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Abstract

We construct explicit Green sublevel families that give three counterexamples for higher order and p-
Bergman kernels. First, the logarithm of a higher order Bergman kernel need not be convex along the scaled
Green sublevel sets, answering a question of Blocki-Zwonek in the negative. Second, the monotonicity of
higher order p-Bergman kernels along those families fails for every p > 2, although it is known for 1 < p < 2.
Third, the natural L? analogue of Guan’s concavity theorem for minimal L? integrals fails for every p > 2.
The constructions are based on the domains

D i={xeC: |z|" <|1—qz"|},

whose Green functions, sublevel sets, and relevant extremal problems admit explicit reductions to weighted
spaces on the unit disk.
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1 Introduction

Let D C C" be a bounded pseudoconvex domain and let w € D. The Bergman kernel of D at
w is defined by

Kp(w)i=swf () £ o), o= ([ 11Pa)" <1},

where dA denotes the Lebesgue measure. Following [1], for a homogeneous polynomial H of degree
k, H(z) = 3 | j=k a2, we write P (f) := 3, =) aaD* f, and we define the higher order Bergman
kernel

KB () i=sup{[Pu(£)(2): £ €OD), f9() =00 <) <h), [flp<1}.

In dimension one, H(z) = z* and Kf,k (z) will also be denoted by Kgc)(z).
Let Gp(-, w) be the (pluricomplex) Green function of D with pole at w, and assume w = 0. For
a < 0 we denote
Dy :=e"*{Gp(-,0) < a}.

The main theorem of [1] asserts that a — Kf; (0) is non-decreasing, and it is noted that

Kga (0) _ 62(n+k)aKg;D(.,0)<a}(0)-

1.1 The convexity question of Blocki—Zwonek

The main theorem of [4] also motivates the following question raised in [4, Remark 3].
QUESTION 1.1 (Blocki-Zwonek, [4, Remark 3]). Is the function
(—00,0] 3 a+— log Kf_(w)

convez, as it is in the case H =17

The convexity in the case H = 1 follows from Berndtsson’s theorem on the plurisubharmonic
variation of Bergman kernels (see the final remark in [2]). Our first result shows that Question 1.1
has a negative answer in general.

THEOREM 1.2. For Q > 1 sufficiently large set ¢ :== 2Q) and
D.:={z€C: [2]? < |1 —¢?}.

Then D, is a domain in C (indeed C minus two disjoint Jordan regions, hence unbounded and
doubly connected), 0 € D.., and with H(z) = 25 the function

(—00,0] 3 a+— log Kfp,, (0)
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is not convex. More precisely, for
a_ = —log?2, ag = —% log 2, at =0,

so that ag = (a— + a4)/2, we have
ZG 1 26 26
log K(Dc)ao (0) > 5 (log K(Dc)a7 (0) + log K(Dc)a+ (0)) s

and the difference is
3 —4
610° +0(@7) (@ — 00).

The proof of Theorem 1.2 is divided into three steps, each of independent interest:

1. an explicit formula for the Green function of D, and the observation that the scaled domains
(D.)q are again of the same form (Subsection 2.1);

2. an exact reduction of the extremal problem defining K f;q (0) to the third Taylor coefficient
functional on a weighted Bergman space of the unit disk (Subsection 2.2);

3. arigorous asymptotic expansion of the associated infinite Gram matrix, valid up to order ¢—4,

which yields the precise size of the convexity defect (Subsection 2.3).

1.2 Monotonicity fails for p > 2

Recall that for p > 0, a homogeneous polynomial H of degree k, and a domain D C C"
containing the origin, the higher order p-Bergman kernel we define the higher order p-Bergman
kernel by

K2(0) = sup{|Pu(£)O) s 1 €O(D), f9©0)=0(0=j<k), Iflnm <1}

We also recall that D, := e~ *{Gp(-,0) < a} for a < 0. The main theorem of [1] asserts that, for
p=2,
(—=00,0] 3 a+— Kg;p(()) is non-decreasing.

In [7] this was extended to all p € [1,2]: by [7, Theorem 1.7] one has Kg’p(z) = infeeg, Ke pp(2)
for p > 1, while by [7, Theorem 1.8] the functions

(—00,0] 3 a — log K¢ (¢ (-0)<a}p(0)

are convex and the functions

(—O0,0] S a+—— 6(2n+pk)aK€’{GD(.’0)<a}’p(0)

are non-decreasing for p € (0,2]; combining the two results, [7, Corollary 1.10] yields the mono-
tonicity of a — Kgap (0) for every p € [1,2]. Since the two ingredients have complementary ranges
(p > 1 for the inf-min identity and p < 2 for the convexity of the p-Bergman kernels with respect
to £), it is natural to ask whether the monotonicity persists in the two remaining regimes p € (0, 1)
and p € (2, +00).

