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Abstract

We show that fiberwise log-plurisubharmonicity of the classical p-Bergman kernel fails for every p > 4.
A finite-dimensional weighted entire-function model is lifted to a pseudoconvex Hartogs family. In the
simplest case p = 6, the Levi form of the logarithm of the fiberwise kernel along a fixed holomorphic section
is exactly —1/8 at the origin. The construction also yields bounded pseudoconvex counterexamples by
exhaustion.
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1 Introduction

For a domain D C C™ and p > 0, the classical p-Bergman kernel is defined by

|f(2)[?
Kpp(z) == sup —_—
o(2) reomnLe(p) fp | fIPdA

The variation theory of Bergman kernels has its origins in the Hilbert-space case p = 2. For holo-
morphic families of open Riemann surfaces, Maitani—Yamaguchi [3] proved the plurisubharmonic
variation of the logarithm of the Bergman kernel. Berndtsson [1] established the corresponding re-
sult for general pseudoconvex families, and subsequently developed its vector-bundle interpretation
through positivity of direct images [2]; see also Berndtsson—Paun [4] for relative Bergman kernels
and pseudoeffectivity.

The L? extension theory provides a closely related route to Bergman-kernel estimates. Starting
from the Ohsawa—Takegoshi extension theorem [9], sharp forms and applications to Bergman kernels
were obtained by Blocki [6] and Guan—Zhou [7]. A proof of the Ohsawa—Takegoshi theorem with
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sharp estimates based on positivity and variation of domains was later given by Berndtsson—Lempert
[3]. These results underscore the special role of the L? structure in the positivity theory.

For a pseudoconvex domain X C C™ x C™ with fibers X,,, the logarithm of the fiberwise kernel
Kx, »(z) is plurisubharmonic for 0 < p < 2; see [5]. The persistence of this property for p > 2,
both in the classical case and for kernels with respect to a functional &, was left open there. We
give a negative answer in the classical case for every p > 4.

THEOREM 1.1. Let p > 4, choose

and put
S(z,w) := 14 |2|* + |1 + w2?2.

The Hartogs domain
Xo = {(z,mn,w) € C* xD: [n]>S(z,w)* < 1}

is pseudoconvex. If
Kow = {(2,1) € C*: [n2S(z,w)* < 1},

then o
5 — 2«
log K =
a,w 8@ 0g Xa,va(o’o) )

w=0

< 0.

Consequently the logarithm of the classical fiberwise p-Bergman kernel is not plurisubharmonic on
X In particular, for p =6 one may take o = 3, and the displayed Levi form is —1/8. Moreover,
bounded pseudoconvex countereramples exist for every p > 4.

The full proof is given in Section 2. It reduces the extremal problem to a weighted AP space
of entire functions. The polynomial decay of the weight forces that space to consist only of affine
functions; an evenness argument then shows that the constant function is extremal. The negative
Levi form follows from two beta integrals. Bounded examples are obtained by truncating the
z-variable and using exhaustion of the p-Bergman kernels.

2 Failure of fiberwise log-plurisubharmonicity for classical
p-Bergman kernels

In this section we prove Theorem 1.1. The construction is a Hartogs lift of a finite-dimensional
weighted extremal problem on the complex plane. Throughout the section, let p > 4 and fix

) p+1
— < —. 2.1
s <a< (21)
Set
S(z,w) =1+ |z[* + |1 +w2?]? = 12 + |22> + |1 + w2?|% (2.2)

2.1 The Hartogs lift and the extremal function

Since the three entries in the last expression in (2.2) are holomorphic in (z,w),

D, (z,w) := alog S(z,w)
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is plurisubharmonic on C x D. The complete Hartogs domain
Xo = {(z,m,w) €C*xD: n? < e=Palzw)} (2.3)
is therefore pseudoconvex. Its fiber over w is
Xow = {(z,n) eC?: |77|2 < S(z,w)_a}.

Define
Lo(w) == /C Sz, w)= dA(2). (2.4)

The integral is finite since o > 1/2.

LEMMA 2.1, For every w € D, if f is entire and
[ IS i) < 4o
C

then f is affine.

Proof. Uniformly for w € D one has
1+ |2]* < S(z,w) < 3(1+|2|Y).
Write f(2) = 550 arz®. Since p > 1, the coefficient estimate on the circle of radius r gives
I :
ol < o [ 1ptre ) .

