
GENERALIZED LELONG NUMBERS DETERMINE

VALUATIVE TRANSFORMS

SHIJIE BAO

Abstract. Boucksom, Favre, and Jonsson proved that equality of the
valuative transforms of two plurisubharmonic germs implies equality of
all generalized Lelong numbers with tame reference weights. We prove
the converse. It is enough to test against the analytic weights defined
by primary ideals. On each birational model, these tests determine an
intersection polynomial on the relative ample cone. Its first derivative,
together with a negative-definite exceptional intersection matrix, recov-
ers the trace of the valuative divisor.

1. Introduction

Let o denote the origin of Cn, and let u, v : (Cn, o) → R ∪ {−∞} be
plurisubharmonic (psh) germs, neither identically equal to −∞. If φ is a
psh weight with an isolated pole at o, Demailly’s generalized Lelong number
is

(1) νφ(u) =
(
ddcu ∧ (ddcφ)n−1

)
({o}).

We normalize dc = (i/2π)(∂̄ − ∂), so that ddc log |f | is the divisor current
of a nonzero holomorphic function f . The product in (1) is the general-
ized Lelong product of [Dem87]; it is not the non-pluripolar product, which
discards mass on pluripolar sets. The definition, comparison theorem, and
invariance under bounded changes of the weight are established in [Dem87].

We use the terminology of [BFJ08, Section 5.3]. A psh weight is a psh
germ φ with an isolated singularity at o such that eφ is continuous. It is
tame if there is a constant C > 0 such that, for every t > 0 and every
f ∈ J (tφ),

(2) log |f | ≤ (t− C)φ+O(1).

Because φ is negative near its pole, inequality (2) says that the singularities
detected by the multiplier ideals approximate φ with an error uniformly
bounded in t. We shall not use the definition directly; it is included to make
clear which class of test weights occurs in the theorem.
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Boucksom–Favre–Jonsson associate to u a valuative transform û. The
same information can be written as a nef Weil b-divisor Z(u) over o: the
coefficient of Z(u) along an exceptional prime divisor is the negative of
the corresponding generic Lelong number. We recall the construction in
section 2. The language of b-divisors goes back to Shokurov; the local form
used here is developed in [BFJ08, Sections 1–4]; see also [Sho03].

The following four conditions appear in [BFJ08, Theorem A]:

(1) u and v have the same Lelong number at every infinitely near point;
(2) J+(tu) = J+(tv) for every t > 0;
(3) the relative types of u and v with respect to every tame maximal psh

weight agree;
(4) νφ(u) = νφ(v) for every tame psh weight φ.

Here J+(w) is the stationary value of J ((1+ε)w) as ε ↓ 0. Boucksom–Favre–
Jonsson proved that (1), (2), and (3) are equivalent and imply (4). They left
(4)⇒(1) open and proposed the construction of fundamental solutions for
the formal Monge–Ampère operator as one possible approach; see [BFJ08,
p. 455 and p. 457].

In dimension two, the valuative transform and its Laplacian are governed
by the valuative tree; see [FJ05]. In higher dimension, the formal Monge–
Ampère operator is instead built from intersections on all modifications.
The strong openness theorem [GZ15] settles the openness problem men-
tioned alongside Theorem A in [BFJ08], but it does not invert the averaging
operation in Theorem B of that paper. More recent intersection theories for
nef b-divisor classes establish general approximation and Hodge index prin-
ciples in a projective setting; see [DF22]. The local argument below uses
the local intersection formalism of [BFJ08]. We give a matrix proof of the
strictness needed for separation and distinguish the fixed-model intersection
pairing from the general nef intersection product.

We prove this remaining implication. The statement below is slightly
stronger: only weights with analytic singularities coming from primary ideals
are needed.

Theorem 1.1. Let u, v : (Cn, o) → R ∪ {−∞} be psh germs. The following
conditions are equivalent, provided neither germ is identically −∞.

(i) u and v have the same Lelong number at every infinitely near point.
(ii) νφ(u) = νφ(v) for every tame psh weight φ.
(iii) For every mo-primary ideal a = (f1, . . . , fN ) ⊂ OCn,o,

νφa(u) = νφa(v), φa :=
1

2
log

( N∑
j=1

|fj |2
)
.

Consequently, all four conditions of [BFJ08, Theorem A] are equivalent.

For n ≥ 2, put W = Z(u)−Z(v). On a model determining the divisor of
a primary ideal a, the analytic weight φa satisfies

(3) νφa(u) = −
〈
Z(u), Z(a)n−1

〉
.
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Thus condition (iii) gives diagonal equations

(4)
〈
W,Z(a)n−1

〉
= 0.

Fix a model Xπ. Every rational relatively ample exceptional divisor A has
a positive multiple equal to the divisor of a primary ideal determined on
this same model. Consequently the polynomial Fπ(A) = Wπ ·An−1 vanishes
on the relative ample cone. Differentiating at an ample divisor H in the
direction Wπ gives

W 2
π ·Hn−2 = 0.

A negative-definite intersection matrix forces Wπ = 0. Since the model was
arbitrary, W = 0. This argument uses only a finite polynomial on each
model, not a differentiability assertion for a volume on the space of all Weil
b-divisors.

Each input is separated below. Sections 2 and 3 review the b-divisor and
intersection formalism. Section 4 proves strict negativity directly. Section 5
records the complementary polarization argument, including the mixed-
multiplicity interpretation. Section 6 proves the theorem by ample per-
turbations; the proof does not depend on the polarization section.

The one-dimensional case and the standing dimension convention.
If n = 1, the exponent in (1) is zero. Hence for every test weight

νφ(u) = (ddcu)({o}) = νL(u, o).