This construction also answers this question in the negative for every p > 2. The simplest
instance, treated in detail below, uses again the domain D, and the polynomial H(z) = 25 of
Theorem 1.2 and covers p > 3; the full range p > 2 is then reached through the r-fold symmetric
families of Theorem 1.4.
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THEOREM 1.3. Let p > 3 and H(z) = 25. Then there is a constant ¢ > 1 such that, with Dy =
(Dc)flog cy . .
K52 (0) > K357(0).

Consequently the function
6
(—00,0] 2 a+— K(ZD’CP)G (0)

is not non-decreasing. More precisely, there are constants 0 < ¢, < C, < +00, depending only on
p, such that for every q > 8,

g P < K;qup(o) < Cpg~ @3,

while
6

. .6 (61)P(6p +2) L6 R
lim K}, *(0) = ——— =K} ?(0) = KID;p(O) (0),

q—0+ a 2w
where D is the unit disk and Ip_(0) is the Azukawa indicatriz of D. at 0.

THEOREM 1.4. For every p > 2 there is an integer r > 2/(p — 2) with the following property. For
every integer m > 1, with H(z) = 2™ and

Dgr) ={zeC: |z|" <|1-qa"|},

there are constants 0 < cpr.m < Cprm < +00, depending only on p,r,m, such that for every g > 8,

T

Cp,r,m q_(p_2_2/r) < K;y)’p(o) < Cp,r,m q_(p_2_2/r)»

while » )
i 1057 9(0) = e +2)
q—0 q s

Consequently, for every sufficiently large ¢ > 1, with Di;)c = (Dy)) one has

—2loger

KzDiv;)’p(O) > KZDgrS’p(O)a

and the function a — KZ;TT’% (0) 4s not non-decreasing.

Thus the monotonicity part of the Blocki-Zwonek and Bao—Guan—Sun results has no analogue
for any p > 2. For the family D, of Theorem 1.3 the borderline exponent ¢>~* flips sign exactly
at p = 3; the r-fold families of Theorem 1.4 push this threshold arbitrarily close to 2 by taking
r > 2/(p—2) large. The limiting comparison with the Azukawa indicatrix, however, still holds with
equality for all these families. The regime p € (0, 1) remains open.

1.3 The L? concavity of minimal integrals fails for p > 2

Following [5], let D C C™ be a pseudoconvex domain containing the origin o, let I be an ideal
of O,, and let (F,0) € O,. The minimal L? integral of D is

Cri(D) = mf{/D F?: (F—Fo)el, Fe O(D)}.
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Guan [5] established a concavity property of the minimal L? integrals on the sublevel sets of a
plurisubharmonic function: if ¢ is a negative plurisubharmonic function on D with ¢(0) = —o0o,
and

G(t) == Crzp,({p<—-t}nND), t>0,
where Z(p), denotes the multiplier ideal of ¢ at o (the ideal of germs f € O, with |f|?e~% locally
integrable near o), then G(0) < +oo implies that G(—logr) is concave in r € (0,1]. This concavity
has been a basic tool in the characterization of the equality cases of the optimal L? extension
theorem and related sharp extension problems.

The monotonicity results of [4] and [7] for the higher order p-Bergman kernels along the Green
sublevel sets, recalled in the previous subsection, are the kernel-side counterparts of this structural
property. In their spirit, it is natural to ask whether the LP analogue of Guan’s concavity holds:
for p > 0 define the minimal L? integral

| 2

Crip(D) = inf{/D FP: (F—Fo)el, Fe O(D)},

set
Gp(t) == Crz(p),p({o < -t} N D), t>0,
and ask whether G,(0) < 400 implies that G,(—logr) is concave in r € (0,1]. For p = 2 this is
exactly Guan’s theorem.
This construction also answers this question in the negative for every p > 2: the r-fold families

Dl(lr) and the polynomial H(z) = 2" of Theorem 1.4 are transplanted into the minimal L? integral
setting through the multiplier ideal of the Green function.

THEOREM 1.5. Let p > 2, let r > 1 and m > 1 be integers, and set k :=rm. Fiz c € (0,1), put
D:=D{ = {zeC: |z]" <]l —ca"|},

which is a bounded pseudoconvexr domain containing 0, and define

k
o =2k +1)Gp(-0),  Fla)= 7,
where Gp(-,0) is the Green function of D with pole at 0. Then G,(0) < 400 and, as p — 07T,
27 pk +2 k(p—2)
—1 ~N—_—— M = = 1.
Gr(=loen) ~ Gt P P T a4 Skt 1)

Consequently Gp(—logp) is not concave in p € (0,1], and the LP analogue of Guan’s concavity
theorem fails for every p > 2.

The exponent p makes the threshold p = 2 visible: for p = 2 one has p = 1, and the asymptotic
is the linear growth compatible with Guan’s concavity; for 0 < p < 2 one has p < 1, so the same
construction produces no contradiction, and the question remains open in that range. The proof is
given in Section 4.

2 Non-convexity of the logarithm of a higher order Bergman
kernel

The proof of Theorem 1.2 is divided into three steps, which are treated in the next three
subsubsections.
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2.1 The Green function of D. and the scaling law

Throughout this subsubsection we write D := {z € C: |z| < 1}.

