L? EXTENSION AND EFFECTIVENESS OF L STRONG
OPENNESS PROPERTY

SHIJIE BAO AND QI’AN GUAN

ABSTRACT. In this note, we present an L? extension approach to the effective-
ness result of LP strong openness property of multiplier ideal sheaves.

1. INTRODUCTION

The multiplier ideal sheaf associated to a plurisubharmonic function was widely
discussed in several complex variables, complex geometry and algebraic geometry
(see e.g. [26] 201 10 25]). Recall that the definition of multiplier ideal sheaf:

Let ¢ be a plurisubharmonic function (see [7]) on a complex manifold X. The
multiplier ideal sheaf Z(y) is the sheaf on X whose germs are the holomorphic
functions F such that |F|?e~% is locally integrable.

The following strong openness property was conjectured by Demailly [8, @] (the
so-called strong openness conjecture), and established by Guan-Zhou [15].
Strong openness property:

where T, () := U, Z(p).

When Z(p) = O, the strong openness conjecture is called the openness conjec-
ture, which was posed by Demailly-Kollar [10] and proved by Berndtsson [3].

The effectiveness of openness conjecture was established by Berndtsson [3], which
implies the openness conjecture. In the proof of the strong openness conjecture,
Ohsawa-Takegoshi L? extension theorem was used by Guan-Zhou [15]. After that,
Guan-Zhou [I7] established an effectiveness result of the strong openness property
by solving the d equations with L? estimates. In [I], the authors of the present arti-
cle gave an L? extension approach to an effectiveness result of the strong openness
property.

In [I1], Forneess established the following LP strong openness property by using
the strong openness property [15]:

Let F be a holomorphic function on a domain D C C™ containing the origin
0, ¢ a plurisubharmonic function on D and p € (0,+00). If |F|Pe™% is L' on a
neighborhood of o, then there exists ¢ > 1 such that |F|Pe=% is L' on a neighborhood
of o.

In [I4], Guan-Yuan gave an effectiveness result of the L? strong openness prop-
erty by using the general concavity of minimal L? related to multiplier ideal sheaves
n [I3]. Following [1], it is natural to ask
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Question 1.1. Can one obtain an L? extension approach to the effectiveness result
of the LP strong openness property for any p > 07?

In the present note, we give an affirmative answer to the above question.

Let D be a bounded psuedoconvex domain in C" with o € D. Let ¢ be a negative
plurisubharmonic function on D such that ¢(0) = —oco. Let F be a holomorphic
function on D. For any p > 0, denote that

cip(go) :=sup{c > 0: |F|Pe” is locally integrable near o}.

Let I be a proper ideal of O,, and 1 be a plurisubharmonic function on D. Denote

that
. 2
BY(F,1,D) := sup W
cet; K p(o)

Here & € 41 == {& = ({a)aeNn : D penm £alp!®! < 400, for any p > 0}, and

(€ F)(z) == 3 pemn &aF @ (2)/al. € € £ means that £ # (0,...,0,...) and (-
f)(0) =0 for any (f,0) € I. The weighted Bergman kernel

. I€- HEP
epl) = TRt

where A?(D,e %) = {f € O(D) : |f|>¢~¥ is integrable on D}.
Denote that Fy = FI21, oy = (2[2] — p)log|F|, and here [m] := min{n € Z
n > m}. We obtain the following effectiveness result of the LP strong openness

theorem.

Theorem 1.2. Let Cy and Cy be two positive constants. If there exists a > 0, such
that
(1). fD |Fre=(ta)e L O ;
(2). B2 (P, Iy (g1 + ¢ (9)9)o, D) = Ca.
Then for any q > a + 1 satisfying
~ o
0.(q) > =,
(0>,

|F|Pe=9% is locally L' integrable near o, where 0,(q) = —2=2

q—a—1"

— — _ pt2 F —
Remark 1.3. Let D = A, F =z and ¢ = B=log|z|, then ¢, () = q. We can

find that [, |F[Pe=(1Fa)® = (q_afq%; and B# 42 (F1, Ty (p1+cp ,(9)9)o, D) =
™ . . |lz:"pe—(1+a)v7
(Q*E;IW by straightforward calculations. then BerW(£f71+(¢1+65p(w)¢)0’D) =

%. It means that Theorem s a sharp effectiveness result of the LP strong

openness theorem.

