg]l: g € 77" (f)},

where m: M — M /N is the quotient map.

DEFINITION 2.8. Let M, N be seminormed groups, and ¢: M — M be group homomorphism.
We say ¢ is bounded, if 3C > 0 s.t.

le(HIl < C- Il
We say @ is admissible if (M ker ¢, residue norm ) ~ (im ¢, subspace norm ), i.e. 3C > 1 s.t.
71 -inf{||f + gl g € ker g} < [lo(H)| < C - |If].

EXAMPLE 2.9. "
1
(Zo [~ llo) = (Z, 1|~ )

is bounded, but not admissible.
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3 Note on 20250225

3.1 A Lot of Definitions
3.1.1 Multiplicity

A = (commutative ring), || - || seminorm on (A, +) with || f - gll < || fll - llgll, Vf,g € A, which is
submultiplicative.
REMARK 3.1. ||1|| > 1 or || f]| =0 for all f € A.
DEFINITION 3.2. | f]| is power-multiplicative if || f™|| = || f||™ for all f € A and n > 1, and is

multiplicative if || fg[| = [lf]| - ll]l-

DEFINITION 3.3. A valuation on A is a multiplicative norm.
DEFINITION 3.4. (A, ]| - ]]) is a Banach ring if the norm || - || is complete.
Examrre 3.5. Examples of Banach rings:

e A=anyring, || -|| =] |o trivial ring.
o (Z ] lloo)-
e Zero ring O, with norm | - || = 0.

(R, [-15), € € (0,1].

(@, [ - [p)s (KT, - M)
(€ max{] oo, [ fo})-

(

A, | - |I) Banach ring, a C A closed ideal, then (A/a,residue norm) is a Banach ring.

Fact : m C A maximal ideal, then m is closed.

Proof. Assume 1 # 0. Only need to show 1 ¢ m. Otherwise, there exists a € A s.t.
l—a€mand |al| < 1. Thus, 1+a+a?+--- converges, which implies that 1 —a is invertible.
Contradiction! |

o If {A;, | - ) }ier Banach rings, then

HAi ={(a;)r,a; € A|3C > 0s.t. ||a;|| < C, Vi e I}
icl

with ||(a;)|| == sup; ||a;|| is a Banach ring.
o If (A,] -]|) is a Banach ring and r > 0, then
Al {f Zaﬂ” lai € A, |[f]l = Z laslr" < OO}
=0

is a Banach ring.
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3.1.2 Banach field

13

DEFINITION 3.6. A Banach ring (A, || - ||) is a Banach field if A is a field, and is NA if || - || is NA.

-: (A, |l - 1) is a normed ring, C' > 1, then (A,C - | - ||) is also a normed ring,.
: Is there a best norm on A equivalent to || - || 7
Let (A, ] - ||) be a Banach ring, f € A,

ZZO — RZO
n— |/

is submultiplicative, i.e. apym < @y, * G, where a,, = || f™||. Then the limit
o nt
p(f) = lim [ f*
exists, and p(f) = inf,, ||f™||*, which is called the spectral radius of f.
PROPOSITION 3.7. o p(f™) =p(H)";
« p(1) =1, (assume |- || #0);

o p(fg) <p(f)-plg).
Levinia 3.8 p(f —g) < p(f) + p(g). If NA, then p(f — g) < max{p(f), p(9)}-

Proof. Pick a > p(f), 8> p(g). 3C > 0 s.t. ||| < C-a™, |lg"]| < C - 8™ Then

I =9 < 3 (D)1 < 3 (T)atsm = Cak
=0

=0

=p(f—g9)<a+p.

THEOREM 3.9. p is a seminorm, and if || - || is NA then p is NA.
REMARK 3.10. If || - || and || - ||" are equivalent, then p for ||-|| and || - || are the same.
p may not be a norm even when (4, || - ||) is a Banach ring.

ExampLe 3.11. A = C[e]/(g?), then p(e) = 0.

DEFINITION 3.12. A" := separated completion for (4, p), A — A" is bounded, has the universal

property: for any

A —— (B,[|- )

| >

Au

where || - || is a power-multiplicative complete norm on B. A" is called the uniformization of A.



Note on 20250225 14

3.1.3 Banach module

DEFINITION 3.13. A = (semi)normed ring, (M, || - ||) is a (semi)normed A—module if

e M is an A—module;
e |- |l is a (semi)norm on M as additive group;

o 3C > 0s.t. ||fm] <C-|If]l - ||m|l for all f € A, me M.

DEFINITION 3.14. If (M, || - ||) is complete, we call it Banach A—module.

DerINITION 3.15 (Complete tensor product). Let A be a normed ring and NA. Let M, N be
seminormed NA A—modules. Denote M ® 4 N the usual tensor product. Define a seminorm on
M ®a N by

o] = inf { mae [y | < s 0 = > ms ®ni}.
1

M@uN = separated completion of M ®4 N w.r.t. the above seminorm. Then M®uN is a
Banach A—module (A—module). It has the universal property

M x N —— M®aN
W‘dia!
P
where P is any Banach A—module.

3.1.4 Berkovich spectrum
DEFINITION 3.16. Let (A, | - ||) be a Banach ring. Then (Berkovich) spectrum M(A) is (as a set)

M(A) = {nontrivial multiplicative seminorm |- |: A — Rx¢ | |f| < ||fl, Vf € A}.
And the topology on M(A) is the weakest topology s.t.
M(A) — RZO
| |e — [fla

is continuous for all f € A.

ExampLE 3.17. If A = O, then M(A) = @.

THEOREM 3.18 (Berkovich). If A # O, then M(A) is a non-empty, compact, Hausdorff topological
space.

Proof. Consider

¢ :=M(A) — [T [0.1£1]

feA

e = (Ifl2) rea-

Easy to check
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e ¢ is injective;
 the topology on M(A) is induced by ¢, which shows that M(A) is Hausdorff;

e we have
p(M(A)) = {(af)feA € H[07 [fl]: a1 =1,a0 = 0,a5—g < ay +ag,apg =ay-ag,Vf,g € A}’
which is closed.

Now we show M(A) # @.

1. Reduce to A =field.

By Zorn’s lemma, there exists m C A maximal ideal, thus closed. Replace A by A/m with
the residue norm, where A/m is a field.

2. May assume || - || is minimal in nontrivial seminorms: if || - [|' < || - ||, then || - ||' = - |-

If there exists a decreasing chain || ||;, ¢ € I of nontrivial seminorms, then |- ||" := inf{||-||: i €
I} is a seminorm, and nontrivial as ||1]|; > 1 for all 4. Zorn’s lemma implies there exists
minimal nontrivial seminorm || - ||.

3. Replace (A, || - ||) by (A, || - ||) for || - ||’ which is minimal and complete.

Since p < || - ||, we have p = || - ||, which shows || - || is power-multiplicative.
Only need to show || - || is multiplicative.

Claim: ||f~]| = ||f]|~* for all 0 # f € A.

Proof of Claim. If the claim is not true, the there exists f # 0 s.t. [ f7% > |Ifl|7!. Set
r=|f7Y 7!, so ||f|| > r. Consider A’ :== A(r~'T). Then f — T = f(1 — f~'T) is not invertible,
since p(f~1T) = |~ r = 1.

Define
A" = (A ST =T, les)-
‘We have
A isometry embedding A -1 =>11-11 A"
Pull back || - || to A, and we have || - [|”” <||-||. But ||f|” < ||| =r < ||f]|. Contradiction! [ |

Using the claim, for any f # 0, we have
gl = 1F70 £ FIE< M- gl = 1AL fall,

which finishes the proof. |
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4 Note on 20250227

I did not attend this class because of the seminar in AMSS, but there may be not very much
new knowledge in this class I wonder.
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5 Note on 20250311

5.1 Fibers

Let ¢*: A — B be a bounded map of Banach rings (NA). Induce ¢: M(B) — M(A) (write as
Y — X). What is the fiber of ¢ at z € X?

Exercise ¢ '(z) ~ M(H(z)@4B).

In particular, if z ¢ o(M(B)), i.e. ¢~ (z) = @, then H(x)@4B = 0.
PROPOSITION 5.1 (Ground field extension). k: NA walued field, K: NA valued field extending k,
A: (NA) Banach k—algebra, X == M(A), Ax = AR K and Xy = M(Ak).

A
VAT
A/ \K ~ X\ / ‘
N M) -t

Figure 6: Ground field extension

Then Vz € X, the fiber of Xg — X at x is M(H(x)@rK).

-: H(x)®, K may not be a field.
THEOREM 5.2 (Gruson). If V' and W are NA k—Banach space, then the canonical map V@ W —
VW is injective.
COROLLARY 5.3. ¢: Xg — X is surjective.