PRrROPOSITION 2.1. Let ¢ > 0 and

22

T 1o
Then the domain D. = {|F.| < 1} satisfies 0 € D., and the mapping

F.:D.— D\ {-1/c}

F.(2):

is proper of degree 2, vanishing to order 2 at 0. Consequently the (negative) pluricomplez Green
function of D, with pole at 0 is

1 1
Gp.(z,0) = 510g|Fc(z)| =log|z| — 510g|1 —c2?|.
De = {|Fe| <1} DA\ {-1/c}

\_/ o U/ - "1/ 0
-1/ve 1/

(=1
OD. : |z =1 — ¢2?|

Figure 1: The domain D, = {z € C : |2|?> < [1—cz?|} in the z-plane (shaded; the two complementary
components surround the poles +1/,/c and the boundary is |2|> = |1 —c2?|) and its image F.(D.) =
D\ {—1/c} in the &-plane. The map F, is proper of degree 2 with F.(0) = 0 (a double zero) and
F.(c0) =—1/c.

Proof. The identity D. = {|F.| < 1} is immediate from the definitions. The rational function F,
is holomorphic on D,: the poles ¢~/ are not contained in D., since |F,| — 400 near them. The
equation F.(z) = & reads 22 = £(1 — c2?), i.e. 22 = £/(1 + ¢£), which has two solutions for every
£ ¢ {—1/c,00}, so F. is proper of degree 2 and F,1(0) = {0}, with multiplicity 2 at 0.

The last multiplicity statement is essential here: the pullback formula for a general proper map
would contain a pole at every point of F,1(0). In the present situation

U(Z) = %G]D)\{—l/c} (Fc(’z)a O)

is negative harmonic on D.\ {0}, vanishes at the regular boundary, and satisfies u(z) = log |z|+O(1)
at 0. By uniqueness it is Gp_(z,0). Removing one point does not change a planar Green function,
because a singleton is polar; see, for example, [3, Chapters 4-5]. Thus Gp\ {1/} (£,0) = log|],
and the displayed formula follows. |
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For a < 0 we use the notation of [4]:

(De)a :=e"*{Gp,(-,0) < a}.

2¢ we have

PRrROPOSITION 2.2. Fora <0 and q := ce
(De)oa=Dg:={zeC: |z> <|1—q2®|}.

Proof. By Proposition 2.1, Gp_(2,0) < a is equivalent to |F.(z)| < e2*. Writing z = e%x, we have

a _ J2a
Fe(e'a) = e =
with ¢ = ce?®. Hence |F.(e%z)| < €2® is equivalent to |F,(z)| < 1, i.e. z € Dy. Since (D.), = {x :
e’z € {Gp,(+,0) < a}}, the claim follows. [ |

Since logg = logc 4+ 2a is affine in a, the convexity of a — log K(ch)a(()) is equivalent to the

convexity of s +— log K f,is (0) in s = log¢q. We shall therefore study the family D,, ¢ > 1.

2.2 Reduction to a weighted Bergman kernel on the unit disk

For ¢ > 1 we abbreviate K, := Kffq (0). Since Dy is invariant under  — —z, the sixth derivative
at 0 only sees the even part of a holomorphic function, and we may restrict to

flz)=g(z®), geOU,),

where

1
Ug:={yeC: \y|<|1—qy|}=<C\B(q%1’qzi_1>

is the image of D, under the two-to-one map y = x2.

We record the elementary facts used below.
LEMMA 2.3, Letp > 1, v > 2, and let ® be holomorphic on a punctured disk 0 < |z| < 4. If

[ @PEaae) < 4.
|z|<8

then ® extends holomorphically across 0 and

-2
ordg® > L.
p

Proof. Put
1

My(s) == o

2w )
/ |®(se™)|P db.
0
The hypothesis says that f06 M,(s)s'™7ds < +oo. Consequently there is a sequence s, — 0 such
that s27Y M, (s,) — 0. If ®(2) = > ._, a;27 is its Laurent expansion, Cauchy’s formula and Holder’s
inequality give, for every n > 1,

JEZ

a_p| < s"M,y(s,)/? = (s?f'yMp(sl,))l/psg'*‘(’y—?)/p o

Hence all negative Laurent coefficients vanish. If m = ordy®, then the integrand is comparable to
|z|P™~7 near 0, and its area integral is finite precisely when pm + 2 — v > 0. |
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e Y
\_J o U/ )1 0 221
-1/\/4 1/va '
dD, ¢ |z|? = |1 — q2?| Uy« |yl =11— gyl
- Yy
1.1V T
D\ {-1/q}
—1/q 0
=1

Figure 2: The domain D, = {z € C : |z]? < |1 — ¢2?|} in the z-plane (shaded; the two com-
plementary components surround the poles +1/,/q), its image U, = {y € C : |y| < |1 —qy|} =

C\ B(q/(q2 —-1),1/(¢% - 1)) in the y-plane under the two-to-one map y = 22, and the unit disk
D\ {—1/¢} in the ¢-plane obtained via the Mébius map ¢ = y/(1 — qy) (1 :1).
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LevMA 2.4, With the notation above, the following hold.