When p = 2, the above Theorem [[.2] induces the following corollary.

Corollary 1.4. Let D be a bounded psuedoconver domain in C™ with o € D. Let
¢ be a negative plurisubharmonic function on D such that (o) = —oo. Let F be
a holomorphic function on D. Let C1 and Cs be two positive constants. If there
exists a > 0, such that

(1). fD |F|267(1+a)<p < Cl,’

(2). B (F, (¢ (¢)¢)os D) > Ca.
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Then for any q > a + 1 satisfying

~ &

0.(q) > —,
(9) G

|F|Pe=9% is locally L' integrable near o, where 0,(q) = —2=2

q—a—1"

F

Here c;

(¢) is the jumping number

F
o

In particular, let a = 0, then Corollary induces the Theorem 1.6 in [I].
In addition, when F' = 1, note that

B (1, Z+(c; (9)9)os D) = Kp (0)-

cF (o) :=sup{c > 0:|F|?e™° is locally integrable near o}.

Here Kp 4, is the Bergman kernel on D with respect to the weight e™*¥. Then
Corollary induces the following effectiveness result of the openness property.

Corollary 1.5. Let D be a bounded psuedoconver domain in C™ with o € D. Let
¢ be a negative plurisubharmonic function on D such that (o) = —co. Let Cy and
C5 be two positive constants. If there exists a > 0, such that
(1). [peUF9e <Oy
(2). (Kpag)~'(0) = Co.
Then for any q > a + 1 satisfying
~ o
0.(q) > =,
(@) >,

|F|Pe=9% is locally L' integrable near o, where 0,(q) = 2

q—a—1"

2. DEFINITION AND BASIC PROPERTIES OF THE BERGMAN KERNEL

Firstly, we recall a linear space of sequences of complex numbers (see [I]),
0 :={§ = ((a)aenn : Z 4|1 < 400, for any p > 0}.
aeN"?

Any element in ¢; can be a linear functional over O, for any 2z, € C" as follows.
For any F'(z) € O.,, we can write that F'(z) = > cyn @a(z —20)® near zo. Then
we define the value that £ acts on F(2) as

(@) (5
€ F)) = 3 &) S e,

al
aeNn a€eNn

for any £ € {;.

We have showed that (€ - F')(2q) is well defined in [I].

Let ¥ be a plurisubharmonic function on D. For any z € D, £ € {1, we denote
the weighted Bergman kernel by

-F)(2)]?
KEp) =, 0 oTERe
where D is a bounded domain in C™, and
A%2(D,e™") ={f € O(D) : |f|*e™" is integrable on D}.
If A%2(D,e"¥) = {0}, we denote that ngD(z) =0.
Secondly, we list some lemmas. Some of them was proved in [I].
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Lemma 2.1 (see [1]). Let D be a bounded domain in C™, and let F be a holomorphic
function on D. Then (- F)(2) is also a holomorphic function on D, where £ € {;.

The following lemma shows that the weighted Bergman kernel is finite.

Lemma 2.2. Let D be a bounded domain in C™, and let v be a plurisubharmonic
function on D. Then Kg’D(zo) < +00 for any zg € D, £ € 1.

In fact, we can prove the following stronger result.

Lemma 2.3. Let D be a bounded domain in C™, 1 be a plurisubharmonic function
on D, and let £ € £1. Then for any compact subset K C D, there is a finite constant
C > 0 such that

(€ PP <e [ ppe,
D
for any F € A%2(D,e™%), and any z € K.