Proof. Vz € X, ¢~ () = M(H(2)2,LK). As H(z) @) K < H(x)®, K, which are both nonempty,
which implies M(H(z)®;K) # @. [ |

PROPOSITION 5.4. Let A be a Banach k—algebra, and K/k be a finite normal extension (valuation
on k extends to K ).

o If K separable over k, then
M(A Ry K)/Gal(K/k) ~ M(A).

o If K purely inseparable over k, then
M(A @, K) ~ M(A).

Proof. ¢: M(A® K) — M(A). Vo € M(A), ¢~ (x) = M(H(z) ®x K) = Max{H(z) @1 K}. W
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A valuation on k extends uniquely to k hence k. Gal(K/E) acts on k by isometries.

COROLLARY 5.5. ~ _
M(A@kk)/Gal(k/k) ~ M(A).

ExamprLe 5.6. 1. M(Z, || - |loo):
Vo € M(A) corresponds to a seminorm | - |, on Z and gives a prime ideal p, = ker |- |, C Z.

Case 1: there exists p s.t. p, = pZ. Then |- |, induces a norm on Z/p =TF,,.

Claim: any non-trivial multiplicative norm on F,, is the trivial norm.

Proof. Va #0,Im > 1st. a™ =1= |a] = 1. |

0 if pla,
lal, = .
1 if pta.

Case 2: We have p, = (0). In this case | - |, extends to a valuation on Q by multiplicity.

= VYa € Z,

THEOREM 5.7 (Ostrowski). Any valuation on Q is one of the following:
(a) trivial norm: |- |o;

(b) the Euclidean norm |- |5, € € (0,1];

(¢) then p—adic norm |- |5, ¢ € (0,+00).

Proof. Assume |- |, a nontrivial valuation on Q. Assume 3¢ € Zs1, s.t. ||y > 1, then
we have |t|, < | X 1]z =¢ = € € (0,1] st |e]z = |¢|5%-

Vm,n € Zsq, write n =Y _.", a;m’, where a; € {0,...,m — 1}.
1 1
- ogn < ogn
logm logm

[n|e < 7p x (m—1) x max{|m|™, 1}, = (Vs > 1)

log n

| 1/s
In|, < (105" X s X (m — 1)) x max{|m|F*™ 1},
ogm

Let s — +o0:

log n
[n|: < max{|m|s*™,1}.

logn

Set n =¢. 1 < |oJr <max{|m|s*™,1} = |m|, > 1, Vm € Zs; and |m|, > |m|5,.

log n logn
log ¢

Set m = t. |n|y < [e]a7F" = [1]aE" = |n|5,.

Thus, |n|; = |n|S, Vn € Zsq. | — 1|, =1. OK.

Now assume |n|, < 1, ¥n € Z. Then |- |, is NA. If nontrivial. In € Z-( with |n|, <1
= prime p | n with |p|, < 1.

Vm e Z,ptm,Ja,beZst. am+bp=1= |lam|, = |1 —bply, =1 = |m|, = 1.

= Vi € Z>q, t =m - % ptm. We have |i] = |p|§rd"L. |
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\\e

\ \‘f""’a ,_./\'\-
r

A~
“‘?"' T
prives

Figure 7: Valuations on Q

Topology
— On each branch:

—_—
Hp, o s
or EP-I)

1-\
o

Figure 8: Topology on branches

— A base of open neighborhood of | - |o:

Figure 9: Open neighborhood of | - |g

Contains all but finitely many branches. (Poineau)

Two maps
— Kernel map:
ker: M(A) — Spec A
x — ker(] - |z),



Note on 20250311 20

which is continuous, and ker ™ *({f # 0}) = {z: |f]. > 0}.
e.g. ker: M(Z,| - ||oo) — SpecZ:

Figure 10: Kernel map of M(Z, || - |oc) — SpecZ

If || - || on A is the trivial norm, then there exists canonical section

Spec A — M(A)

p}_>"|p,07
where
0 fep,
| Ipo: fr=
? 1 fé¢p

— Reduction map (NA)

red: M(A) — Spec A
= {]- . <1},

where {|-|; < 1} is a prime ideal. If A is noetherian, then red is anticontinuous, i.e.

red ! (open) = closed, red ™ ({f # 0}) = {|f(z)| = 1}.
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6 Note on 20250313

6.1 Some examples

Assume || - || on A is a trivial norm.

Case 1: A is a field, M(A) =point.

21

Case 2: Assume A is a DVR, e.g. A = Z, or k[[T]], m is the unique maximal ideal, m = (), m:

uniformizer. Then M(A) =

M) =

Figure 11: M(A) in Case 2

€ (0,1), |flm,c=c¢", where f=7"-a,a € A\ m.

Proof. — g€ A, |9, <1
—VgeA\m, |g-g o =1,=|gl. = 1.

The ker map:

l °Iﬂ‘,0 sedtion

=, seRoe

Figure 12: ker map in Case 2

The red map:
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-y >
Wﬁc ?Dl
2 P

Figure 13: red map in Case 2

Case 3: Global version of Case 2.
A is a Dedekind domain (e.g. Z, k[T]), with || - || trivial norm.
Vo € M(A), set

p=ker(z) ={f: [fl. =0} a=red(z)={f:[fl. <1},
so 0 Cp C qC A. Since A is Dedekind domain, we have the following 3 cases:

Case (a) p=¢q=0. Then |- |, =] - |o the trivial norm.
Case (b) p = q =maximal ideal. |- |, =" |p,0-

Case (c) 0 = p & q =maximal ideal. Then Vf € A\ q, |flo = 1, |- |, extends to a norm in
M(Aq,|-]o), where Agis a DVR. |- |, =" |q,c, c € (0,1):

AN = o

('(lgﬂ

0 <cel

|'|7,- Mor (A)

Figure 14: M(A) in Case 3

Topology:

* On each branch:
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N o)

o

Figure 15: Topology on each branch

* A base of open neighborhood of | - |o:

T

Figure 16: Base of open neighborhood

The ker map:

Figure 17: ker map in Case 3

The red map:
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[ lr.o
Figure 18: red map in Case 3

6.2 Berkovich’s closed disc (Preliminaries)

(k,| - |) =complete valued field, » > 0 (NA or note NA).

A=k(r7T) = {f = iaiTi: a; €k, ||fIl = i la;|r' < oo}.
i=0 i=0

o Even when k is NA, Ais note NA. eg., 1| =1, |[T|| =7, |1 +T||=1+r.

¢ A is not uniform.

Assume k NA. .
k{r T} = {Z;am': ai €k, lim |aifr' = o},
i=
with norm || f|| == max; |a;|r’.
Levvia 6.1 (Gauss’s Lemma). Then norm || - || on k{r=1T} is multiplicative.

Proof. Let f => a;T%, g= > b;T7, and fg =3 ¢;T". Only need to show | fg|| > ||f|lllg]l. Pick

I minimal s.t. || f|| = |as|r!, and J minimal s.t. ||g|| = |bs|r/. Then
leresl = | D aibj| = lasl[bsl,
itj=I+J
so [lfgll = lersslr™7 = fllllgl- u
Note that

({r7'T |- ) = AY = M(E{r7'T}) = M(k(r~'T)),
Gauss’s Lemma = || - || € M(k{r~'T}) a maximal element.

DEFINITION 6.2. Let
E(r) = M(E{r~'T}),

be the Berkovich’s closed disc of radius r over k.
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Study its set/topology.

A general strategy:

(dimm) X = M(A) finite map, E(r1,...,mm) “polydisc”,

where A is a k—affinoid algebra, we can see the map as the “Noether normalization”.
See Ex(r1,...,7m) as a fibration over E(r1,...,rm—1). Total space=Base+Fiber, where Base
is Ex(r1,...,"m—1), Fiber: Vo € Ex(r1, ..., "m_1), 7 *(z) = Eyy(z)(rm) a disc.

The trivially valued case:

k[T 1
k‘{T_lT} _ H H r<l
k[T] r>1.
e If r =1, E(1) =Berkovich’s closed unit disc. || - || =trivial norm on k[T] (Dedekind domain).
()

o -
B Mk = R/ R )
;k ?% E!k .

Figure 19: E(1) and E(r) for 0 <r <1

o If 0 <r <1, then k{r=1T} = K[[T]], with

o

=0

= max |a;|r’ = pordo(f)

where ordo(f) = min{i: a; # 0}. Ve € M(A), st. ¢t = |T'(z)| € [0,r], x is determined
uniquely by t as | f(x)| = torde(f),

REMARK 6.3. 7 < s, we have k{s™ 1T} — k{r=1T}, bounded map not admissible. It induces
the embedding: E(r) < E(s) as topological space.

o If r > 1, then k{r—'T} = k[T, with norm

o
=0

Pick x € M(A), set t = |T(z)| € [0,7]. Tt <1, || <|]o =z € FE(). Fort € [l,r], z is
uniquely determined by ¢ as |f(x)] = ti°8f. = E(r) =

= max |a;|r® = 98/,
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\, On

ay

v
£00) o RTT]

Figure 20: E(r) for r > 1.