(i) For f(z) = g(a?), | iA)
_ Y
sy = 5 ) lo G
(ii) The conditions f(0) = f'(0) = --- = f®)(0) = 0 and f©(0) = 1 are equivalent to
1

g(y) = bsy® + O(yh)  (y —0), bs = -

(i1i) Under the Mébius transformation

y Y= ¢
1—qy’ 1+q¢’

which maps U, biholomorphically onto D\ {—1/q}, the square integrability of |g|*/|y| forces
9(y(Q)) to extend across and vanish at ( = —1/q. Hence there exists h € O(D) with

g(y(Q)) = (1 +qQ)h(C),

2 2 )
1122, /' |<||1+q<|

(iv) In the variable ¢, the normalization by = 1/6! becomes

=

and

MO = 5¢*+0(cH)

Proof. (i) The map y = 22 is two-to-one from D, onto Uy, and dA(y) = 4|z|?dA(z) = 4|y| dA(x),
whence dA(z) = dA(y)/(4|y]).

(ii) Writing g(y) = >, 50 gm¥y™, we have f(z) =, gmz®™; the first six derivatives vanish at
0iff g9 = g1 =92 =0, and f(ﬁ)(O) =6!g3.

(iii) The Mobius map is a biholomorphism between U, and D\ {—1/¢} because y = ¢/(1 + ¢()
and

1—qy= ly| <1 —qyl <= I¢] < 1.

1
1+qC’
Near (p := —1/q one has y ~ —1/(¢*(¢ — (p)) — oo. The function ®(¢) := g(y(¢)) is therefore
initially holomorphic only on a punctured neighborhood of (. Before any factorization, the change

of variables gives
dA 1 [2(Q)?
)|? =— | —>——dA(({).
3 [P =5 [ it 40

Since |¢| is bounded above and below near (p, Lemma 2.3 with (p,~) = (2,3) shows that ® extends
across (o and vanishes there. Thus h = ®/(1 + ¢(¢) is holomorphic on D. The change of variables
y = ¢/(1 4 ¢C) has Jacobian dA(y) = |1 + tJCI *dA(C), and Iyl = 1+ q¢¢l/I¢], so

1 2 2
2/U 1 |y\ /' | |<||1+q<|

q

(iv) From y = ¢ + O(¢?) we get g(y(¢)) = g3¢> + O(¢*); dividing by (1 + ¢¢) does not change
the leading term. ]
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We now introduce the infinite Gram matrix. For ¢,j > 3 set

¢ic’
iJ = = dA )
Miy(@):= | T gg 40

and let K3(q) := (M(q)_l)33 be the (3, 3)-entry of the inverse of the infinite matrix M(q) (which
is positive definite on the space of holomorphic functions h with [ |h[?/(|¢||1 + ¢¢]) dA < o0).

ProrosiTiON 2.5. For every q > 1,
K, = Kp, (0) = 2(61)° Ks(q).
Proof. By definition,
Kt =min{||f |3, : £ €ODy), FP0)=0(0<j<6), FO0) =1}.

By Lemma 2.4 this equals

1 dA 1
ming = [ |hP—————: h e O(D), h(¢) = = +0(¢H)t.
{5 [ (D), h(¢) = 5:¢*+0(c))
Writing A(¢) = 543 + Zm24 ¢mnC™, the minimum over the higher coefficients is
1

2(61)2(M(q)~1) 4y

and taking the reciprocal gives the claim. ]

2.3 Asymptotics of the Gram matrix
Set € := 1/q and A(e) := qM(q), so that
=i
_ [ <<y,
p ICI[¢ + el

We write D = diag(w/3,7/4,7/5,...), and for the off-diagonal terms we use the convention that
Bi,i+1 = Bi+17’i for ¢ > 3.
PROPOSITION 2.6. The matriz function A(e) admits the expansion

Aij(e) A(C), i,j > 3.

A(e) = D+eB+&2C+E + O(e")

in the sense of bounded quadratic forms on the Hilbert space {h = (3v : v € L3} (D)} with norm
[ |r|?[¢|72dA. The nonzero leading terms are

T .
Dz‘iz? Biit1 =Bz‘+1,i=—5, Cy = 01y 1> 3.
Consequently, for e > 0 sufficiently small,
3 1
(Ae)™1)yy = = — ="+ 0(e")
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Proof. Write h(¢) = ¢(3v(¢) and denote the Hilbert norm in the statement by |h|lz. We first
record the elementary estimates

/D lv[2dA < 3 / oPIt A= 31 s (@) < Clh (21)

I¢I<1/

Indeed, both follow by writing v = 3, v;¢? and using

/\v|2dA:7rZ ol g, =7y l”
D Jj+1 Jj+3

j=0 j>0

together with Cauchy—Schwarz for the supremum estimate.
On the outer region || > 2¢, Taylor’s formula gives, through third order,