The last equality is the one-variable description of the Lelong number as the
atom of the Riesz measure, with the normalization chosen above. A proper
bimeromorphic map between smooth curve germs is an isomorphism: its
fibers are finite, so it is finite, and a finite birational map onto a normal
curve is an isomorphism. Thus infinitely near points introduce no additional
Lelong numbers. Conditions (i)–(iii) are all equivalent to νL(u, o) = νL(v, o);
for (iii) one may use the primary ideal (z). This proves the one-dimensional
case before any exceptional divisor is used. For the remainder of the paper,
n ≥ 2.

2. Birational models and valuative divisors

2.1. Models above the origin. We use the local models of [BFJ08, Sec-
tions 1.1–1.2], written analytically as smooth projective modifications

π : Xπ −→ (Cn, o)

that are isomorphisms away from o. The valuations under consideration are
divisorial valuations centered at o, not valuations centered on a positive-
dimensional subvariety through o. We may use the algebraic local models
over C[z1, . . . , zn](z1,...,zn) of that paper, and their analytifications when eval-
uating a psh germ. Primary analytic, algebraic, and formal ideals are iden-
tified as explained in Section 3.1. The valuative interpretation of infinitely
near Lelong numbers is the one in [BFJ08, Section 5.6].
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Any finitely many models admit a common smooth projective dominating
model: take the component of their fiber product containing the common
open set away from o, and resolve it. We may further principalize the
pullback of mo and resolve the exceptional locus. Thus models on which
this pullback is invertible and the exceptional support has simple normal
crossings form a cofinal system. A statement about all traces of a Weil b-
divisor can be checked on this system: every other trace is its pushforward
from a dominating model. We use this observation when applying the finite-
atomic formula of [BFJ08, Proposition 4.9].

Write Exc(π) for the exceptional locus and set

(5) Div(π) :=
⊕

E⊂Exc(π)

RE.

Every exceptional prime is projective over the point o. In this local setting
over a smooth base, an exceptional divisor is determined by its relative
numerical class, and

(6) Div(π) ≃ N1(Xπ/Cn)R;

see [BFJ08, Section 1.2]. If µ : Xπ′ → Xπ is a higher model, exceptional
divisors admit pushforward and pullback, with µ∗µ

∗D = D.
We use R-Cartier b-divisors throughout, and usually omit the prefix “R-”.

The following elementary consequence of projectivity will be used twice.

Lemma 2.1 (An ample exceptional divisor). For every smooth projective
modification π : Xπ → (Cn, o) there is an integral exceptional divisor A
such that OXπ(A) is π-ample. After replacing A by a positive multiple and
shrinking the representative of the base germ, it may be taken π-very ample.

Proof. If the model has no exceptional divisors, there is nothing to separate;
the identity model may be omitted from subsequent arguments. On a non-
trivial model, projectivity provides a relatively ample numerical class. The
isomorphism (6) identifies the relative Néron–Severi space with the space
of exceptional real divisors. Since the ample cone is open, it contains a
rational exceptional class. After multiplication this class is represented by
an integral exceptional divisor A. Relative ampleness depends only on the
numerical class, and a sufficiently large positive multiple of a relatively am-
ple line bundle is relatively very ample. These are the relative forms of
the standard ampleness criteria; see [Laz04, Chapter I, Section 1.7]. More
explicitly, choose the exceptional primes as a basis of Div(π). Rational coef-
ficient vectors are dense in this finite-dimensional real space, so a small ball
contained in the ample cone contains such a vector. Clearing its denomina-
tors produces A. Multiplication by a positive integer preserves ampleness.
Relative Serre generation then gives a relatively very ample multiple. No
claim is made that every nef exceptional divisor is ample or generated. □
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Definition 2.2. A Weil b-divisor Z over o is a compatible collection Z =
(Zπ)π with Zπ ∈ Div(π) and µ∗Zπ′ = Zπ whenever π′ dominates π. The
divisor Zπ is the incarnation or trace of Z on Xπ.

A Cartier b-divisor C is a Weil b-divisor for which some modelXπ satisfies
Cπ′ = µ∗Cπ on every higher model. Such a model is a determination of C.

Thus D ∈ Div(π) defines a Cartier b-divisor by pullback to higher models;
denote it by D when needed. A Weil b-divisor need not be determined on
any finite model. These are the projective- and inductive-limit definitions
in [BFJ08, Section 1.2]. Two Weil b-divisors are equal precisely when their
incarnations agree on every model.

For later use, we also recall positivity. A Cartier b-divisor C determined
on Xπ is nef over o if

(7) Cπ · Γ ≥ 0

for every complete curve Γ ⊂ π−1(o). This criterion is [BFJ08, Proposi-
tion 2.2]. A nef Weil b-divisor is, by definition, a coefficientwise limit of nef
Cartier b-divisors. Thus “nef” here is a relative condition over the germ,
not nefness on a compact ambient variety.

2.2. The divisor attached to a psh germ. Let E be an exceptional prime
on Xπ. At a very general point of E, u ◦ π has a generic Lelong number
νE(u). Define

(8) ordE Z(u) := −νE(u).

Equivalently, if

ddc(u ◦ π) =
∑
E

νE(u)[E] +Rπ

is the Siu decomposition and Rπ does not charge an exceptional prime, then
[Z(u)π] = −

∑
E νE(u)[E]. This is the construction in [BFJ08, Section 5.2].

Proposition 2.3 (Boucksom–Favre–Jonsson). For every psh germ u, the
Weil b-divisor Z(u) is nef.

Proof. The assertion is [BFJ08, Theorem 5.1]. We spell out how its approx-
imation is compatible with the definition of the nef cone. For a divisorial
valuation v centered at o, write v(u) for the generic Lelong number with
the same scaling as v. Demailly approximation, in the form of [BFJ08,
equation (5.3) and the proof of Theorem 5.1], gives

lim
k→∞

v(J (ku))

k
= v(u).

The multiplier ideals here need not be primary. For each integer k ≥ 1
replace them by

bk = J (ku) +mk2

o .