26



Note on 20250318 27

7 Note on 20250318

7.1 Points in Berkovich’s closed disc

In the following, we consider the non-trivial valued, algebraically closed case.
k =complete NA field, k =k, |- | # | o

DeriNITION 7.1. The Berkovich’s disc is defined by
E(r) = M(k{r~'T}), r>0,
and the rigid disc is defined by
D(r) = {a € k: |a|] < k}.

REMARK 7.2. As k =k, x € E(r) is uniquely determined by |(T — a)(z)|, Ya € k.
Reason : k[T) C k{r='T} dense + for anyp € k[T], p=c(T —a1)--- (T — an).

There are 4 types of points in F(r).

Type 1 points Given a € D(r) C k, define |- |, € E(r) by |f|a = |f(a)|. |- |4 is a seminorm with
ker|-|o = (T — a).
D(r) < E(r)
arr|-a

is a homeomorphism on to its image (not clear, indeed dense).
Vx € E(r), if ker |- |, # 0, then x is Type 1.

Indeed, all prime ideals of k{r~'T} take the form T —a, a € D(r). For f = >, a;T" # 0,

there exists I maximal with a;r! = ||f||. Hensel’s Lemma implies f = p x U, where p € k[T] with
degp = I, and U is invertible.
If ker |- |, # 0, then ker| - |, = (T'— a), and thus |- |, = | |4-

The remaining points in E(r) correspond to multiplicative norms on k{r=1T7}.
We study them using discs in D(r), E(r).
DEFINITION 7.3. Given a € D(r), 0 < p < r, define

D(a,p) ={bek: [b—a| < p} CD(r);
E(a,p) = {z € E(r) = (T - a)(z)| < p} C E(r).
Facts :
(1) E(r) ND(a,p) = E(a,p) ND(r);
(2) D(a,p) =D(b,p) (E(a,p) = E(b, p) respectively) iff [a — b| < p;

(3) The radius p(D(-)) is well-defined, i.e., D(a, p) = D(b, p’), then p = p’ (Here need k non-trivial,
algebraically closed);
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(4) Given Dy, Dy, either D; NDy = & or Dy € Dy or Dy € Dy (same for Ey, Es);

(5) If a € D(0,7), then T — T — a is a bounded map of k{r~'T'}, inducing a homeomorphism of
E(r) sending E(b, p) to E(a + b, p).

DEFINITION 7.4. The valued group of & is
|k* == {|a|: a € kK*},

which is a subgroup of (Rsq, X).
k non-trivially valued < |k*| # {1}; k = k = |k*| divisible. Thus, |k*| is dense in R~.

REMARK 7.5. If By, By C E(r), then there exists affine map T — aT + b mapping Ey onto Es iff
p(E1)/p(Er) € |k*| (same for D1, D).

Type 2 / Type 3 points Given a closed disc E = E(a, p) C E(r), define a norm |-|g on k{r 1T}
by 4
F1e = max i,

where f = Y72 ¢;(T — a)’. We may check that || - ||g is a multiplicative norm < || - ||. |- |g only
depends on E not on a.
p(E) =z
Set p(F) := p =radius of E.
Ifp=0,[|g=]"|a Type 1.
DEFINITION 7.6. & € E(r) is called
e Type 2 if x = p(F) with p € |k*|.
Type 3 if x = p(E) with p ¢ |k*|.
Facts :
e p(E) € E and it is the maximal point in E, i.e., | f(z)| < |f|g for all z € E and f € k{r—'T}.
e ECFEiff|-|g<|-|p on k{r 1T}.

o Given f € k{r—'T}, B
[fle =sup {|f(b)]: be END(r)}.

Moreover, if p(E) is Type 2, the supremum is attained.
 Given a € D(r), the map
[0,7] — E(r)
p — p(E(a, p))
is a homeomorphism onto its image.
e On each sagement, Type 2 points are dense as |k*| C R is dense.

o At each Type 2 point, there exists infinite branches (~ P*(k)).

e At Type 3 point, no branch.
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Figure 21: Type 2 and Type 3 points

Type 4 points
DEFINITION 7.7. A collection & of discs in E(r) is nested if

(i) E,E' €&, EC F iff p(F) < p(E');
(ii) E€ & and E C E' C E(r), then E' € £.
Then p: £ — Ry is a bijection to [s,r] or (s,r], 0 < s < r. Define
Fle = jnt |1,
which is a multiplicative seminorm. Indeed, |f|g is decreasing when p | s.
p(&) :=the corresponding point in E(r). Set
p(€) = inf p(E) € [0, 7],

and
o(€) = m EnND(r) CD(r).
Ec&

We have 3 cases:
Case 1 : p(€) =0. k =k = is a point in D(r) = p(€) Type 1.

Case 2 : p(&) > 0and o(€) # @ = o(€) is a closed disc in D(r). Thus, p(€) is Type 2 or Type 3
(depending on p(&) € |k*| or & |k*]).

Case 3 : p(€) >0, 0(€) = @. This corresponds to new type of point.

DEFINITION 7.8. p(€) with p(€) > 0 and ¢(€) = @ is called a Type 4 point.
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8 Note on 20250320

I did not attend this class.

30



Note on 20250325

9 Note on 20250325

I did not attend this class.

9.1 Affinoid algebra
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10 Note on 20250401

10.1 Examples of affinoid algebras
Examvprre 10.1. X = M(A).

o Polydisc. Let A= k{r~'T}. Then X = E(r) is the Berkovich polydisc of (poly)radius r.

e Annuli. Fix 0 < r; <ry < o0o. Let
A E{rTy,ry ' Ty}

(ThT> - 1)
with the residue norm. Think:
A = {functions converge on r; < |T| < Th}.

X =Berkovich annulus of radius rq, rs.

Think it as 7' = T and T; = T~!. The condition on convergence means r; < |T'| < 5.

e Circles. Let r € R+, and let

A= ]ﬂ{TThTilTQ}
(T - 1)

Then X is the Berkovich circle of radius r.

Let r ¢ \/|k*|. Consider

+o00o
K, ={f= T a; €k, i ' =05,
” {f Z a;T": a; € |i|l~r>noo‘a |r }

1=—00

with norm ||f|| :== max |a;|r?. Recall that K, = H(x) where x € E(r) is a Type 3 point with
p(x) =r. K, is a NA field extension of k.

Indeed, if f # 0, then f = a;T*(1+h), where a;T" is the unique term maximizing |a;|r*. Then
Ik <1 =1+ h invertible = f invertible.
Think M(A) =“circle with one point™.

Higher-dimensional analogue.

DerINITION 10.2. We say an n—tuple r = (r1,...,7,) € (Rso)" is free if logr; are Q—linearly

independent in R/ log +/|k*|.
If r is k—free, then we define

- — v, 3 v o__
K, = {f = UGZZ" a,T: a, €k, lvl‘inoomv\r = 0} ,
which is a NA field extension of k, and | K| is generated by |k*| and r1,...,7rp,.

Look at algebra/metric properties of

o Tate algebra;

o strict k—affinoid algebra;

o general k—affinoid algebra.
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10.2 Properties of Tate algebra
Recall Tate algebra

Tn =k{T1,...., T} =< f= Z a,T’: ay, €k, lm |a,|r’ =0,
vz |v]—o0

where || f|| = max |a,].
Valuation ring:

T = kT, .. Ty ={f € Tn: |If| <1} = {f € To: ay € k°).

Ideal:
T." = AL <1 = {f: a0 € k77,
which is a prime ideal, since || - || is multiplicative. Then
T =TT ~ k[Ty,. .., Ty
Facts :

(1) f €T, is invertible iff
If = FOI < LA = [£©O)])
(2) Vf € Tp, Ja € k s.t.
la| = ||fll & f + a is not invertible.

(3)
(0) = ﬂ m.

mmaximal ideal

(4) Any k—alg. homomorphism ¢: T,, = T, is a contraction:

LI < IIfIl, Vf €T,

“Schwarz lemma”.
Proof. 1. ||f—f(0)|| < |f(0)], denote h = f—f(0), a = f(0) € k*. Then f = a+h = a(l+a"1h),
where ||[a=th|| < 1. Thus, f is invertible.
Assume f invertible. There exists a s.t. ||a|| = ||f|| # 0. Replacing f by f/a, assume || f|| = 1.
There exists g € T, st. fg=1=|g|=1= fg=1, f,ge k[lh,....T,] = f k=
f=10)=f=70) T = |f - FO) <1.
2. Left to the readers.