11 26Re( | e \71/2

ra- gt e i)
_ 1 eRe¢ 23(Re()? — [¢]? 3R 0 i
T T wg RO+ o(E)

where |R3(¢)| < C|¢|~%. After multiplication by the additional factor ||~ in A(g), the fourth-order
remainder is bounded by Ce?|¢|~6. Hence (2.1) gives the uniform quadratic-form estimate

054/ o] dA < O |h|[2,.
D

It remains to justify that the inner disk does not alter these coefficients. On |(| < 2e, the
substitution ¢ = es and the second estimate in (2.1) give

QP - o
— 27 _dA < Ce®||lh dA(s).
/M [eTlC 1o “4¢) = <7l ””/.s<2 PESTRRL

Each of the Taylor terms of orders 0, 1,2, 3, integrated over the same disk, is likewise O(£%)||h|3,.
This proves the asserted expansion in bounded quadratic-form norm, with a bounded third-order
form E whose entries are not needed below.

The angular Fourier integrals give

27 27 2w
/ eid@ do = 27r5d0, / Cosgeiodg =, / (3 COS2 0 — 1)d9 =T,
0 0 0

which yield, after the radial integration,
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The first-order off-diagonal entries of B with |i — j| # 1 vanish by angular orthogonality.
The form D is exactly || - ||%,, so it is coercive on H. The bounded-form expansion therefore
implies, for small |¢|, a convergent Neumann expansion (see, for example, [6, Chapter IV])

At =D'—eD'BD ' +(D'BD'BD ™ = D'CD ) + 3T + O(e*)

for some bounded operator T'. Since D is diagonal, the second-order contribution to the (3, 3)-entry
receives only the diagonal term Cs3 and the unique off-diagonal path 3 — 4 — 3, so that

3 B? C
A =2 2( 34 Ls3
( )33 7r+5 D§3D44 D32)3

_3 2 (/6) _ /8 o4
=+ (s ~ war) O
= % — %62 +O(eh).

)+0@ﬂ

There is no third-order term: the transformation ¢ — —( unitarily identifies A(e) with A(—e¢), while
the coefficient functional is unchanged, so the expansion of (A_1)33 contains only even powers. l
Combining Proposition 2.5 with Proposition 2.6 gives the asymptotic law for the kernel.

COROLLARY 2.7. As g — 00,

1y — 3q 1 -
Ks(@) = (™) )y = (1= 32 +0),
and therefore, with Cy := log(2(6!)? - 3/7),
log KZDGQ (0) =Co+logg — g +0(q™%).

2.4 Proof of the main theorem
Proof of Theorem 1.2. Let Q > 1 and ¢ = 2Q). By Proposition 2.2, the three values
a_ = —log2, aoz—%logZ, ar =0
correspond to
- =5 q = Q, q+ = 20Q.

Since ap = (a— 4+ a4 )/2 and log g = log ¢ + 2a is affine in a, it suffices to prove
25 1 26 26
1%K%my50%K%m@+my%m@)>o
for @ sufficiently large. By Corollary 2.7, the terms Cj cancel, and so do the linear terms log g:

log Q — %(log(Q/Q) + log(2Q)) =0.

The remaining contribution is

313 (g + 1)) T 0@ = g HO@ ) >0

for @ large enough. This proves the strict midpoint inequality, hence the failure of convexity. W
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REMARK 2.8 (A different convexity question). We recall that Blocki and Zwonek also conjectured
in [3] the convexity of the area function t — log \({Gaq,w < t}); counterezamples on annuli were
found numerically in [1] and proved in full generality in [3]. That conjecture concerns the volume
of sublevel sets and is unrelated to Question 1.1, which concerns the Bergman kernel.
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3 Monotonicity of higher order p-Bergman kernels fails for
p>2

In Sections 3.1 to 3.5 we treat the family D, of Theorem 1.2, which yields the counterexample
for p > 3; the full range p > 2 is then reached in Section 3.6 by the r-fold symmetric families.

Throughout Sections 3.1 to 3.5, p > 3 is fixed, ¢ > 1, and we use freely the notation of
Section 2. By Proposition 2.1 and Proposition 2.2, (D.), = Dy with ¢ = ce?®, so the monotonicity

of a — K(Z;’Sa (0) is equivalent to that of g — Kf;q’p(O).

3.1 Reduction to a weighted A” problem on the disk
For f € O(D,) write
f(@) = ge(@®) + 2go(2?),  ger90 € O(U,),

with Uy as in Subsection 2.2. Since ¢ > 1, the domain D, is unbounded and contains a neighborhood
of co. It is important not to assume that an arbitrary function holomorphic on D, is holomorphic
at co. Instead, suppose that f € LP(D,), as in the extremal problem. Because p > 3 > 1, its even
and odd parts are separately in LP(D,). With (o = —1/¢ and ®.(¢) := g.(y(¢)), the changes of
variables 22 = y and y = (/(1 + ¢¢) show, near (y, that

[1200PIc - ol 2 dA(0) < +o0.