This ideal is either primary or the unit ideal. Its divisor is therefore nef
Cartier; the unit ideal corresponds to the zero divisor. Indeed, primary
ideals can be principalized by modifications supported over o, and their
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pullbacks are relatively generated invertible ideals, as detailed in Section 3.2.
Valuations of sums of ideals are minima, so

v(bk)

k
= min

{
v(J (ku))

k
, k v(mo)

}
−→ v(u).

Here v(mo) > 0, whereas v(u) is finite. Thus k−1Z(bk) converges coefficien-
twise to Z(u). The nef Weil cone is closed in this topology by definition,
proving the assertion from the quoted approximation. Monotonicity of this
particular sequence is not asserted or needed. □

Remark 2.4 (Why the primary truncation matters). For u = log |z1| on C2,
local integrability gives J (ku) = (zk1 ) for every positive integer k. Although
this is a principal ideal on the base, its exceptional b-divisor in the present
local system is not Cartier. To see this, take the normalized monomial
divisorial valuations vm(z1) = m, vm(z2) = 1. Their values on this divisor
are −km. They are unbounded, whereas the function of a Cartier b-divisor
extends continuously to the compact normalized valuation space by [BFJ08,
Proposition 1.14], and is therefore bounded. There is no contradiction with
the fact that (zk1 ) defines a Cartier divisor on the base: our b-divisors retain
only exceptional components over the point, not the hypersurface {z1 = 0}.

Remark 2.5 (Signs). The coefficients in (8) are nonpositive. This is the
convention of [BFJ08]. For example, on the blowup of o, −E is relatively
ample and has positive degree on curves contracted by the blowup.

2.3. Infinitely near points. Let p ∈ π−1(o) and let µ : BlpXπ → Xπ be
the blowup of the smooth point p, with exceptional divisor Fp. In local
coordinates centered at p, the order along Fp is the ordinary multiplicity at
p. Its psh counterpart is

(9) νFp(u) = νL(u ◦ π, p),

where νL is the usual Lelong number. This equality can be checked using
the same approximation as above. For a holomorphic germ f at p, the order
of its pullback along Fp is its multiplicity at p: in a blowup chart, the lowest
homogeneous term factors out precisely that power of the exceptional coor-
dinate. For an ideal weight, both sides of (9) are consequently the minimum
of these multiplicities. For general w = u ◦ π near p, apply the ideal case to
Demailly approximants with singularities k−1 log |J (kw)|. Their ordinary
Lelong numbers converge to that of w, and their generic Lelong numbers
along Fp converge to that of its pullback by the divisorial approximation in
proposition 2.3. Passing to the limit proves (9). This is the identification
used in [BFJ08, Section 5.6]. Consequently,

(10) Z(u) = Z(v) ⇐⇒ νL(u ◦ π, p) = νL(v ◦ π, p) for all (π, p).
For the forward direction, choose any (π, p) and blow up p. Equality of
the two Weil b-divisors gives equality of their coefficients along Fp on a
smooth dominating model. Equation (9) then gives equality of the ordinary
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Lelong numbers at this particular p; since p was arbitrary this proves the
forward implication. For the reverse direction, fix an exceptional prime E
and choose a very general smooth point p ∈ E outside the other exceptional
components. The ordinary Lelong number of u ◦ π at such a point is the
generic Lelong number νE(u), and the point may be chosen to have this
property for both u and v simultaneously. In fact the exceptional sets for
the two generic values are countable unions of proper analytic subsets of E,
so their union can be avoided. This is the generic-value property in the Siu
decomposition used in [BFJ08, Section 5.2]. Equality at all infinitely near
points therefore gives equality of the coefficient of every exceptional prime
in (8).

3. Primary ideals, analytic weights, and intersections

3.1. The analytic and formal local rings. We use the three local rings

R = C[z1, . . . , zn](z1,...,zn), O = OCn,o, R̂ = C[[z1, . . . , zn]].

The natural inclusions induce isomorphisms

R/mN
o ≃ O/mN

o ≃ R̂/mN
o (N ≥ 1).

An ideal containing mN
o is the inverse image of an ideal in this quotient.

Primary ideals in the three rings therefore correspond under extension and
contraction. Choose generators fj of an analytic primary ideal containing
mN

o and truncate them to polynomials pj of degree less than N . Since
fj − pj ∈ mN

o , the pj together with the monomials of degree N generate
the same ideal. They also generate the same pulled-back ideal on every
model, so all divisorial values agree. This explains the identification at the
beginning of [BFJ08, Section 5] and its applicability to primary analytic
weights. It does not assert that an arbitrary non-primary analytic ideal is
algebraic.

3.2. The Cartier b-divisor of an ideal. Let a ⊂ OCn,o be mo-primary.
For each exceptional prime E, set

(11) ordE Z(a) := − ordE(a), ordE(a) := min
f∈a

ordE(f).

On a log resolution π of a,

(12) aOXπ = OXπ

(
Z(a)π

)
.

Locally write the pulled-back generators as fj = shj , where s generates the
invertible ideal and the hj generate the unit ideal. The order of s is the
minimum of the orders of the fj . The negative sign in (11) comes from
aO = O(−div(s)). Pullback preserves invertibility, so on higher models
this divisor pulls back. Thus Z(a) is Cartier; see [BFJ08, Section 1.2].
For blowups and their tautological line bundles, see [Har77, Chapter II,
Section 7]. The sheaf in (12) is generated relative to the base, so Z(a) is
nef; compare [BFJ08, Proposition 2.2].
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On a complete curve in a fiber, this relatively generated line bundle is
globally generated and has nonnegative degree. Thus it satisfies exactly the
relative nefness criterion used above.

For a = (fi) and b = (gj), the product is generated by figj , and any
valuation satisfies

v(ab) = min
i,j

(v(fi) + v(gj)) = v(a) + v(b).