3. Assume f € R(T,,) \ {0}. Ja € k with |a| = || f]| > 0 s.t. f + a is not invertible. Im maximal
ideal s.t. f+a €mand f € m = a € m, contradiction.
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4.

Assume [lp(f)I| > [If]. By (2), 3a € k s.t. |a| = [|(f)]| and o(f +a) = ¢(f) + a is not
invertible. Thus, f + a is not invertible. But ||f|| < [le(f)|l = la| = f+a=a(l+ f/a) (with
Ilf/all < 1) is invertible. Contradiction.

]

Then

(7)) € Ty o(T7°) € T

So we get reduction

(5)

@::ﬁ%'ﬁ;.

If p: T, — T is a k—algebra isomorphism, then m = n and ¢ is an isometric isomorphism,

Le, [le(HI = II£1l, v/

Proof. 3: k[Ty,...,T,] = k[T1, ..., T,,] iso. = m =n.
Ifll=1<|le(f)]l =1, so ¢ is an isometric isomorphism. |
A k—algebra homomorphism ¢: 7, — T, is bijective iff ¢ is bijective.
Proof. “Only if” part is OK. Now assume ¢ bijective = ¢ is isometric. Only need to show
@ surjective. Pick ¢: T, — Ty st : Ty = Tposit. b = @~ 1. Only need to show F = @ o
is surjective. Note F' = g o) =1d,

|FT; — T;|| < 1, Vi,

e = max{||FT; — T;||} < 1. Write A := F —Id € hom(7,,7,) = ||AT;|| < e < 1. For any
monomial

F(T, - T,,) = (44 A)(T,)F(T, T,
= TilF(Til "'Tim) J'_A(TM)F(TM "'Tim)
:Til"'Tim“v"",

= the operator norm ||A|| < e. Let
G=> (-1)rA,
i=0

which converges.
FoG=(Id+A)(Id—A+ A% - A% +...)=1d.

Thus, F surjective. u
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10.3 Maximum modulus principle
Given a NA field K/k. Set

E"(K)=Dp(1) ={z e K": |z;| < 1,Vi}.
Then Vf = Zvezi a, TV € T, defines a continuous function E"(K) — K. NA triangle inequality
implies | f(z)| < || f[|, Vo € E"(K).
THEOREM 10.3 (Maximum modulus principle). If K is infinite, then 3z € E™(K) s.t. |f(z)| = ||f||

i-e. [[fIl = maxgepn ) | f ()]

Proof. We may assume ||f|| = 1. K infinite = 7 € K™ s.t. f(Z) # 0. Pick 2 € E"(K) with & =
mod K°°. Then |f(z)|=1=|f]. |
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11 Note on 20250403

THEOREM 11.1 (Thm A). T, is Noetherian, UFD, and Jacobson.

“Weierstrass-Riickert theory”.

11.1 Weierstrass’ theorems

Let A be a NA Banach ring with norm || - ||. Assume || - || is multiplicative.

ATy = f = ZanT": an € A, |lan|r™ — 0 3,

n>0

Il == max{||an||r"}. “Gauss’s Lemma” shows || - || is multiplicative on A{r~'T"}. Thus, for any
f € A{r=1T}, the principle ideal (f) is closed. Indeed, any fg, Cauchy sequence = g, Cauchy
sequence.

DEFINITION 11.2. Order ord(f) of a non-zero f = > 7 a,, 7™ is the maximal n with || || = ||a,||r".
Say that f is distinguished if aq.q(y) is invertible in A.

Easy Facts : Vf,g € A{r~1T} \ {0}, we have

1. ord(fg) = ord(f) + ord(g);
2.4 £l < llgll OR [If] = llgll and ord(f) < ord(g), then |[f + g[| = [|g|-

Let A{r—T}_, = the free Banach A—submodule of degree < n.
PROPOSITION 11.3 (Weierstrass division thm). Let f € A{r='T}\ {0} of order n. Then

(i) the following homomorphism of Banach A—modules is an isometric monomorphism:

D A{T_IT}f ® A{T_IT}<n — A{r_lT}
(Q f,R)r—g=Qf + K

(ii) ® is an isomorphism if f is distinguished.

Proof. (i) Easy Fact (1) = ord(Qf) > ord(f) = n. Since ord(R) < n, Easy Fact (2) =
1Qf + R|| = max{||Qf|l, | R||}, so @ is an isometry, and automatically monomorphism.

(ii) First assume @ is isomorphism. Then T" = Qf + R for Q € A{r~'T}, R € A{r 1T}y,
so ord(Q) = 0. Thus, @ = > .o, T with ||col| > [le;||r?, Vi > 1. Write f = > a;T"
Consider the n—th coefficients: 1 = cpa, + -+ + cpag, and |c;an—i|| < |coan], Y0 < i < n.
= coan =1 — Y 1| ¢iap_;, with || 31 | cian—i|| < 1, which shows a,, is invertible.
Conversely, we assume a,, is invertible.

Observation: (i)= im(®) is closed in A{r='T'}.
Pick ¢ € (maXiZnH {%} ,1). Set f = St oa; Tt For any g = Y ooy T € A{r'T},
take g = Y ", ¢;T", where m is maximal with ||c,, [|r™ > €|g||. Then

If = Fll < ellfl, g =3l < ellgll-
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By Euclid’s division algorithm, 3Q, R € A[T] with deg(]%) <n-1st §g=Qf +R. By (i),
9]l = max{[|Q[ - [fIl, [ RII}, where [[f[[ = [£]l. = QI - [/ < llgll = llgll =

lg—(@QF +R)ll = lg—G+3— (@F + R) = Q(f — Il < max{llg =3I, 1Qll - [lf = FII} <elgl-
In other words, there exists a map
P: A{r7'T} — im(®)
g Plg)=Qf + R,
s.t. [lg— P(g)| <ellgll. Write A(g) :== g — P(g), i.e., A =1d—P. Then
[d=P+Id-A=P+PA+A?>=P+PA+PA? ... 4 A™HL,

where P + PA + PA? + ... € im(®), and ||A"*!|| < el Since im(®) is closed, we have
g € im(®P).
|

THEOREM 11.4 (Weierstrass preparation thm). Let f € A{r~1T} be a distinguished element of order
n. Then there exists a unique decomposition f = e-w, where w € A[T] is a monic polynomial of
degree and order n and e is an invertible element of A{r=1T}.

Proof. Weierstrass division thm = 3 unique Q = A{r~'T}, R € A{r T}, st. T" = Qf + R,
and max{||Qf|, |R||} = |[T™|| = r™. Define w := T™ — R, which is a monic polynomial of degree n.
Since ||R|| < ™ and ord(R) < n, ord(w) = n and ||w|| = ™. We have w = Qf = [|Q|| = ||an| ™!
and ord(Q) = 0.

Write Q = qo+3_;51 ¢:7", where [|an [~ = llgoll > [lgi[l7*. wis monic = 1 = ango+325_; qittn—i,
where the last term satisfies || - || < 1. Thus, @ is invertible in A{r=1T}. Set e := Q~!. We get
f=e-w.

For the uniqueness, if f = e - w with w and e satisfy the desired assumptions. Then T" =
e 1f + (I — w), where deg(T" — w) < n. Now, the uniqueness of w and e follows from the
Uniqueness part in Weierstrass division thm. |

DEFINITION 11.5. A Weierstrass polynomial is a monic polynomial w € A[T] C A{r~'T} whose
order equals to its degree.

Facts :

e For wy,ws € A[T] monic polynomials, w; - wy is a Weierstrass polynomial iff both w; and ws
are Weierstrass polynomials.

o For any w € A[T] a Weierstrass polynomial, we have
A{r‘lT}/w AT ~ A[T]/w - A[T).

Write (and let A = T,,_1)
7;7, = 7;1—1{Tn}
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PROPOSITION 11.6. For any f € T, \ {0}, there exists a k—automorphism o: T,, — T), s.t. o(f) is
distinguished in A.

Proof. We may assume ||f|| = 1. Write f = ZvGZi a,T?. Set

S = {z:|a,| =1},

which is a finite set.

Let = (g1, .., n) be the maximal among them w.r.t. the lexicographical ordering.
Pick d € Z s.t.
d > max |v|.
veS

Define a k endomorphism of 7, by

o(Ty) =T + T+
o(Ty) =T+ TV

o(Ty—1) = Tny + T2
o(Ty) = Th.