For ®,(¢) := g,(y(C)), the extra factor |z|P = |y|P/? gives instead

/ 1B0(O)[PIC — ol P/ dA(C) < +oc.
Lemma 2.3 gives

2
Both orders are therefore at least one. Consequently, in the variable ¢ = y/(1 — qy) of Lemma 2.4,

9¢(y(€)) = 1+ q)he(C),  9o(y(C)) = (1 4+ aC)ho(C),

for some he, h, € O(D), because y = oo corresponds to ( = —1/q.
LevMA 3.1, With the notation above, the following hold.

1 1 1
ord¢, ®. > P ord¢, @ > - + s

(i) The jet conditions fU)(0) =0 for 0 < j < 6 and f©(0) =1 are equivalent to
3

hE(C) = a + O(C4)7 ho(C) = O(C?))

(ii) For b:=\/C/(14 qC), one has

p—3
[ urpan=1 [ Qs onp + i - on ) S
D

dA(Q).
o, ic| ©)
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Proof. (i) follows exactly as in Lemma 2.4, since y = ¢ + O(¢?). For (ii), the map z — y = 22

is two-to-one from D, onto U, with dA(y) = 4|z|?dA(z) = 4]y|dA(z), and the two preimages of
y contribute |ge(y) £ wgo()|P, w? = y. Since w = /L F40) and dA(y) = |1 + g¢|~dA(Q),
lyl= = [1+ qC|/|¢], we obtain

1 3
1P aa= 3 a4 bhal + = o)L+ 616l 4A(),
q
with b := /(/(1 + ¢¢), which is the claimed formula. |

For p > 1 the function C 3> z — |2|P is convex, so Jensen’s inequality gives pointwise

(Ihe + bhol? + |he — bho|?) > |he?,

NN

and the odd part of f can only increase the LP norm. Hence the infimum defining Kf)ﬁq’p (0) may be
taken among even functions, and by Lemma 3.1,

K3 7(0) = 261" M(g) ™,

where 1 & 5
s + P . _
M(q) == mf{/D hp S dAQ) s he O(D), hy = 1},

and hs denotes the coefficient of ¢? in the Taylor expansion of h at 0. For p = 2 this is exactly the
reduction of Lemma 2.4 and Proposition 2.5: the weight |1 + ¢¢|P~3|¢|~! becomes |1 + q¢|~1¢| 7.

3.2 Lower bound

Take ho(¢) = ¢3/6!, which corresponds to the even admissible function

B 1,6(1 _ ql,2)74

fq(z) - 6' )
because 1+ q¢ = (1 — qy)~! and g.(y) = »>(1 — qy)~*/6!. By Lemma 3.1(ii),

1

- - m(1+q)P?
[, 1 aa = s [ 167 a2 aa (o) <

~(6)PBp+ 1)’

since p > 3 gives |14 ¢¢[P~? < (14 ¢)P~3 and [}, [¢|*?"'dA = 27 /(3p + 1). Therefore

G S N () (G Ry

Z67p
Kb, (0) = T(l+qp=3 =7 ’ v T2p=3

for ¢ > 1.
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3.3 Upper bound by duality
By homogeneity,

M@t =sup{Jhal? s [ hpw,da <) <o,
D

where w,(¢) := |1 + ¢¢[P73|¢|7! and ¢(h) := hs on the weighted space AP(D,w,). Fix (o with
|¢o] = 1/2. Since |h|? is subharmonic for p > 1,

16
h(Go)lP < 20 / Ihf? dA.
B(¢o,1/4)

™

On B((o,1/4) C D we have || < 3/4, and for ¢ > 8,
q\r?
(5)

12 /q —(p—3)
P q P
|h(Co)|” < - (8) /D|h\ wy dA.

h(¢)¢*d¢, we have |hs| < 8 max¢|=1/2 |h(¢)|. Thus

o) < 8(%)1/1’(%)‘(9—3)@7

ol i

Lhaclzalcl =125 w02

Hence

Since h3 = (27i)~! flC|:1/2

and consequently
24(6!)r82r—3
Kzfiq,p(o) < Cp qf(;nf?))7 Cp — ( )ﬂ_ )

3.4 The limit as ¢ — 0

For 0 < ¢ < 1 we compare D, with disks. If |z|?> < 1/(1 + g), then (1 + ¢)|z|*> < 1, whence
|z|> < 1 —g|z|* < |1 — q2?|; conversely, if x € D,, then |z|*> < |1 — ¢gz?| < 1 + g|z|?, whence
|z < 1/(1 — q). Hence

D(o, (1+ q)*l/“') cD,C D(O, (1- q)*1/2).