Consequently, for primary ideals a, b,

(13) Z(ab) = Z(a) + Z(b),

and more generally

(14) Z(ak11 · · · akrr ) =

r∑
i=1

kiZ(ai).

These are equations (2.1) of [BFJ08]. A product of mo-primary ideals re-
mains primary because its radical is mo.

3.3. Realizing ample divisors by primary ideals.

Lemma 3.1 (Strict signs on an ample exceptional divisor). Let A be a
relatively ample exceptional real divisor on a nontrivial model. Writing the
exceptional primes as E1, . . . , Er, we have A = −

∑
i aiEi with ai > 0 for

every i.

Proof. The Cartier b-divisor A is nef by [BFJ08, Proposition 2.2]. It is
nonzero. Indeed a nontrivial model has a fiber of positive dimension: oth-
erwise the map would be finite birational onto a normal base and therefore
an isomorphism. This projective fiber contains a curve, on which an ample
class has positive degree. Proposition 2.4 of [BFJ08] supplies c > 0 with
A ≤ cZ(mo). For each exceptional prime,

coeffEi(A) ≤ −c ordEi(mo) < 0.

The last inequality holds because the center is o, so all generators of mo

have positive order along Ei. Thus every coefficient is strictly negative, not
merely nonpositive. □

Lemma 3.2 (Generated exceptional divisors). Let B be an integral excep-
tional divisor with strictly negative coefficients on a nontrivial model. If
OXπ(B) is relatively generated, then aB = π∗OXπ(B) is primary and

aBOXπ = OXπ(B), Z(aB) = B.

Proof. The inequality B ≤ 0 embeds O(B) into OXπ . Normality of the
base and proper birationality give π∗OXπ = O, so the pushforward is a
coherent ideal in the base ring. Off o, the map is an isomorphism and B
has no support; the ideal is the unit ideal there. It is proper at o, since
the function 1 cannot be a section of O(B) along a prime with negative
coefficient. Its zero set is therefore exactly {o}. An ideal with maximal
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radical in a Noetherian local ring contains a power of that maximal ideal
and is primary, proving the first assertion.

Relative generation is the surjectivity of

π∗π∗O(B) −→ O(B).

The image inside OXπ is precisely aBOXπ , proving the first equality. Pulling
back to any higher model again gives the extended ideal and the pullback
of B. This proves equality as Cartier b-divisors, not only on the given
model. □

Proposition 3.3 (Ample rational classes are ideal tests). For a rational
relatively ample exceptional divisor A on a nontrivial model Xπ, there are
an integer m > 0 and a primary ideal a such that Z(a) = mA, determined
on Xπ.

Proof. Clear the denominators of A. Relative Serre generation [Laz04,
Chapter I, Section 1.7] gives a sufficiently high power of the resulting ample
line bundle which is relatively generated. Thus for sufficiently divisible m,
the divisor mA is integral and O(mA) is relatively generated. Its coeffi-
cients are strictly negative by lemma 3.1. Apply lemma 3.2 to B = mA.
The ideal and m may depend on A; no uniform choice over the ample cone
is needed. □

Proposition 3.4 (Ideal divisors span). The real vector space of Cartier b-
divisors is spanned by the divisors Z(a) of mo-primary ideals. Thus every
Cartier b-divisor has an expression

(15) C =
N∑
j=1

λjZ(aj), λj ∈ R.

Proof. This is the real form of [BFJ08, Proposition 1.14]. We give the con-
struction on a fixed model, keeping track of determinations. First let D
be integral and choose an integral ample exceptional divisor A on its de-
termination. Write D =

∑
i diEi and A = −

∑
i aiEi with ai > 0. For

m > di/ai for every i, the coefficients of D + mA and mA are strictly
negative. For sufficiently large m, relative Serre generation applied to the
coherent sheaves O(D) and O also makes O(D+mA) and O(mA) relatively
generated. Choose m satisfying both conditions. Applying lemma 3.2 to
these two divisors gives primary ideals with

D = Z(a1)− Z(a2).

Both terms are determined on the original model.
For real D =

∑
i diEi, apply the integral construction to each Ei, multiply

the resulting differences by di, and sum. This is a finite sum because a
model has finitely many exceptional primes. Every Cartier b-divisor has a
determination, so the construction proves the assertion. The zero divisor
requires no terms. □
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Remark 3.5. The coefficients λj may be negative. Thus proposition 3.4
concerns the full vector space, not only the nef cone. This permits the later
test against the signed Cartier divisor Wπ.

3.4. The analytic weight of an ideal. For generators a = (f1, . . . , fN ),
set

(16) φa =
1

2
log

 N∑
j=1

|fj |2
 .

If f and g are two vectors of generators, there are holomorphic matrices
M,N with f = Mg and g = Nf . Their operator norms are bounded
on a smaller neighborhood. Hence ∥f∥ ≤ C∥g∥ and ∥g∥ ≤ C ′∥f∥, so the
logarithmic weights differ by a bounded function. Demailly’s comparison
theorem implies that their generalized Lelong numbers coincide [Dem87].

Since the ideal is primary, its generators have no common zero off o. Thus
the weight has an isolated pole. The vector of generators is locally Lipschitz,
and the norm satisfies |∥f(z)∥ − ∥f(w)∥| ≤ ∥f(z) − f(w)∥. Consequently
eφa = ∥f∥ is locally Lipschitz. Lemma 5.10 of [BFJ08] states that a psh
weight with Hölder-continuous exponential is tame, so this weight is an
admissible test.

On a principalizing model, use the local factorization fj = shj to get

φa ◦ π = log |s|+ 1
2 log

∑
j

|hj |2.

The second term is smooth because the hj have no common zero. The
generic Lelong number along E is therefore the vanishing order of s, namely
ordE(a). This description remains valid after pullback to any higher model.
Hence

(17) Z(φa) = Z(a).