Proof. 1t is trivial when & = 0 or A%(D,e™%) = {0}. Now we assume & # 0 and
A%(D,e¥) # {0}. For the compact subset K, we are able to find some R > 0 such
that J,ex A% g CC D. Then there exists a finite constant a such that ¥(z) < a
for any z € |, cx A% g And for any nonzero holomorphic function F(z) on D, if
we write that F'(z) = > cyn @a(2 — 20)® in AL p for any 29 € K, then

/ FPe > / FPe > / |F2ee
D A™ A™

z0,R z0,R

e Y ™aol®  pagalin
(a1 +1)(an+1) '

aeNn
By Cauchy-Schwarz’s inequality,

op+1)--- (o +1 ™ aq|? al+n
(eGP < (3 Ot D oy 3 Tl el

n R2(|a|+n .
N anR2(al+n) N 1) (an +1)

and it implies that

(€ - F)(20)? <o Y (a1+1)---(an)+ 1)

fD |F|2€—'¢ = ar R2(lel+n

€a %

aeNn
Since £ € {1, we can choose some p with p > 1/R such that

4]0 < M, Vo € N,

for some positive constant M. Hence

|(§F)(ZO)|2 a (a1+1)"'(an+1) 2
TpPPe < 20 ey
<eaz(a1+l)~-~(an+l)_M2
= — 7 R2(lal+n) p2|a\
e®M? 1
7 R2n a%;”(‘“ U (on )(Rp)%cl oo
Now we choose
e M?

1
c ﬂ-HRQn aeNn(al + ) (Oén + )(Rp)2|a‘ ’
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which is independent of the choice of zyp € K, and get the result. O

Now let K = {20}, then Lemma [2.2] can be induced by Lemma [2.3]
The following lemma was proved in [I].

Lemma 2.4 (see [I]). Let D be a bounded domain in C™, and let {F;} be a sequence
of holomorphic functions on D uniformly converging to F on every compact subset
of D. Then for any z € D, and & € {1, {(§-F;)(2)} converges to (§-F)(z) uniformly
on every compact subset of D.

We prove the following lemma by the above lemma.

Lemma 2.5. Let D be a bounded domain in C™, 1) be a plurisubharmonic function
on D with A%(D,e%) # {0}, and let = € D. Then for any £ € {1, there exists a
holomorphic function Fy on D such that

I(€- o))
fD |F0‘2€_¢ .

Proof. Tt is trivial when £ = 0. Now we assume & # 0.
By the definition of Bergman kernel, there exists a sequence of holomorphic
functions {F}} on D such that [, |Fj|?¢™% =1, and jginoo 1(&-F;)(2)]> = KgD(z).

KZD(Z) =

Then by Montel’s theorem (see [22], Theorem 1.5), there is a subsequence of {F}}
which is uniformly convergent on every compact subset of D. Denote the limit of the
subsequence by Fy. Then Fatou’s lemma and Lemma [2.4{imply that [}, [Fy|*e™% <

1, and |(€ - Fo)(2)]> = K{'p(2). Tt means that W > K{ 5 (%). Then by the

definition of ngD(z), we get % = KgD(z). O

The following lemma was also proved in[I].

Lemma 2.6 (see [I]). Let D be a bounded domain in C™, and let {z;} be a sequence
of points in D such that lim z; =z € D. Let {F;} be a sequence of holomorphic

Jj—+oo
functions on D uniformly converging to F' on every compact subset of D. Then for

any § € {1, lim (§- Fy)(z) = (§- F)(2).
J—+oo
The following lemma shows that the weighted Bergman kernel is continuous.

Lemma 2.7. Let D be a bounded domain in C™, 1) be a plurisubharmonic function
on D. Then for any € € {1, KZD(Z) s a continuous function on D.

Proof. Tt is trivial when & = 0 or A%(D,e~%) = {0}. Now we assume & # 0 and
A%(D,e~%) # {0}. By the definition of ngD(z),

K () = sup{|( - F)(2)] : /D [FPPe™" = 1,F € O(D)}.

Combining with Lemma we know that K g p(2) is lower semicontinuous.

Next we prove that ngD(z) is also upper continuous. Let {z;} be a sequence of

points in D such that 'lilil zj = zo € D. And we may assume that {z,} is the
J—>+0o0

subsequence of {z;} such that

lim ngD(zkj) = limsungj’D(zj).