Since the kernel is non-increasing under domain inclusion and ng(’é’ m)(0) = R_(6p+2)K§6’p (0) by

rescaling, with
(61)P(6p +2)

ZG
K]D) ? (0) = o ’

we get

617 (6p + 2)

(1 - gt (G -+2)

6
< KE7(0) < (14 g+
o — "Dy (0) = ( + q) o1 )

and K37 (0) — (61)7(6p +2)/(2r) as g — 0%
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3.5 Proof of Theorem 1.3
By Subsections 3.2 and 3.3,

epa P < KRT(0) < GV, g >,

S0 KZDBq’p(O) — 0 as ¢ — 0o, while Subsection 3.4 gives KEGq’p(O) — (61P(6p+2)/(2m) > 0asq— 0*.
Choose ¢ > 1 so large that C,e™P=3) < (1 — ¢=1)3P+1(61)P(6p + 2)/(27). Then

ne 2
Kgﬁ’p(O) < C«pcf(pfli) <(1- 071)3p+1 (6! (26p—|- )
¢ ™

6
< K57 (0)
By Proposition 2.2, Dy, = Dee2e with a = —loge, i.e. Dy/. = (D¢) - 10gc, While D. = (D.)o. Thus
—loge < 0 but KZP (0) > KZP (0), and a KZP (0) is not non-decreasing. This proves

(Dc)flogc (DC)U (Dc)a
the theorem.

Finally, the Green function formula of Proposition 2.1 gives Gp_(z,0) = log|z| + O(1) near 0,
so the Azukawa indicatrix of D, at 0 is the unit disk D, and the limit

. 2%.p _ (6!)?(6p+ 2) o 2%p
S, K" (0) = =5 = i) (0)

holds with equality.

3.6 Extension to every p > 2 by r-fold symmetry

Fix integers r > 2 and m > 1, set H(z) = z"™, and consider
D,(JT) ={zeC: |z|" <|1—qgz"|}, qg>1

The map

.TT

Fy(x):

- 1—qax"
maps Dt(f) properly, r-to-one, onto D \ {—1/¢} and vanishes to order r at 0, so the Green function

of D{") with pole at 0 is
G i (,0) = + log | Fy ()| =log o]~ log |1 — ga],
and, exactly as in Proposition 2.2,
(DM)a =D, g =cem™

From now on assume p > 2 + 2/r, which is exactly the regime used in the counterexample
below. Let f € O(D{)) N LP(DL") satisty £@)(0) = 0 for 0 < j < rm and f™(0) = 1, and let
w = e*™/" Averaging f over the r-th roots of unity,



Monotonicity of higher order p-Bergman kernels fails for p > 2 18

we get fo(wz) = fo(z), hence fo(z) = g(a") with g € O(Uy). Convexity gives || foll» < |||+, and
since wﬂm = 1, the average fy satisfies the same jet conditions as f. Thus the extremal problem
for K* m P(0) may be restricted to r-fold symmetric functions. Put ®(¢) := g(y(¢)) and {, = —1/q.

The ﬁrst integral in (3.2), derived just below, shows near (, that
[12)pIc = G-+ da() < +oc.

Since p > 2 4 2/r, Lemma 2.3 implies ord¢,® > 2/(rp), hence ord¢,® > 1. Therefore g(y(¢)) =
(14 ¢¢)h(¢) with h € O(D) and h(¢) = ¢™/(rm)! + O(¢™ ).

Since dA(y) = r?|z|> ~2dA(x) = r?|y|*2/"dA(x) and every y has exactly r preimages, each
contributing |g(y)|?, we obtain

/Dg;» |f|pdf4=%/U 9P [y1*/"—2 dA(y /Ih WPIC/m=2 1 4 qCP~22m dAC),  (32)

using dA(y) = |1+ ¢¢|~*dA(C) and |y|*/7=2 = |¢[*/"=2|1 + ¢¢|*~2/". Therefore

B
D"

P0) = r(rm)I? M(q)~),  M(q) := inf{/D|h|qu dA: he OD), hy = 1},

where w,(¢) = |¢|?/" 2|1 + ¢¢|P~272/" and h,, is the coefficient of (™. This is the natural r-fold

analogue of the reduction of Section 3.1; for r = 2, m = 3 it recovers Theorem 3.1 with H(z) = 25.
Lower bound. Set f:=p—2—2/r > 0. Take ho(¢) = ¢™, which corresponds to the symmetric

admissible function

me(l _ qxr)—(m-‘rl)

Ja(e) = (rm)!
Since [1+¢q¢| <1+ qon D and [j[¢([P™F2/"=2dA = 21 /(pm + 2/r),
_ 27(1+ q)?
M(q) < pm2/r=211 4 g¢|PdA < T
o< [1d 1+ acpfaa < ST
hence ()P 2/r)
Lrm r(rm)¥(pm + 2/r —
KZ 7P(0) > rm
D (0) = 27(1+ )P Z Cprm 4
for ¢ > 1.

Upper bound. Let £(h) := h,, on AP(D,w,). By homogeneity M(q)~! = ||||P. Fix |(| =
1/2. Subharmonicity gives |h(¢o)[P < 18 fB(Co 1/4) |h|PdA. On B((p,1/4) we have |¢| < 3/4; since
2/r —2 <0, |¢|*"2 > (3/4)>/72, and for ¢ > 8, |1 + ¢(| > q/8. Hence

wi©= (377 (0

16 3 2— 2/7‘
el <2 (3) (37 [ e, aa

and
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Since h,, = (27i)~* fIC|=1/2 h(¢)¢™™1dC, one has |hy,| < 2™ max¢j=1/2 |h(¢)], and consequently

rm

P0) < Cprma™®,  q=8.