Then & is an automorphism on %[Tl, ..., T,] = o is an automorphism on 7,. Write

f=YaTy T+ &,

vES

where |la,|| =1 and ||€|| < 1. Then

o(f) = Z a, (Tgld”’1+v2d"’2+--~+vn i E) s

veS

where L is a lower degree term in 7,,. Now,
O'(f) _ altT#ldn71+#2dnf2+...+#n T LtE,

= o(f) is distinguished of order m = p1d" =t + -+ + pup. |

11.2 Riickert’s theory

Let A be a commutative ring with unity, and B be a commutative ring containing A[T].

DErINITION 11.7. We call that B is Riickert over A if there exists a set of monic polynomials
W C A[T] with the following properties:

(1) For monic wy,ws € A[T], if wy, ws € W, then both wy,ws € W;
(2) Yw € W, A[T]/wA[T] ~ B/wB;

(3) V € B\ {0}, there exists an automorphism o of B s.t. o(f) = e - w, where e is invertible and
we W.
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Fact : 7, is Riickert over 7,,_1.
ProprosITION 11.8. Assume B is Rickert over A. Then

(i) A Noetherian = B Noetherian;
(i) If A is Jacobson, then Rad(B/b) = Jac(B/bb) for any non-zero ideal b C B;
(iii) A UFD = B UFD.

Proof of Thm A. Noetherian and UFD are OK. For Jacobson, (ii) + Fact + Jac(7,) = {0} =
T, Jacobson by induction. [ |

REMARK 11.9. It is not true in general that in (i) B is Jacobson.

ExamprLe 11.10. A =k field and B = k[[T]]. Then (0) is a prime ideal but only have one maximal
ideal m = (T'), and (0) # m.
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12 Note on 20250408

12.1 Proof of Proposition 11.8

Proof of Proposition 11.8. (i) Let b be a non-zero ideal of B. By (3), we may assume Jw €
bNW. By (2), B/wB ~ A[T]/wA[T] which is Noetherian = b/wB is finitely generated = b
is finitely generated = B is Noetherian.

(ii) We may assume that b is a prime ideal. Only need to show Jac(B/b) = 0. Let a := ANb.

We may assume Jw € bNW. Then B/b = (B/wB)/(b/wB)7 where B/wB ~ A[T]/wA[T]
is finite over A/a. Vg € Jac(B/b), we have equation

g"-l—a1g"_1+"'+an:0 over A/a

of minimal degree = a, = —(¢" + a1¢" "' + -+ + an—19) € Jac(B/b) N A/a C Jac(A/a) =0
= g=0.

(iii) Let f € B\ {0}. By (3), we may assume f € W. Set K = FracA. K[T]is a UFD. f =
p1 -+ Ppm in K[T] into monic irreducible polynomials in K[T]. Aisa UFD = 3Jaq,...,am € A,
s.t. a1p1, ..., @mPm € A[T] and primitive (i.e., there does not exist prime element of A divides

all coefficients of p). Then
(H ai) f= H(aipi)
i=1 i=1

is a primitive polynomial (“Gauss Lemma”). Thus, [];_; a; is invertible = p; € A[T], Vi. By
(1), p; € W, ¥i. By (2), B/p; B = A[T]/p;A[T]. “Gauss Lemma” = A[T]|Np;K[T] = p;A[T].
=

A[T] /piA[T] — KIT) [pib(T]

is injective = (p;) are prime ideals = is UFD.

12.2 Metric properties

Assume k non-trivially valued field.

Fact : Let VW be k—normed spaces. T:V — W linear map. Then T is bounded iff T is
continuous.

Proof. “Bounded = Continuous” is easy.
“Continuous = Bounded”: Jw € k* with |w| < 1. Ir > 0 s.t. V|v| < r, |[T(v)]|] < 1. Vv €
W\ {0}. 3 minimal n s.t. ||[w"v|| <r =
r

T (™) <1,
[[w]™

ol <ol <

OIS
fol = Tl / Twl"T = 7wl

= 7)) < e =
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THEOREM 12.1 (Open Mapping Thm). V,W are k—Banach spaces. T:V — W surjective linear
map. Then T is open.

Proof. Let
B(r) ={veV:|v|<r}

Only need to show T'(B(r)) is open for all » > 0. As k non-trivially valued, there exists w € k*
with |w| < r. Then

B = | (v+wB(1)).

vEB(r)
Only need to show that T(B(1)) is open.
Claim T(B(1)) contains a non-empty open subset.

Proof. Otherwise, Vr € k*, T'(B(r)) does not contain any non-empty open subset. Pick a € k with
la| > 1. Then W =T(V) = U, >, T(B(|al")). Contradiction by Baire Category Thm. |

Let U C T(B(1)) be a non-empty open subset. Then U + (=U) C T(B(1)). We may assume
0 € U. Pick w € k* with |w| < 1. Vv € B(1), we have

T(v)+wU CT(v) +wT(B(1))=T(v+wB(1)) CT(B(1))
= T(v) € T(B(1))° = T(B(1)) open. |

THEOREM 12.2 (Closed Graph Thm). Let V,W be k—Banach spaces. T:V — W linear map. Then
T is bounded iff the graph
NT) ={(z,T(z): 2 €V} CVXW

is closed.

Proof. “Only if” part is easy.
Assume I'(T) is closed. The projections
m:NT) —V
(0.0) > a

UDE F(T) — W
(z,y) —y
are bounded. m is bijective (hence surjective) = m is open = 71'{1 is bounded = T = w3 o 71'{1 is
bounded. |

COROLLARY 12.3. Let T: A — B be a continuous surjective k—linear map between k—Banach
spaces. Then T is admissible.

Proof. T continuous = T bounded. ker(7T') closed. Replace A by (A/ker(T),|| - |lres). We may
assume that T is injective, hence bijective. Open Mapping Thm + Fact = T is an isomorphism. W

REMARK 12.4. The above results are not true when k trivially valued. Reason: Can not scale the
balls.
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ExamvprLe 12.5. Let R > r > 1. Consider the map
¢: K{R™'T} — k{r 'T}.

For (k,|-|o), it is actually ¢: k[T] — k[T]. Denote the norms by || - || and || - ||2. ¢ is iSomorphism
™ n
as k—algebra. ¢ is bounded. ¥ = ¢! is not bounded: 1)l

] = — — 4o00. Thus, ¢ is not

admissible (Cor not true).

Vf € k{r=1T}, ||flla = 0 or |[fll2 = r = the topology induced by || - ||z is discrete = 1 is
continuous (Fact not true, Closed Graph Thm not true). Considering the similar example for
1> R > r, one can show that Open Mapping Thm not true.

12.3 Properties of Noetherian Banach k—algebras

Let A be a Noetherian Banach k—algebra over k, where k is non-trivially valued (e.g., A = Tp,).

PROPOSITION 12.6. Let M be a normed A—module s.t. M is a finite A—module. Then M = M
i.e., M is complete.

COROLLARY 12.7. Any ideal in A is closed.
Proposition 12.6 = Corollary 12.7. Apply Proposition 12.6 to any ideal of A. |
Proof of Proposition 12.6. Jz{,--- ,x, € M, s.t.

T A" — M

n
(ai,...,an) — Zail’i
i=1

is surjective. Hence admissible. Open Mapping Thm implies 7 is open. Thus, Y .-, B(1)z; contains
a neighborhood of 0 € M, where B(1) C A is the unit ball. Since M is dense in M,

M:M+i3mw

i=1
Write
n
T =y + Zfijxja

i=1

where y; € M, || fi;]| < 1. Then

y = (Id-F)x
where y = (y1,...,yn)", x = (21,...,2,)7, and F = (f;;). Note that Id —F is invertible in
M™"(A). Let G :== (Id—F)"!. Thenx =Gy = x; € M, Vi = M = M. |

COROLLARY 12.8. The forgetful functor
{finite Banach A-modules} — {finite A—modules}

is an equivalence of categories.
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Proof. “Faithful” is trivial.

“Full”: M, N finite Banach A—modules. There exists surjective morphism ¢: A™ — M (ad-
missible) = M ~ (A"™/ker(¢),|| - |lves)- May assume M = A™ = @®Ae;. Any ¢: A™ — N where
(>, aie’) = >, a;¢(e;) is bounded.

“Essentially surjective”: M finite A—module. There exists surjection ¢: A™ — M for some

n > 1. Then M ~ A™/ker(¢). A Noetherian = ker(¢) is closed. We may give M the residue norm.
]

COROLLARY 12.9. An A—module homomorphism of finite Banach A—modules is in fact admissible.
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13 Note on 20250415

13.1 Tensor products

Let M be a Banach A—module. Then for any n > 1, A" ® 4 M ~ M™ (with tensor product
semi-norm). Thus, A ® 4 M is complete. We have

A" @4 M ~ A"@ M ~ M".