Jj—+oo j—+o0
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Using Lemma we can get a sequence of holomorphic function {F;} on D, such
that [, |Fj[?e™ =1, and |(§ - F})(z;)]* = KZD(zj), for any j > 1. Then using
Montel’s theorem and the diagonal method, we can select a subsequence of {Fy,}
which is uniformly convergent on every compact subset of D. We may denote
the subsequence by {Fy,} itself, and denote the limit function by Fp. It follows
from Fatou’s lemma and Lemma that [, [Fol?e™ <1, lim (£- Fy,)(zk,) =

jli-&-oo
(€ - Fy)(20). Then
(€ - Fo)(20))?
ngp(z()) > W
> [(&- Fo)(z0)l
= lim (& Fy,)(z,))?

j—+oo

= lim K¢p(z,)

Jj—+oo
= li_msungD(zj).
Jj—+oo
We get that K g’ p(2) is upper semicontinuous.

It is known that K g’ p(2) is lower semicontinuous, which implies that K g’ p(2)is
continuous. 0

The weighted Bergman kernel is also log-plurisubharmonic.

Lemma 2.8. Let D be a bounded domain in C™, i be a plurisubharmonic function
on D, and let £ € 1. Then log ngD(z) 18 plurisubharmonic on D.

Proof. There is log Kng(z) = —o0o when ¢ = 0 or A%2(D,e™¥) = {0}. Now we
assume that £ # 0 and A%2(D,e~?) # {0}. By the definition, we have

log K p(2) = sup{2log| (€ - F)(2)|: [ [P =1.F € O(D)}.

Lemma 2.1] shows that (£ F)(z) is holomorphic on D, when F is holomorphic on
D. Then log |(£-F)(z)| is plurisubharmonic. As log KZD (z) is upper semicontinuous
according to Lemma log K g p(2) is plurisubharmonic on D. O

3. OPTIMAL L? EXTENSION AND GUAN-ZHOU METHOD

In this section, we will recall the Guan-Zhou Method, i.e. an optimal L? exten-
sion approach to a log-convexity property of the fibrewised Bergman kernel.

Let  be a pseudoconvex domain in C"*! with coordinate (z,t), where z € C",
t € C. Let p, g be the natural projections p(z,t) = t, q(z,t) = z on Q, p(Q) = D.
For any t € D, suppose that ; = p~1(¢t) C Q is bounded in C". Let ¢ be
a plurisubharmonic function on €, and let th(z) = ngm (z) be the Bergman
kernels of the domains §2; defined as which in the above section with respect to
some fixed £ € ;.

We will use the following version of the optimal L? extension theorem.

Lemma 3.1 (Optimal L? extension theorem ([5], see [23, 24])). Let D = Ay, ,
be the disk in the complex plane centered on to with radius r. Then for any f in
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A%(Qy,,e7Y), there exists a holomorphic function F on ), such that Flo,, = f,

and
2/|F|2 ~ </ P,
wr Qto

Guan-Zhou Method shows that Lemma [3.1] implies the following

Proposition 3.2. (see [I] 2 [19] [18]) log Kg’t(z) is a plurisubharmonic function
with respect to (z,t), for any € € {;.

Proof. Firstly, we prove that log ngt(z) is upper semicontinuous on Q. Let (z;,t;)
be a sequence of points in 2, such that (z;,t;) — (20,%0) € Q, j — +00. Since Q is
a domain in C"*1, we know that for any compact subset of ¢(€,) denoted by K,
there exists jx > 1, such that K C ¢(€,) in the sense of domains in C", for any
JZJK-

We denote q(€2;) by ©;. Then we may assume that {(zx,,tx;)} is the subse-
quence of {(z;,t;)} such that

lim K (zk].) = limsup K¢ o, (%),
Jj—+oo j—+oo

and zg € Q;,. Using Lemma we can get a sequence of holomorphic function
{F;} on Q;, such that fQJ |Fj|?e=% =1, and |(£- F})(2;)|*> = Kw (), for any j >
Jo- Since for any compact subset K of ¢(€,), there exists jx > 1 Such that K C Q;
for any j > jk, then we can use Montel’s theorem and the diagonal method to get
a subsequence of {Fy;} which is uniformly convergent on every compact subset
of q(2,). We may denote the subsequence by {F},} itself, and denote the limit
function by Fy. Fatou’s lemma and Lemma imply that fq(Qto) |Fol?e™¥ < 1,
and hm (f Fy;)(2zx;) = (€ - Fo)(20). Tt follows that

s € )G
€., (20) 2 fq(QtO) |Fo|2e=¥

> (€ Fo)(20)]?