If ay, # 0, integration in 7 and the lower bound S=% > 37%(1 + |2|*)~® show that necessarily

dog — 2
P

kp —da < =2, or equivalently k<

By (2.1), (4o — 2)/p < 2. Thus ay = 0 for every k > 2. |
PROPOSITION 2.2. For every w € D,

1

I{)(a,w’p(o7 O) = m
«

(2.5)

In particular, the constant function is the unique normalized extremal function at (0,0).

Proof. Let F' € AP(X, ) satisfy F(0,0) = 1, and put f(z) := F(z,0). Applying the submean
inequality to |F(z,-)[P on the n-disk of radius S(z,w)~*/? gives

/XW |F|PdX > 7T/C [F(2)|PS(z,w) ™" d\(2).

The right-hand side is finite, so Lemma 2.1 gives f(z) = 1 + bz for some b € C.
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The density S(z,w)™® is even in z. Since p > 1, convexity gives
1 P |1 —palp
|1+ bz| —;— [1— bz >1

Pairing z and —z in the weighted integral, we obtain

/C FEIPS (2 w) @ dA(2) > T (w).

Consequently every admissible F' has p-th power norm at least 7l,(w). Equality is attained by
F =1, which proves (2.5); strict convexity also gives uniqueness. |

2.2 The negative Levi form

We now compute the variation of (2.5). At w =0,
S(z,0) =2+ |z|*, Sw(z,0) = 22, Sww(z,0) = |z|%.
Differentiation under the integral sign in (2.4) gives

(1) (0) = —a /C 224 2N dA(z) = 0 (2.6)

by the angular integration, and

(Io)ww(0) = a(a +1) /C 12424 |2[*) 72 dA(2)

- a/ |212(2 + 2| dA(2). (2.7)
c
For j > 0 and 3 > (j + 1)/2, the substitution u = r?/2 yields
. ; 4+ 1 4+ 1
[P ) are) = Fanvarp (85 - T2, 29)
C

Applying (2.8) to the two terms in (2.7) gives

/|z| 2+ oY 2 dA(2)

0l
= 2.9
1,(0) da(a+1)’ (29)
AR RCE R O .
- =_—. 2.10
1,(0) 2a (2.10)
It follows that o2
2a0 — b
log I, 211
g e Lol = 211)
Combining (2.5), (2.6), and (2.11), we conclude that
2 5 —2a
log K = . 2.12
90 50 108 KXo »(0,0) L 3 <0 (2.12)

This proves the explicit part of Theorem 1.1. Notice that for p = 6 and o = 3, the right-hand side
of (2.12) is exactly —1/8.



Failure of fiberwise log-plurisubharmonicity for classical p-Bergman kernels 5

2.3 Bounded pseudoconvex counterexamples

Although the explicit family (2.3) is unbounded in the z-direction, the failure persists on a
sufficiently large bounded truncation. For R > 0 put

XF =X, n{lz| <R}, X :=Xswn{z| <R}

Then XCSR) is bounded and pseudoconvex.

COROLLARY 2.3. For every p > 4, there exists R > 0 such that

(Za , ’U.)) — log KXC(XIR,p(Z’ 7])

is not plurisubharmonic on XO(LR).

Proof. Write

ur(w) :=log K 0,0), Uoo(w) :=1log Kx, , »(0,0).

),

The standard exhaustion property of the p-Bergman kernel gives, for every fixed w,
ur(w) \y Uso (W) (R — +00).

Indeed, monotonicity gives the existence of the limit; normalized extremal functions on the in-
creasing domains form a normal family, and Fatou’s lemma identifies the limit with the extremal
problem on X, .

Both ug and us are radial functions of w. In fact, if w’ = e'%w, the unitary map

(z,m) — (e797%2,)

identifies the corresponding fibers and fixes (0,0). By (2.12), there is a sufficiently small > 0 such
that teo (1) < ueo(0). Pointwise exhaustion at these two parameter values then gives ur(r) < ur(0)
for all sufficiently large R.

If the fiberwise logarithmic kernel on XéR) were plurisubharmonic, its restriction to the section
(0,0, w) would be subharmonic. Radiality would then imply the submean inequality ug(0) < ug(r),
a contradiction. |

Thus the classical fiberwise log-plurisubharmonicity question has a negative answer for every
p > 4, even when the total space is required to be bounded and pseudoconvex. The range 2 < p < 4,
as well as the corresponding sublevel-set convexity question, is not settled by this construction.

AT declaration

The construction and proof presented in this paper were obtained with GPT-5.6-sol (high). The
author independently verified all statements and computations and takes full responsibility for the
content.
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