Levva 131, If o: M — M', : N — N’ are admissible epimorphisms of Banach A—modules,
then the induced homomorphisms M @4 N — M’ @4 N' and M@ N — M'Q@4N’ are admissible
epimorphisms.

Proof. Only need to prove the first case.
Bounded is OK.
3C > 0st. Vm' € M',n' € N', Im € p=1(m/), n € p=1(n/) s.t.

lmll < Cllmll,in] < ClIn/]l;
Given 2/ € M’ ®4 N’ and € > 0, there exists a finite sum z’ = )" m/ ® n} with
max |[[|mg]| - [[ng[|} < [l2]| + €.
Take m; € ¢~ 1(m}),n; € v=1(n}) s.t.
lmill < Cllmill,  [lnill < Cling]l.
Then for x =Y m; ® n;, we have
2 lres < [l < max{flms] - [Inall} < C* max{[mi]| - [Inil|} < C*([]2”]| + &)
Thus, ||2||res < C?||2’|| = admissible. |

LEvMA 13.2. Let A be a Noetherian Banach k—algebra, and k is non-trivially valued. Let M, N be
finite Banach A—modules. Then
M®a N~ MaN.

Proof. Let ¢: A™ — M, ¢: A™ — N be admissible epimorphisms. Then Lemma 13.1 shows ¢ ®
P A~ AMPA™ — M@ 4N is an admissible epimorphism. Thus M®4 N is a finite A—module,
which implies the desired result. |

COROLLARY 13.3. The forgetful functor {finite Banach A—algebras} — {finite A—algebras} is an
equivalence of categories.

Proof. Any B a finite A—algebra, B has a canonical norm || - || up to equivalence makes it to be
a finite Banach A—module, so

multiplication
e

B&B~B®B B

is bounded. 3C > 0 s.t. Va,y € B, |lzy|| < CJlz| - |ly]l. Replace || - || by || - || x C. We have
lzyll < ||lz|lllyll = (B, || -||) is @ Banach A—algebra. |
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COROLLARY 13.4. Let M, N be finite Banach A—modules, and B a finite Banach A—algebra. Then
the maps
M®AN—>M®AN, M®sB— M®sB

are bijective. Hence, M®aN is a finite Banach A—algebra and M®@4B is a finite Banach
B—module.

13.2 Properties of strictly k—affinoid algebras
DEFINITION 13.5. A Banach k—algebra A is strictly k—affinoid if there exists an admissible epi-
morphism 7: T, = A of Banach k—algebras for some n > 0.
In this case A = T;,/ ker(m), where T,, is Noetherian and Jacobson.
COROLLARY 13.6. If A is strictly k—affinoid, then A is Noetherian and Jacobson.
COROLLARY 13.7. Any ideal of A is closed.

THEOREM 13.8 (Noether Normalization Thm). Any strictly k—affinoid algebra A, 3d > 0, and a
finite bounded monomorphism Tg — A.

DEFINITION 13.9. A chart of 7, is a system (f1,..., f,) of elements in 7,° s.t. the homomorphism
E{S1,..., S} — Tx
Si— fi

is an isomorphism.

ProprosITION 13.10. Let A be a strictly k—affinoid algebra. Then for any bounded finite homo-
morphism ¢: T, — A, there exists a chart (s1,...,8,) s.t. the induced homomorphism Tq =
k{s1,...,84} — A is finite and injective for some d.

Proof. When n = 0, trivial.
Assume n > 1. If ker(¢) = 0, then nothing to prove. Now assume ker(y) # 0.
We can find a chart (sq,...,s,) and a Weierstrass polynomial w € T,,—1[s,] Nker(p). Then

7?L/w7§171 ~ 7§171[sn]/w7?171[8n],
where the latter is finite over 7,,_1. So
Tnor — Tn/wTp-1 — A

is finite. We conclude the proof by induction on n. |

Proof of Theorem 13.8. A is strictly k—affinoid = 3 admissible epimorphism 7,, - A (which is
finite). We concule the proof by Proposition 13.10. |

COROLLARY 13.11. Let a be an ideal of a strictly k—affinoid algebra A s.t. its radical Rad(a) is
mazximal ideal. Then A/a is of finite dimension over k.

Proof. By Proposition 13.10, there exist an admissible finite monomorphism ¢: 7,, — A/a for some
n > 0. Since 7, is reduced, the induced homomorphism 7,, — A/ Rad(a) is finite and injective. As
A/Rad(a) is a field, T, must be a field. Thus, n =0, i.e. T, = k. So dimy A/a < oco. |
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COROLLARY 13.12. Any homomorphism between strictly k—affinoid algebras ¢: A — B is bounded.

Proof. If A is trivially valued, then A, B are finitely generated k—algebras with trivial norm. So
¢ is bounded.

Now assume k is not trivially valued. By Closed Graph Thm, only need to show that I'(yp) C
A x B is closed. By contraction, 3 f,, € A, f, — 0 but ¢(f,) = g # 0. Given a maximal ideal
m C B and [ > 1, consider the induced injection:

Al (m') — B/m'.

Both are finite dimensional over k, so the induced homeomorphism is bounded = ¢(f;) — 0 in
B/m! = g € m! for every m maximal ideal and [ > 1 =

ge N m.

m maximal ideal [>1

Only need to show the right term is 0. Pick A in it. Observe that

m~ﬂml=ﬂml=ﬂml,

1>1 1>2 1>1

where (), m' is a finitely generated A—module = 3r,,, € m s.t.

(1=rp)-(m =0.

1>1

Thus, (1 —ry,,)-h =0. Let

b= (1 — T'pn, M maximal ideal).
Then b - h = 0. For every m maximal ideal, 1 — 7, ¢ m = b ¢ m for every m maximal ideal =
leb=h=1-h=0. |

COROLLARY 13.13. For any maximal ideal m, the valuation on k extends uniquely to a valuation
on A/m, hence defines a point x € M(A):

| f(2)] == norm of the image of f on A/m

gives an injective map Max(A) — M(A).
REMARK 13.14. Max(A) is the space associated to A in rigid geometry.
PROPOSITION 13.15. If k is not trivially valued, then Max(A) is dense in M(A).

Proof. Pick zy € M(A) and U > zo open in M(A). Want to show Max(A) NU # @. We may
assume that

U={reM(A): |fi(z)| <ai,1 <i<m, |gj(x)]>b;,1<j<n},
where f;,9; € A, a;,b; € R>q. Pick pi,q; € /|k*| s.t. |fi(zo)| < pi < a; and |gj(z0)| > ¢; > b;.

Replacing f;, g; by their powers, we may assume p;, ¢; € |k*| = p; = |¢il, ¢; = |d;|, where ¢;,d; € k*.
Replacing f;,g; by fi/ci,g;/d;, we may assume p;, ¢; = 1, Vi, 5.
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Define
A{S1,...,Sm,Th,..., Tn}

(fi = S8i,9;T5 — 1)
Then B is a strictly k—affinoid algebra. The morphism A — B induces ¢: M(B) — M(A) and
Max(B) — Max(A).
Claim:

B =

P(M(B)) = {z € M(A): |fi(z)| < 1,|g;(z)| = 1,Vi,j} CU.
Claim = zg € ¢(M(B)) = B # 0 = Max(B) # @ = ¢(Max(B)) C Max(A)NU # @.
Proof of Claim. Let x € B. Then

[(fi = Si)(@)[ =0, [(g;T; — 1)()[ =0,

= |file)| = |9i(2)] < [[Sill <1, 1 = |g;T;(x)| = |g;(2)||T;(2)| < g (x)] = “C” holds.
Let x € M(A) with |f;(z)] <1, |g;(z)| > 1, Vi, j. Define

A{Sl,...,Sm7T1,...7Tn} — H(SC)
Si— fi
Tj|—>gj_1.

As | fi(z)], |g;1(x)| < 1, the above map is well-defined and bounded. Its kernel contains S; — f;,
g;1; — 1, Vi, 5. It induces a bounded morphism

B — H(z).

The composition
A— B — H(zx)

is the natural morphism A — H(x), which induces
M(H(z)) — M(B) — M(4A),
and the image of the composition map is {z} = = € ¢(M(B)).
QED.

REMARK 13.16. For (k,|- o), not true. B
For example, A = k{T} = k[T]. Assume k = k. The open subset

U={z:01<|T(z)| <02} #2

of M(A) (not point in M(A)) satisfies U N Max(A) = @.