= lim (& Fy,)(z,))

Jj—+oo

= lim K§ o, (zx;)

Jj—+oo

= hrnsupK£Q (z),

j—+oo

and

hmsuplogKE (z )glogngto(zo).

Jj——+oo

Then we obtain that log K g) ,(2) is upper semicontinuous on §2.

Secondly we need to check that for any complex line L, log Kg}t(zﬂ L is sub-
harmonic. If the complex line lies on some §; for some fixed ¢, we know that
log K| g ,(2)|1, is subharmonic using Lemma Then without loss of generality, we
assume that L is the complex line on {¢|(z,t)} and D = A, , = L.
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If log KZ +(2) = —oo, we are done. Then we assume that there exists f €
A%(Qy,,e"?) such that
£ N
KY, (z) = Ki
& to thO |f]2e—¥

Using the optimal L? extension theorem (Lemma , we can get a holomorphic
function F' on Q such that F(z,t9) = f(z) and

e [ e

Denote that Fi(z) = F(z,t) = Flg,. Note that the function y = logx is con-
cave, and by Jensen’s inequality, it follows from Guan-Zhou Method ([I8], see also

23],[24]) that
|f2ew> > tog (o5 [ e

log/
Q
1
= log —2/ |Fy|2e™¥
T J Ay I

1
> — log ( |Ft|2e¢>
T J Ay Q

(1og (¢ - ) ()1 ~ log K¢ (=)

to,r

>log| (- N)(2))P — —3

2
mr Atom

to

>
logngt(z).

The last inequality above holds, since we can prove that log | (¢ - F)(2)|? is sub-
harmonic with respect to t. In fact, if we write

Fy(w)= ) aa(t)(w—2)*,

a€eNn
then all the ( )
1 0“F(w,t
a(t) = =—F—"—=(zt
aalt) = — 5 20 (5, 0)

are holomorphic with respect to t. In addition, (£ - Fy)(2) = >, cnn Eatalt) is
absolutely and uniformly convergent on every compact subset of A .. Since for
any compact subset of Ay, ., denoted by K, we can find some R > 0 such that
A7 p € q() for any t € K. Combining with £ € £1, we get that
MM’
ala < , Voo € N"
taao)] < o

for some M, M’ > 0, p > 1/R, and any t € K. This means that ) yn £aGa(t)
is absolutely and uniformly convergent on K. Then (- F;)(z) is holomorphic with
respect to t for any fixed 2z, which implies that log |(£ - F;)(2)|? is subharmonic with
respect to t. Then

1
P (0
log K, (2) < — /EM r log K¢,(2),

which implies that log K g ;(2) is plurisubharmonic with respect to (z,t).
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4. EFFECTIVENESS RESULT OF LP STRONG OPENNESS PROPERTY

In this section, we complete the L? extension approach to the LP effectiveness
of the strong openness property.

Let I be an ideal of O, such that I # O,. We consider about a subset ¢; C ¢,
such as

br={0#&€t: (- F)lo) =0, VF € I}.

It is obvious that ¢; is always nonempty since £ = (1,0,...,0,...) € £; when
1 # O,.

Especially, we denote {7, by £.

Let ¢ be a negative plurisubharmonic function on a bounded pseudoconvex do-
main D C C™, and let 9 be a plurisubharmonic function on D. Denote that

Dy :={z€D:yp(z) < —t},
and
K¢ (t) = K¢} (o),
for t € [0,400). We need the following lemma.

Lemma 4.1 (see [7], Theorem 5.13, Chapter I). Let Q@ = I + iR be a domain
in C with the coordinate z = x + iy, where I is an interval in R. Let ¢(z) be a
subharmonic function on Q which is independent of y. Then ¢(x) := ¢(x +iR) is
a convex function with respect to x € I.