3.5. Intersection products. For D1, . . . , Dn ∈ Div(π), their local inter-
section number D1 · · ·Dn is computed on Xπ. It is defined because the
divisors are supported over o, so the resulting zero-cycle is proper. The
product is symmetric, multilinear, and preserved on higher models by the
projection formula; see [BFJ08, Section 4.1, Proposition 4.2] and [Ful98,
Section 2.3]. Hence for Cartier b-divisors determined on Xπ,

(18) ⟨C1, . . . , Cn⟩ := C1,π · · ·Cn,π.

Boucksom–Favre–Jonsson extend this product to nef Weil b-divisors by
monotone approximation; see [BFJ08, Definition 4.3 and Proposition 4.4].
We need only the following finite case.

More explicitly, if Z1, . . . , Zn are nef Weil b-divisors, they set

(19) ⟨Z1, . . . , Zn⟩ := inf
Ci≥Zi

⟨C1, . . . , Cn⟩,
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where the infimum is taken over nef Cartier b-divisors Ci dominating Zi

coefficientwise. Monotonicity of intersection for nef Cartier divisors makes
this compatible with (18). The value can in general be −∞, but it is finite
in the one-Weil-factor situation used below.

Proposition 3.6 (One Weil factor on a fixed model). Let Z be any real
Weil b-divisor and let C2, . . . , Cn be Cartier b-divisors, determined on Xπ.
The formula

(20) ⟨Z,C2, . . . , Cn⟩ := Zπ · C2,π · · ·Cn,π

defines a finite pairing independent of the common determining model. It
is real-linear in Z, multilinear and symmetric in the Cartier variables, and
agrees with the BFJ nef intersection product when all factors are nef. In
particular it applies to Z = Z(u)− Z(v).

Proof. Step 1: independence of the model. Let µ : Xπ′ → Xπ domi-
nate the common determination. By the definition of a Cartier b-divisor,
Ci,π′ = µ∗Ci,π, whereas the Weil compatibility condition is µ∗Zπ′ = Zπ. The
ordinary projection formula [Ful98, Section 2.3] gives

Zπ′ · µ∗C2,π · · ·µ∗Cn,π = (µ∗Zπ′) · C2,π · · ·Cn,π

= Zπ · C2,π · · ·Cn,π.

Only the Cartier factors are pulled back in this equation. For two unre-
lated determinations, apply it on a common dominating model. This proves
independence without assuming that Z is Cartier.

Step 2: finiteness and linearity. On a fixed model, Zπ is a finite real linear
combination of proper exceptional primes, and each Ci,π is a real Cartier
divisor. Their intersection is a finite real number. Ordinary intersection
theory is multilinear, so the formula is linear in Z and multilinear in the
Cartier factors. These statements pass to all models by Step 1. In particular
the value for a difference Z+ −Z− is the difference of the two values and is
independent of the presentation.

Step 3: comparison with the BFJ product for nef factors. Suppose Z and
the Ci are nef. Proposition 3.13 of [BFJ08] provides nef Cartier divisors Zk

decreasing coefficientwise to Z (the case Z = 0 is immediate). On a common
determination of Zk and the Ci, ordinary intersection theory computes the
BFJ product. Step 1 therefore gives

⟨Zk, C2, . . . , Cn⟩BFJ = (Zk)π · C2,π · · ·Cn,π.

The right side converges to the finite expression in (20): there are only
finitely many coefficients on Xπ, and they converge. By [BFJ08, Proposi-
tion 4.4], the left side decreases to the BFJ product with Z. This proves
agreement and also proves its finiteness in this case.

Step 4: comparison with the signed extension. For clarity, signed Cartier
factors can be decomposed on the same model. Fix an ample exceptional
H. For each Ci,π, openness of the ample cone implies that Ci,π+tH is ample
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when t is large: H + t−1Ci,π lies in a sufficiently small neighborhood of H.
Thus

Ci,π = (Ci,π + tH)− tH

is a difference of nef divisors determined on Xπ. Expanding the finite fixed-
model expression gives the alternating sum of the nef products from Step 3.
It follows that this expansion is independent of the decompositions and
agrees with the usual signed extension. This supplies the extension in all
Cartier variables, rather than assuming that a citation allowing one test
variable already covers every signed factor. □

Remark 3.7 (Scope of this pairing). The proposition allows exactly one arbi-
trary Weil factor. The other factors must be Cartier so that they pull back
from one common model. It does not define a finite multilinear product for
several arbitrary Weil factors. Nor does it identify the trace of a nef Weil
divisor with a nef Cartier divisor: such a trace need not be relatively nef.

Remark 3.8 (Mixed multiplicity). For primary ideals,

(21) −⟨Z(a1), . . . , Z(an)⟩ = e(a1, . . . , an).

This is formula (4.3) of [BFJ08], based on [Ram74, Ree84]. It is not logically
needed below, but explains why ideal multiplication supplies the polarization
data.

3.6. Generalized Lelong numbers as intersections.

Proposition 3.9 (The fixed-model Lelong formula). Let a be primary, and
suppose its Cartier divisor is determined on Xπ, with trace A = Z(a)π.
Then for every psh germ u,

(22) νφa(u) = −Z(u)π ·An−1 = −⟨Z(u), Z(a)n−1⟩.

No isolated-singularity assumption is imposed on u.

Proof. We keep the normalization of divisorial valuations explicit. On a
model where mo is principalized, put

bE = ordE(mo) > 0, vE = b−1
E ordE .

Thus vE(mo) = 1 and û(vE) = coeffE(Z(u)π)/bE . We may first take a higher
simple determining model so that the formula of [BFJ08, Proposition 4.9]
applies. That formula is

(23) MA(φ̂a) =
∑

E⊂Exc(π)

bE (E ·An−1) δvE .