Note on 20250417 48

14 Note on 20250417

14.1 Constructions in strictly k—affinoid algebras

PROPOSITION 14.1 (Grounded field extension). If A is strictly k—affinoid algebra, k'/k is a NA
field extension, then ARk’ is a strictly k—affinoid algebra.

Proof. There exists 7,, - A admissible epimorphism. Id: k¥’ — k’. Then
T = Tn®rk! — AQLK
is also an admissible epimorphism, which implies the desired result. |

PROPOSITION 14.2 (Fiber product). Let A, B,C be strictly k—affinoid algebras with bounded mor-
phisms

k—— A—— B

|

C
Then B&4C' is strictly k—affinoid algebra.

Proof. The morphism
B&,C — B&,C

is an admissible epimorphism by the definition of tensor product seminorm.
Only need to show B®C' is strictly k—affinoid. There exists admissible epimorphisms

Tn > B, T, —C.

Then Tpqm = T &@Trm — B®,C is an admissible epimorphism. |

14.2 The spectral radius I

Recall that for any A nonzero Banach ring, f € A, the spectral radius

p(f) = lim |f*]7 = max |f(z)].

n—r00 xeM(A)
THEOREM 14.3 (Maximum Modulus Principle). Assume A is strictly k—affinoid. Then

p(f) = R | f(@)].

COROLLARY 14.4. p(f) C +/]k*| U {0}.

Let P(T) = T"+aT" '+ - -+a, be a monic polynomial in k[T]. The quotient K = K[T]/P is
a finite k—algebra. Then it has the structure of a strictly k—affinoid algebra with M(K) = Max(K)
a finite set. Thus, the Maximum Modulus Principle holds.
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LevMa 14.5. In the above case, let f be the image of T in K. Then

1

i

p(f) = max |a;

Proof. Observe )
K ~ @ kT?,
i=0

with || Y, b;T"|| = max; |b;|. Multiply by 7" defines a linear map

xT: K — K,
with matrix
0 0 —ay
1 0 —Qp_—1
M = .
0 1 —aq

T, =T™ x 1, m > 0 generates K. Thus,

lim || 7™ = |maximal eigenvalue of M| = max{|a|: « root of P}.
m—00
Let aq,...,ap be roots of P with |a1| = -+ = |as| > |asq1] > -+ > || We have

1 1
max |a;|7 = |ag - - ag|s = p(f).

Proof of Theorem 14.3. If k is trivially valued, then OK.
Now assume k is not trivially valued and f # 0.

Case 1 If A =17, we already proved.

Case 2 Assume A is an integral domain. Noether normalization thm implies: there exists a finite
morphism ¢: T, — A. Let

P(T) = T + ngdfl + -+ gq € Frac(T,)[T)]

be the minimal polynomial of f over Frac(T,). T, UFD = T, integrally closed = ¢; € Ty,
Vi=1,...,d. We have

To < Bi=To[T] [ P(T) = A
T f,
and pa(f) < pp(T). Since Max(A) — Max(B) is surjective,

T(y)| = .
yeiﬁlﬁm' ()l pomax | | f ()]
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We may assume A = B = T,[T]/P. Then

K
)

sup = sup max|f(y)|= sup max [g;(z)
yeMax(4)  weMax(T,) V=7 reMax(T,) LSi<d

by the above lemma. Case 1 implies there exists € Max(T,) s.t.
[T lo@)l =|( IT 9:)@| = o7 ( IT %) = IT p7alo0)
9i7#0 9i7#0 9i#0 9i#0
= |gi(z)| = p(gi)|, Vi. Therefore, there exists x € M(A) taking the maximal value.

Case 3 A is arbitrary. Let py,...,p, be the minimal prime ideals of A and f; be the image of f in
the quotient ring A; = A/p;. Then

p(f) = max p(fi).

1<i<n
We conclude the proof by Case 2.

Q.E.D. [ ]

PROPOSITION 14.6. Let ¢: A — B be finite homomorphism of strictly k—affinoid algebras. Then
Vg € B, there exists a monic polynomial P(T) =T" + AT+ + f, € A[T] s.t. P(g) =0 and
p(g) = o(P) = maxi<i<n p(fi)/".

Proof. Prove by the following cases.

Case 1 B is an integral domain. Noether normalization thm implies: there exists a homomorphism
¥: T, — A s.t. the composition with ¢

is a finite monomorphism.
There exists Q(T) = T™ + yT" ' + -+ + h, € T4[T] such that Q(g) = 0 and p(g) =
maxj<i<n P(hi)l/i-
Set
P(T) =T" +9(h)T" " + -+ (ha) € A[T],

wee have P(g) = 0. Set f; = ¢ (h;). Then p(f;) < p(h;) =

1 1
= )T > )7,
plg) = max p(hi)* > max p(f;)

Claim:
1
< )7
plg) < @agxnp(fz)
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Proof of Claim. If p(g) > maxi<;<, p(f;)'/?, then

plg") > max p(fi)p(g)" ™"

= p(g")>p (Z(—fi)g”‘i> ,

i=1

= "+ fig" A0,

i=1

contradiction. ]

Case 2 B is arbitrary. Let py,..., P, be the minimal prime ideals of B. Let g; denote the image of
g in B; == B/p;. Case 1 = there exists monic polynomials P;(T") € A[T]| with P;(g;) = 0 and
p(gi) = o(P;). Set

Then Q(g) € ity Pi, ie., Je > 1, s.t. Q(g)¢ = 0. Set P := Q(T)°.

o(P) =a(Q(T)°) = o(Q(T)) < max o(P;) = max p(g;) = p(g)-

~1<i<m 1<i<m

As in Proof of Claim, we have p(g) < o(P). Then we get p(g) = o(P).
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15 Note on 20250429

15.1 The spectral radius 11

PROPOSITION 15.1. Let A be a strictly k—affinoid algebra, f € A. Then the followings are equiva-
lent:

(1) f is power bounded,
sup [[ /"] < oo;
(2) p(f) < 1.

Proof. (1) = (2) trivial. Now prove (2) = (1). Assume p(f) < 1. Take a finite homomorphism
¢: T — A. Proposition 14.6 = IP(T) =T + ¢T™ ' + -+ + g, € A[T] with P(f) =0 and

m—1
fre w S
=0
Induction: .
fn+1 c Z 7;(]) . fi+1
i=0
m—1
=Y T HT
i=1
m—1 m—1
CY T AT T
i=1 =0
m—1
SO T
=0
Thus, sup,, ||f"|| < cc. [ |

ProrosiTioN 15.2. If A is strictly k—affinoid algebra and f € A. Then
1. p(f) =0 (i.e. f quasi-nilpotent) iff f is nilpotent.
2. If f is not nilpotent, then 3C > 0 s.t. ||f"|| < C - p(f™), Yn > 1.

Proof. For (1), we have
p(fl=0&fe () m,

meMax(A)

by maximal modulus principle. Since A is Jacobson, we have

fe ﬂ p < f nilpotent.
pESpec A
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For (2), Corollary 14.4 implies p(f) € /|k*| U{0}. By (1), p(f) # 0, so Ja € k* and m > 1 s.t.
p(f)™ = |a| = p(a=tf™) = 1. By Proposition 15.1, 3C; > 0 s.t.

(la ' f™" < Cy, V=0 = [f™| < Cilal™,

= < gt mim < Cyp(f) I Cy < Cp(f)

COROLLARY 15.3. The k— Banach algebra
Tow =k{r Ty, om0}
is strictly k—affinoid iff r; € \/|k*|, Vi.

Proof. “=": r; = ||T;|| = p(T;) € /|k*].
“<”: May assume |k*| # 1. 3 m; > 1, s.t. 7] = |a;|, where a; € k*, V1 < i <n. 3b;, € k* s.t.
|bi| < r;*. Consider the morphism

¢: k{xlay17~-';xnayn} — 7;m
z; — b1}
Y — ai_lTim".

Easy to check ¢ is well-defined bounded.

Vi€ Tnr,
f= > G@m,...Trmrt T,
1<ji<m;—1,Yj
where G € ¢(k{y1,...,yn}). = f € im(¢) = ¢ surjective, thus admissible. |

15.2 Properties of k—affinoid algebras I

DEFINITION 15.4. Let A be a Banach k—algebra. A is k—affinoid if there exists an admissible
epimorphism
k{r'T} =T,, » A

for some r € R%; and n > 1.
Geometrically, M(A) < E(r) closed embedding.