This result is also used in [2], [4] and [19].
Note that the domain

{(1,2) : p(2) —Re 7 < 0}
is pseudoconvex in C"*!, then according to Proposition log K w(O,T) is sub-
harmonic for 7 € [0, +00) + iR, and independent of Im 7. Lemma shows that

log Kg’(t) is convex for ¢ € [0,400). This implies that — log Kg’ (t) + t is concave,
which will be increasing if it has a lower bound. We state the following result.

Lemma 4.2. Let D be a bounded pseudoconvex domain in C" such that o € D,
and let ¢ be a negative plurisubharmonic function on D such that ¢(0) = —oo, and
¥ be a plurisubharmonic function on D such that Z(p + 1), # O,. Then for any
ﬁI@d& € éﬂP"ﬂﬁ)

—log K{'(t) +t > —log K{ (0), Vt € [0,+00).
Lemma [4.2| can be proved by the following lemma.

Lemma 4.3 (see [21I]). Let D be a bounded pseudoconver domain in C™ such
that o € D, and let ¢ be a negative plurisubharmonic function on D such that
©(0) = —o0, and ¢ be a plurisubharmonic function on D. Let F be an holomorphic
function on {@ < —to} such that f{@<7t0} |F|2e=% < 4o0. Then there exists a
holomorphic function Fy, on D, such that

(Fi, — F,0) € Z(p + ),
and
[ 1B, - - benrrev <op [ P,
D

{—t0—1<§0<—t0}
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where by, (t) = ffoo I _ty—1<s<—to3ds and ty = 0, and here Cp is a positive constant
only dependent of D.

Lemma can also be referred to [I8] [16, 17, 12].

Proof of Lemma[{.3 We only need to prove that there is a lower bound of — log K zf’ (t)+
t.
Lemma [2.5] shows that for any ¢ € [0, +00), there exists F' € O({y¢ < —t}), such

that )
Koy = e PR
Jioeay [FPPe7®
It follows from Lemma that there exists a holomorphic function F; on D such
that
(Ft 7F30) GI(¢+¢)0
and

[ 1 a=ntoprre <o [ FPes=".
b {—t-1<p<—t}

Note that & € £y, then (F; —F,0) € Z(p+1), induces that (£-F;)(o) = (£-F)(o).
On the one hand,

1

</D Fi - (- bt(«p))F%w> ’
> (/D |th|2e—w)é B (/D (1— bt(w))FFe—w) 3

>(1¢ pl0) A (€ F)o)] - ( | . Fw>

1
2

—<KZD<0>>%<5-F><0>|—< /{ . |F|2ew> |

On the other hand, we have

/ |F|2e™?~% < et“/ |F|2e™? < et“/ |F|2e™?.
{—t—1<p<—t} {—t—1<p<—t} {p<—t}

Then
(Che' +1)° / [FPe™ > (K (0) (€ - F)(0) 2,
{p<—t}

which means

/ FP? > Cet|(e - F)(o)?
{p<—t}

where C' = (2(e + I)ngp(o) max{Cp,1})~! is a positive constant independent of
the choises of F' and t.
Then we get that
—log K{(t) +t >log C

for any ¢t € [0,400). Then —log Kgp(t) + t has a lower bound, inducing that it is
increasing, and '
—log K{(t) +t > —log K{(0).
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([
By Lemma [£.2] we get the following proposition.

Proposition 4.4. Let D be a bounded pseudoconvex domain in C" such that o € D,
and let ¢ be a negative plurisubharmonic function on D such that ¢(0) = —oo, and
Y be a plurisubharmonic function on D such that Z(p + ), # O,. Let F be a
holomorphic function on D. Then for any q > 1, and any § € Lyyy,

/‘F‘267§7w> g (£ F)o)?
D a1 K{p)

Proof. Using Lemma we have that Kg}(t) < etKg’(O) for any ¢ € [0, +o00) if
§ € Lyyy. And It is known that