Here δvE denotes the unit point mass at vE . There are n − 1 copies of the
weight in the Monge–Ampère measure. The sum is finite, and its coefficients
are nonnegative because A is relatively nef and restricts to a nef class on
each projective E. The relevant valuative function is that of A by (17).
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Theorem B of [BFJ08] gives, for a tame weight φ,

(24) νφ(u) =

∫
V
−û MA(φ̂).

Apply it to the tame weight φa and substitute (23). If zE = coeffE Z(u)π,
we obtain

νφa(u) = −
∑
E

zE
bE

bE(E ·An−1)

= −
∑
E

zE(E ·An−1) = −Z(u)π ·An−1.

This displays both the cancellation of the normalization factors and the
source of the minus sign. Every zE is finite; hence there is no subtraction of
infinite quantities.

If the given determination was not the simple model used above, push
down using proposition 3.6. Because A is Cartier and pulls back, the inter-
section is unchanged. This proves the formula on the original determination
as well. The last equality in (22) is precisely the definition of that pair-
ing. Equivalently, compatibility with the BFJ product follows from [BFJ08,
Proposition 4.6]:

(25)

∫
V
û MA(φ̂a) = ⟨Z(u), Z(a)n−1⟩.

□

Remark 3.10 (Analytic input versus finite-dimensional algebra). Theorem B
is the analytic input; its proof in [BFJ08] uses Demailly approximation. It
is not reproved here. Once (22) is established, testing with primary ideals
uses only finite intersections on their determining models. In particular,
non-isolated singularities of u do not prevent the use of the formula, even
though their valuative divisors need not be Cartier.

4. Strict relative Hodge separation

We need negative definiteness on the vector space of exceptional divisors,
not only negative semidefiniteness. The latter is the conclusion of [BdFF12,
Lemma A.2] for nef remaining factors. For the repeated ample factor needed
here, the stronger statement follows from an elementary matrix identity and
positivity on each exceptional prime. This avoids any use of a simultaneous
surface slice.

Lemma 4.1 (A matrix criterion). Let Q = (qij) be a real symmetric r × r
matrix. Suppose qij ≥ 0 for i ̸= j, and suppose there is a vector a =
(a1, . . . , ar) with ai > 0 and (Qa)i < 0 for every i. Then Q is negative
definite.
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Proof. Take any x ∈ Rr and write xi = aiyi, which is possible since ai > 0.
We claim the exact identity

(26) xTQx =
∑
i

ai(Qa)iy
2
i −

∑
i<j

qijaiaj(yi − yj)
2.

Indeed the first sum on the right is∑
i

qiia
2
i y

2
i +

∑
i<j

qijaiaj(y
2
i + y2j ).

Expanding the square in the second sum cancels its y2i +y2j terms and leaves

2
∑

i<j qijaiajyiyj . Together with the diagonal terms, this is xTQx.

If x ̸= 0, at least one yi ̸= 0. All coefficients ai(Qa)i in the first sum
of (26) are strictly negative, so that sum is strictly negative. The second
sum is nonnegative before its minus sign, because qijaiaj ≥ 0. Consequently

xTQx < 0 for every nonzero x. No connectedness assumption on the graph
of the nonzero qij is needed. □

Lemma 4.2 (Strict relative Hodge index). Let π : Xπ → (Cn, o) be a smooth
projective modification and let H be a relatively ample exceptional rational
divisor. Then

(27) QH(D1, D2) = D1 ·D2 ·Hn−2

is negative definite on Div(π). In particular,

(28) D ̸= 0 =⇒ D2 ·Hn−2 < 0.

For n = 2, the factor Hn−2 is omitted.

Proof. If Div(π) = 0, the assertion is vacuous. Otherwise enumerate its
prime basis as E1, . . . , Er. By lemma 3.1 write

H = −
∑
i

aiEi, ai > 0,

and set qij = EiEjH
n−2. Symmetry of intersection gives qij = qji. We

verify the two other hypotheses of lemma 4.1 separately.

Step 1: off-diagonal entries are nonnegative. For i ̸= j, the smooth ambient
variety makes Ei and Ej Cartier divisors with no common irreducible com-
ponent. Restricting a local equation of Ej to Ei gives an effective divisor
cycle, representing EiEj . It has dimension n− 2 if it is nonzero and is sup-
ported on the proper fiber over o. The restriction of H to every projective
component of this cycle is ample. Its top degree on a nonzero such compo-
nent is positive. For a rational H, multiply by an integer to make it integral
and divide the intersection number by the positive power of that integer. It
follows that

qij = EiEjH
n−2 ≥ 0.

For n = 2, this just says that intersections of distinct exceptional curves are
sums of nonnegative local intersection multiplicities.
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Step 2: a strictly negative weighted row sum. Multilinearity and the expres-
sion for H give, for each i,

(Qa)i =
∑
j

ajEiEjH
n−2 = Ei

(∑
j

ajEj

)
Hn−2 = −EiH

n−1.

The variety Ei is projective of dimension n− 1, and H|Ei is ample because
π(Ei) = {o}. Therefore EiH

n−1 = (H|Ei)
n−1 > 0. Positivity of the top

degree of an ample bundle follows, for example, by taking a very ample
power and computing the degree of its projective embedding; see [Laz04,
Chapter I]. Thus (Qa)i < 0 for every i.

Step 3: apply the matrix criterion to the divisor coefficients. For D =∑
i xiEi, the value D2Hn−2 equals xTQx. The primes are a basis of the

space of actual exceptional divisors, so D ̸= 0 means x ̸= 0. Lemma 4.1
gives strict negativity, proving the assertion. □

Remark 4.3 (The role of ampleness). The strict inequality EiH
n−1 > 0 is re-

quired for every exceptional prime. Replacing ample by nef may change some
of these numbers to zero, and the matrix proof then gives no strict inequal-
ity for the corresponding directions. This is why a semidefinite statement
alone would not prove separation. In dimension two the resulting assertion
is the classical exceptional-curve negativity of [Mum61]. In all dimensions
the argument above uses BFJ negativity for the signs of H, followed by the
explicit matrix calculation; it does not assume a higher-dimensional strict
Hodge theorem as an extra input.