Recall the field K,. Assume r € RZ, which is k—free, i.e. Yv € Z", r* € |k*| iff v = 0. Define

K, =<{f= a,T": a, €k, lim |a,|r* =0,
{ 3 T o }

v|—00
vEL™

with the norm || f|| :== max, |a,|r". Then

K.~ k{T1517 e ,rnSn,T‘flTh v 7T;1Tn}
" (SiT; — 1)1<i<n ’

which is “polycircle of radius r”. Moreover, K, is a NA field extension of k s.t. |K}| is generated
by |k*‘7rla ERER AT
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LeEvMMA 15.5. Let V' be a Banach k—space. Then

1. the canonical map
V — VoK,

is an isometric embedding.

2. A sequence V' — V. — V" of bounded homomorphisms of k— Banach spaces is ezact and
admissible iff
V'&rK, = VerK, —» V'@, K,

is exact and admissible.

Proof. Check that
VeRK, ~ { Y VIV, € v,‘ llim |Vo||r® = o}
v|—00
veEL™

with norm || - || = max, |V,|r?, and the “~” is isometry. |

COROLLARY 15.6. Let A be a k—affinoid algebra. Then there exists r € R%y, n > 0 free over k, s.1.
ARK, is strictly K,—affinoid algebra.

Proof. There exists an admissible epimorphism
E{s7'Ty,..., 5, T} — A.

Induction on
] == dimg (log \/m7 log|si],-..,log|sm|) .

log v/]k"] -

If I =0, A is strict.
If I > 0, may assume s; ¢ 1/|k*|. Then

K (s Ty, .. .,s;,

2T Ak
admissible epimorphism, [ — [ — 1. OK by induction. |
ProrosITION 15.7. Let A be a k—affinoid algebra and f € A. Then

1. A is Noetherian and all of its ideals are closed;

2. p(f) =0 iff f nilpotent;

3. if f is not nilpotent, then 3C' > 0 s.t.

1< Cp(f)", Vn=>1
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Proof. (1) Only need to show that if ARK, with r ¢ \/|k*] is Noetherian and all ideals are closed,
then A is Noetherian and all ideals are closed.

Let a C A be an ideal of A. Then the ideal a - (A®K,) is generated by elements fi,..., f, € a.
Vf € a, we can write f in a- (ARK,.) as

n —+o00
=Y figi, where gi= > g;T’,

i=1 j=—o00

+oo
= [= Z figio-

j=—o0

Hence, f1,..., fn generate a. The above argument shows a C AN a(A@KT) C a, which must be an
equality. a- (ARK,) closed = a is closed.

When A is strictly k—affinoid, (2)(3) hold.

Assume (2)(3) hold for ARK,. As A — A®K, is an isometry, (2)(3) hold for A. |
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16 Note on 20250508

16.1 Properties of k—affinoid algebras 11

COROLLARY 16.1. Let ¢: A — B be a bounded homomorphism between k—affinoid algebras. Let
fiseooyfn € B and let r1,...,mn € Rog with v; > p(f;). Then there exists a unique bounded
homomorphism ®: A{rl_lTh oo, YT} — B extending ¢ and sending T; to f;.

Proof. If ® exists, we should have

o Z a, T :Zga(av)f”.

vEZgo
Only need to show the latter term converges. Proposition 15.7 implies

191 < Co(fr)* -+ p(fn)™ < Cr”.
Then the result follows from ||p(a,)]| < C - |lay||- |
COROLLARY 16.2. If A is k—affinoid, then A is strictly k—affinoid iff p € \/|k*| for every f € A.

Proof. “=" holds by maximum modulus principle.
“«<": There exists an admissible epimorphism

o k{ri T, Ty Al

Set fi = o(T;) € A, s; = p(f;) < p(T;) = r;. By Corollary 16.1, there exists an extension
U k{s7 Ty, 85 T} — A st (Ty) = fi

E{rii Ty, e Ty —2— A
l f
T;—T;

k{s7'Th,...,s: T}

r n

¢ admissible epimorphism =- v admissible epimorphism. |

16.2 Finite modules and algebra over k—affinoid algebras

DEFINITION 16.3. Let A be a k—affinoid algebra. A Banach A—module M is finite if there exists
an admissible epimorphism A™ —» M for some n > 0.

Modg(A) =Category of finite Banach A—module with bounded morphism.
Mod"(A) =finite A—module.
The forget functor:

0: Mod}'(A) — Mod"(A).

PROPOSITION 16.4. 6 is an equivalence of categories.
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Proof. Already proved when |k*| # 1.

Assume k trivially valued. Pick r € Ry \ {1}.

(1) Let M € Mod"(A). 3r: A™ — M surjective.

Claim: ker 7 is closed.

Observe 7, : A" K, - MRLK,. |K¥| # 1 = admissible = ker w, closed. kerm = ker g N
A™ closed. Then M ~ A™/ker = which is a Banach module with || - || ves-

(2) For M, N € Mod}(A), ¢: M — N morphism of A—modules. We show ¢ bounded.

dmr: A™ = @*, Ae; — M admissible epimorphism. Replace ¢ by ¢ o m. Assume M = A™.

Then
SO(Z a;e;)

i=1

m m m
< max [a; [ p(e;)|| < miax|a;| x max [lp(en)| < Cfl Y aieil|-

REMARK 16.5. M =Banach A—module. M finite A—module can not imply M finite Banach
A—module.

ExamMpLE 16.6. 0<r < R<1, |k*|=1.

0: A=K{R T} ~K[[T]] — B = k{r T} ~ k[[T]],

1

isomorphism as k—algebra. B is not a finite Banach A—module since ¢~ is not bounded.

DEFINITION 16.7. An affinoid A—algebra is an A®)K —algebra for some NA field K over k.
(e.g. K =H(x))
PROPOSITION 16.8. Let M, N € Mod}(A). Then

1. Any A—linear map M — N is admissible.

2. M®s N~ MRuN.

3. For any affinoid A—algebra B, we have M @ 4 B ~ M®4B.
Proof. Just ®K, for some r € RZ, for some n to reduce to the strict case. |
COROLLARY 16.9. { finite Banach A—algebras } ~ { finite A—algebras }.
Proof. Almost same as the strict case. ]

PROPOSITION 16.10. Let B be a finite Banach algebra over a k—affinoid algebra A and assume the
canonical morphism A — B is injective. Then the map M(B) — M(A) is surjective and has finite
fibers.

The blue part implies B is k—affinoid automatically.

Proof. For any € M(A), the fiber at z ~ M(H (m)@AB) M(H(z) ® 4 B), which is finite.
For non-emptiness, consider f~1(z) = M(H(x)@4B). Pick r € RL, which is |k*|—free s.t.
A®LK,, B, K, are strictly K,—affinoid and |K}| # 1.
Then we have
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M(B&rK,) — M(A®LK,)
M(B) ——— M(A)

(Gruson’s thm shows the two down arrows are surjective).
May assume A, B strictly k—affinoid. A — B finite injective = Max(B) —» Max(A). Due to
denseness of Max() in M() and M(B) is compact, we have M(B) — M (A) is surjective. |

16.3 Weierstrass, Laurent and rational domains

Motivation Let X = M(A), where A is k—affinoid algebra. Want: Define a structure sheaf Ox
on X, so that for suitable V C X, Ay :=I'(V,Ox) is the ring of analytic functions on V.

In our case, “V” are closed.

Idea Use V C X closed defined by (non-strict) inequalities, so that Ay is k—affinoid algebra.
Such V are called “domain” as V' N Max(A) is open in Max(A).

DEFINITION 16.11 (Weierstrass domains). Given fi,..., fn € A, p1,...,Pn € Rsg, define
V=Xpf)={reX:|fi(x)] <pi},

which is a closed subset of X, analogous to a polydisc.

The analytic functions on V are

— A{pI1T17 cee 7p'r_11Tn} _
(T — fi)

Ay : g= Z ayf: ay € A, |vl|i£>noo llay||p® =0 7,

UEZ;O

with residue norm.
DEFINITION 16.12 (Laurent domains). Given f1,..., fa, 915+, 9n € A, D1, Pnyq1s- - -, qn € Rsg,
define
V=X fa97") = {z € X: |fi(x)] < pi, 1g;(2)] 2 a5}
which is a subset of X analogous to an annulus.

The analytic functions on V are

— A{pIITla e 7pr_7,1Tn7q1517 U 7QnSn}
(Ti — fi,9;5; = 1)

Ay

=qh=" > awff¢iaweA  lim aulpte" =05,
et lal+ 00

(with residue norm).
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REMARK 16.13. Given xz € X, the family of all Laurent domains containing x form a basis of closed
neighborhoods of x.

Indeed,
U={zeX:|fi(y)| <ti, |g;(y)| > s;}

with |fi(x)| < ti, |g;(x)| > s; form an open neighborhood basis. Pick |fi(z)| < pi < ti, |g;(x) >
q;j>sj. ThenV =X(p~'f,qg7')CU,z€V.
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I will be in Chongqing.
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