+oo
/|F|2@—%—¢:/ / |F|?e | etdt,
D —oo {£<-t}

(this equality can be referred in [12]), which implies that

+oo
/ / |F|?e™? | etdt
0 {p<—qt}

U F)o)P
2/0 e'dt

K¢ (qt)
(€ PP [T amarg - L 1€ PO
g K{(0) /0 & ¢=1  K!p(o)

and

’ - (€-F)(o)* [° (€ F)(o)|?
20=% | ot etdt =
/m </{¢<qt} 7] ) ar= K! (o) /m & KY (o)

Let D be a bounded domain in C™, and let I be an ideal of O, such that I # O,.
Let 9 be a plurisubharmonic function on D. Let (F,0) be an element in O,. Then
we denote that

. F 2
BY(F,I,D) = sup I€- F)(o)" - )OI
Eely KE,D (0)
Then we get the following corollary of Proposition [£.4]
Corollary 4.5. Let D be a bounded pseudoconvex domain in C™ such that o € D,
and let ¢ be a negative plurisubharmonic function on D such that ¢(0) = —o0, and

Y be a plurisubharmonic function on D such that Z(p + ¥), # O,. Let F be a
holomorphic function on D. Then for any q > 1, and any § € Lyyy,

/ IFl2e 5% > —L_BY(F Z(p + ¥)o, D).
D g—1
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The following proposition shows that BY (F, I, D) > 0if (F,0) ¢ I and A%(D,e™?) #
{0}.
Proposition 4.6 (see [1]). Let D be a bounded domain in C"™ such that o € D,

and let I be an ideal of O, such that I # O,. Let (F,0) € O, such that (F,o0) ¢ I.
Then we are able to find some & € {1 such that (& - F)(o) # 0.

Moreover, if F € A?(D,e™"), then B¥(F,I,D) < [, |F|?e™" , since

2
Bw(RLD): sup |(f F)( )|
EELr, (€-F)(0)#0 ( )
I(f F)(o / 5 _
< sup |F|%e
cetr, (-F) ()20 |(§- F)(0)|? /fp |F|26 ¥

It is clear that if there are two ideals I; and Iy of O, such that I; C Iy # O,,
then Bw(F, 117 D) 2 Bw(F‘7 IQ, D)
Now we can prove the following theorem.

Theorem 4.7. Let D be a bounded pseudoconvexr domain in C™ such that o € D,
and let ¢ be a negative plurisubharmonic function on D such that ¢(0) = —o0, and
¥ be a plurisubharmonic function on D. Let F be a holomorphic function on D
with [, |F|?e=?~% < +o00. Then for any q > 1 satisfying

q Jp [F[Pe ¥

g—1" BUFI 0+ (p.0)9)0 D)’

|F|2e=9¢=% is locally integrable near o.

Here c'(p,9) :=sup{c >0 : |F|?e=%¥~% is locally integrable near o}.
Proof. For q > cE'(p,), |F\2e’q‘/”w is not integrable near o, and BY(F,Z(¢) +
q¢)o, D) = BY(F, I+(1/J +cE (0, )p)0, D). Then Corollary shows that

[ 1Pt s o BNRT 0+ . 0)0)a, D).

Let ¢ — cf'(p,9)7T, then the above inequality also holds for ¢ > ¢ (¢,%). Then if
g>1 satlsﬁng

—— q
/D|F|2€ oY < ﬁBw(sz+(¢+C§(<P>¢)<P)O,D)>

we get ¢ < c&'(p,1)), which means that |F|?e~%~% is integrable near o.
Since F §é T (v + ' (p, 1)), we know that

0< BY(EL 0+ (.00 D) < [ PP < [ |PReey,
D D
Then the proof is done. (]
Then we give the proof of Theorem [I.2]

Proof of Theorem[1.Z: In Theorem let 1) = @1 4 ap, then [, |File™¢™% =
JpFlPe= 0% and Ty (¢ + el (@, 0)p)o = Ly (1 + ¢k, (9)p)o. Thus for any
q' > 1 satisfying
q |F|pe—(1ta)e
71~ Beitar FfDI 7 D)’
q — ( 1 +(§Dl +Co,p(¢)(p)07 )
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|F|[Pe=(@'+0)¢ ig Jocally integrable near o. Let ¢ = ¢’ 4 a, then the proof is done. [
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