Example 4.4 (Blowing up the origin). On BloCn, let E ≃ Pn−1 be the
exceptional divisor and take H = −E. Since O(E)|E = OPn−1(−1), if h is
the hyperplane class then

E2Hn−2 =

∫
E
c1(O(E)|E)c1(O(H)|E)n−2 =

∫
Pn−1

(−h)hn−2 = −1.

Thus the matrix is (−1), in agreement with the signs of the general proof.
The ampleness of H does not make the square of an exceptional divisor
positive.

5. Polarization of diagonal identities

Lemma 5.1 (Polynomial vanishing on a positive lattice). If a polynomial
P in r real variables vanishes at every point of Nr

>0, then P = 0.

Proof. We induct on the number of variables. For r = 1, a polynomial of
degree d which is not zero has at most d distinct roots, whereas the positive
integers give infinitely many. Now suppose the assertion is known for r − 1
variables and write

P (x1, . . . , xr) =
d∑

j=0

Pj(x1, . . . , xr−1)x
j
r.
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Fix arbitrary positive integers k1, . . . , kr−1. The resulting polynomial in xr
vanishes at every positive integer. The one-variable case says it is identically
zero, so each coefficient Pj(k1, . . . , kr−1) is zero. Since the first r−1 integers
were arbitrary, each polynomial Pj vanishes on the whole positive lattice in
r−1 variables. The induction hypothesis gives Pj = 0 for every j, and hence
P = 0. □

Lemma 5.2 (Polarization by products of ideals). Assume n ≥ 2. Let W be
a real Weil b-divisor, paired with Cartier factors as in proposition 3.6. If

(29) ⟨W,Z(a)n−1⟩ = 0

for every mo-primary ideal a, then

(30) ⟨W,Z(a1), . . . , Z(an−1)⟩ = 0

for all primary ideals ai.

Proof. Set r = n− 1 and Ai = Z(ai). For k = (k1, . . . , kr) ∈ Nr
>0, the ideal

a(k) = ak11 · · · akrr is primary and (14) gives Z(a(k)) =
∑

i kiAi. Hence

(31) P (k) := ⟨W, (k1A1 + · · ·+ krAr)
r⟩ = 0.

All the Ai can be determined on one model, since there are finitely many.
Formula (20) then shows that the expression is a finite polynomial with real
coefficients. In particular, no undefined product of several arbitrary Weil
factors occurs. By multilinearity,

(32) P (k) =
∑

α1+···+αr=r

r!

α1! · · ·αr!
kα1
1 · · · kαr

r ⟨W,Aα1
1 , . . . , Aαr

r ⟩ .

By lemma 5.1, this polynomial is identically zero. The coefficient of k1 · · · kr
is r!⟨W,A1, . . . , Ar⟩: each of the r! orderings selects every Ai once and sym-
metry makes their values equal. Every coefficient of the zero polynomial
is zero. Dividing this coefficient by r! > 0 proves the desired mixed iden-
tity. The case r = 1, or n = 2, is included: the coefficient is then simply
⟨W,A1⟩. □

Example 5.3 (Dimension three). For n = 3, put A = Z(a) and B = Z(b).
The diagonal identities for A, B, and A+B = Z(ab) give

0 = ⟨W, (A+B)2⟩ = ⟨W,A2⟩+ 2⟨W,A,B⟩+ ⟨W,B2⟩.

The first and last terms vanish, so ⟨W,A,B⟩ = 0. The general argument is
the degree-(n− 1) multinomial version of this calculation.

Proposition 5.4 (Extension to all Cartier tests). Assume n ≥ 2. Under
the hypothesis of lemma 5.2,

(33) ⟨W,C1, . . . , Cn−1⟩ = 0

for arbitrary Cartier b-divisors Ci.
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Proof. For each i, proposition 3.4 gives a finite expansion

Ci =

Ni∑
j=1

λijZ(aij)

with real coefficients, possibly negative. The pairing in proposition 3.6 is
multilinear without any sign restriction, so

⟨W,C1, . . . , Cn−1⟩ =
N1∑
j1=1

· · ·
Nn−1∑
jn−1=1

(
n−1∏
i=1

λiji

)
· ⟨W,Z(a1j1), . . . , Z(an−1,jn−1)⟩.

Every displayed mixed intersection vanishes by lemma 5.2. The sum has
finitely many finite terms; there is no convergence issue. This proves the
assertion, including for signed Cartier tests. □

6. Ample perturbations and the main theorem

6.1. Recovering a trace from diagonal tests.

Proposition 6.1 (Separation on a fixed model). Let W be a real Weil b-
divisor satisfying

(34) ⟨W,Z(a)n−1⟩ = 0 for every primary ideal a.

Then Wπ = 0 on every model, and consequently W = 0.

Proof. Fix a nontrivial model Xπ. The identity model has no exceptional
trace and requires no argument. Let Aπ be the cone of relatively ample
exceptional real divisors. By lemma 2.1, this is a nonempty open cone in
the finite-dimensional space Div(π). Define the homogeneous polynomial of
degree n− 1

Fπ(A) = Wπ ·An−1, A ∈ Div(π).

All coefficients of this polynomial are finite ordinary intersections on the
chosen model.

Step 1: vanishing on rational ample divisors. For A ∈ Aπ with rational
coefficients, choose m > 0 and a primary ideal a as in proposition 3.3. Both
mA and Z(a) are determined on Xπ and are equal. The hypothesis and
proposition 3.6 give

0 = ⟨W,Z(a)n−1⟩ = Wπ · (mA)n−1 = mn−1Fπ(A).

Since mn−1 > 0, this proves Fπ(A) = 0.

Step 2: vanishing on all real ample divisors. For any A ∈ Aπ, openness gives
a ball around its coefficient vector contained in the cone. Approximate that
vector by rational vectors inside the ball to get ample rational Ak → A.
Since Fπ is a polynomial, it is continuous; hence Fπ(A) = limk Fπ(Ak) = 0.
Only continuity on this fixed finite-dimensional space is used.
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Step 3: differentiation in an arbitrary divisor direction. Choose a rational
H ∈ Aπ and any real D ∈ Div(π). There is ε > 0 with H + tD ∈ Aπ for
|t| < ε; this follows from openness, also when D has mixed signs. Step 2
implies that the polynomial Fπ(H+tD) is zero on this interval. Its binomial
expansion is

(35) Fπ(H + tD) =
n−1∑
j=0

(
n− 1

j

)
tj WπD

jHn−1−j .

Its derivative at t = 0 must therefore vanish:

(36) 0 = (n− 1)WπDHn−2.

There is no interchange of a derivative and an infinite limit in this step: (35)
is a finite sum. The extension from rational to real ample divisors in Step 2
is what allows the direction D itself to have irrational coefficients.

Step 4: test in the direction of the unknown trace. Take D = Wπ in (36).
Since n− 1 > 0,

(37) W 2
πH

n−2 = 0.

The strict negative definiteness in lemma 4.2 implies Wπ = 0. For n = 2,
the same calculation reads W 2

π = 0; no H factor remains.
The chosen model was arbitrary. Alternatively, it is enough to run the

argument on a cofinal family and push forward to every other model. All
traces are zero, which is exactly the assertion W = 0. □

Remark 6.2 (What is actually differentiated). The derivative above concerns
the polynomial A 7→ WπA

n−1 on one model. It is not a derivative of the vol-
ume of a general filtration, nor of a Monge–Ampère mass along an arbitrary
path of psh germs. The integer multiples realizing rational ample divisors
as ideals may vary with A. They disappear by homogeneity in Step 1 be-
fore the derivative is taken. Thus a differentiable family of ideals is neither
constructed nor required.

6.2. The analytic conclusion.

Proof of theorem 1.1. The case n = 1 was proved at the end of the intro-
duction. We assume n ≥ 2 and prove each implication.

Step 1: (i) implies (ii). Equality of the Lelong numbers at all infinitely near
points implies, by (10), equality of every coefficient of Z(u) and Z(v). Hence
the two Weil b-divisors are equal. The associated formal psh functions are
then equal on the normalized valuation space by the BFJ correspondence
[BFJ08, Proposition 3.11 and Definition 5.2]; that is, û = v̂. For every tame
φ, Theorem B gives

νφ(u) =

∫
V
−û MA(φ̂) =

∫
V
−v̂ MA(φ̂) = νφ(v).

Integrability is part of that theorem, so the equality of integrals is legitimate.
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Step 2: (ii) implies (iii). For every primary ideal, the weight φa has an
isolated pole and a locally Lipschitz exponential. As checked in Section 3,
it is tame by [BFJ08, Lemma 5.10]. It is therefore among the tests allowed
in (ii), which gives (iii). The choice of generators does not matter by the
bounded-change argument.

Step 3: (iii) implies equality of valuative divisors. Set

(38) W = Z(u)− Z(v).

For each primary a, choose a common determining model for its divisor. The
fixed-model formula (22) gives two finite real numbers, and their difference
is

0 = νφa(u)− νφa(v)

= −Z(u)πZ(a)n−1
π + Z(v)πZ(a)n−1

π

= −⟨W,Z(a)n−1⟩.
These are exactly the hypotheses of proposition 6.1. That proposition gives
W = 0, hence Z(u) = Z(v).

Step 4: recover condition (i) and the stated consequence. For any infinitely
near point p on a smooth model, blow up p and compare the coefficients along
its exceptional divisor. Equality of Z(u) and Z(v) and (9) give equality of
the ordinary Lelong numbers at p. Thus (i) holds. We have proved the cycle
(i)⇒(ii)⇒(iii)⇒(i). Finally, BFJ Theorem A already identifies its conditions
(1), (2), and (3), and shows that they imply (4). Our implication (ii)⇒(i) is
precisely the missing implication (4)⇒(1) in that formulation, proving the
final assertion. □

Remark 6.3 (The polarization proof gives the same separation). There is
also a direct completion using Section 5. From the same diagonal identities,
proposition 5.4 gives ⟨W,C1, . . . , Cn−1⟩ = 0 for all Cartier tests. On a fixed
model choose C1 = Wπ and take the remaining n − 2 factors to be H.
Formula (20) then gives

⟨W,Wπ, H
n−2⟩ = W 2

πH
n−2 = 0.

Lemma 4.2 again forces Wπ = 0. For n = 2, the original diagonal identity is
already linear and no polarization is necessary. The two proofs differ only
in how they obtain the mixed test: polarization expands products of ideals,
whereas the main proof differentiates a polynomial on the ample cone.

Remark 6.4 (Inputs and limitations). The local positivity input is [BFJ08,
Propositions 2.2 and 2.4]; the analytic input is its Theorem B together
with nefness of Z(u). The finite-atomic formula in its Proposition 4.9 turns
the ideal tests into fixed-model intersections. Relative generation of ample
multiples then supplies an open cone of tests. The strictness needed for
separation is proved in Section 4 by an explicit matrix identity. Neither the
existence of a fundamental solution for the formal Monge–Ampère operator
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nor a surface-slicing assertion is assumed. The conclusion is equality of val-
uative transforms; it does not claim u− v = O(1), or equality of generalized
Lelong numbers for arbitrary non-tame weights.
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