K*,
DY

The limit as ¢ — 0. For 0 < ¢ < 1, exactly as in Section 3.4,

D(o, 1+ q)‘l/r) c D" D(O, (1- q)‘w)v

and rescaling gives Kg;g’g) 0) = R_(Q‘*‘prm)Kﬁm’p(O) with Kﬂ’gm’p(()) = (rm)!?(rmp + 2)/(2m).

Therefore
rm)!P(rmp + 2)

2 ’

#(0) =4
and the Green function formula above gives I (0) = D, so the comparison with the Azukawa
indicatrix holds with equality. ‘

Proof of Theorem 1.4. For p > 2 choose an integer r > 2/(p — 2), so that 8 =p—2—2/r > 0,
and take any m > 1. The two bounds above give

Cp,r,m q_ﬁ < K; 7p(O) < Cp,nm q—ﬁ’ q =38,

(r)
q

so the kernel tends to 0 as ¢ — oo, while its limit at ¢ — 0T is the positive constant (rm)!?(rmp +
2)/(27). Choose ¢ > 1 so large that C,, . ,c™? < (1 — ¢~ 1) EFPrm)/7(pm) 1P (rmp + 2) /(27); then

_ @y (PP ) e
K77 (0) < Cppme™? < (1 ch)EHerm)/ o= < K;;)CP(O).
Since ¢ = ce™®, the identity ¢ = 1/c corresponds to a = f% loge, i.e. DY;)C = (Dy))_glogc, while
DQ’) = (DQ’))O. Thus the kernel at the smaller value a = —% log ¢ < 0 exceeds its value at a = 0,
and a — K* P (0) is not non-decreasing. [ |

(D),
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4 The L? concavity of minimal integrals fails for p > 2

Throughout this subsection we fix p > 2 and integers » > 1, m > 1, and set k := rm. We fix
c € (0,1) and write

D:=D"={zeC: |z|"<|l-c"|}, F.lz):
Since ¢ < 1, the domain D is bounded: for x € D,
lz|" < |1 —ecx"| <14 cz|",

so |z < (1 —c)~ /.

4.1 The multiplier ideal of the Green function
Exactly as in Theorem 2.1 (whose proof applies verbatim to the map F.), the map F.: D —
D\ {—1/c} is proper of degree r, it vanishes to order r at 0, and consequently

1 1
Gp(z,0) = —log|Fe(z)| = log|z| — ~log|1 — ca”|

is the Green function of D with pole at 0. Set

v :=2(k+1)Gp(-,0), F(z) = —.
Then ¢ is a negative plurisubharmonic function on D with ¢(0) = —oo, and near 0,
e = a 20D 1 e P/ = [ 2D (14 Ofa]1)).
Levivia 4.1, One has Z(p)o = ma .

Proof. For f € Oy with ordy f = j, one has | f|?e~% < || =2 +1) near 0, and in polar coordinates

5
/ |f|2€74p dA x/ §2I—2k=1 g
|z|<é 0

which is finite exactly when j > k + 1. ]

4.2 Reduction to a higher order p-Bergman kernel

k+1

Let © C C be a domain containing 0. Since (F — F,0) € mE*! is equivalent to

FO)=0 (0<j<k), F®(0) =1,
Lemma 4.1 gives
1

Cr,z(¢)op(Q) = inf{/Q [F|P: Feo@), FU0)=0(0<j<k), F(0) = 1} = 0
Q

where K ék "P(0) denotes the higher order p-Bergman kernel introduced above. Indeed, every admis-
sible F satisfies HFH]Z;?(Q) > l/Kék’p(O) by the definition of the kernel, and rescaling functions with
fU2(0) =0 (0 < j < k)and f®(0) # 0 by 1/f%(0) produces admissible functions with norms
arbitrarily close to l/Kék 2(0).
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4.3 Sublevel sets and the scaling law

For t > 0 set ;
a::—m, q = ce

As in Theorem 2.2 (applied to the r-fold map F., exactly as in Subsection 3.6),

ra

{Gp(-,0) <a} = eaD((l’“), Dflr) ={zeC: |z]" <[1-qz"|}:

indeed Gp(#,0) < a is equivalent to |F.(z)| < ¢"*, and writing z = ez gives F,(e"z) = " F,(z).
LevMA 4.2, For every t > 0,

o e(Pk+2)a t

t —_— = -, = Ta.

R
D

Proof. Since Gp(-,0) <0 on D,

{p < =t}ND ={Gp(-,0) <a} = eaD[(f).

For F € O(e® ) set g(x) := F( x) € O(D DY )) Then ¢ (0) = €% FU)(0), so the admissibility
of Fis equlvalent to g (0) =0 (0<j<k) and g")(0) = e while

|F|PdA = e lg|P” dA.
eeDS” by

By the homogeneity of the previous subsection,

Gof) = . e
PUTERT0)  KRR0)
DL(IT) D;r)

4.4 The limit as t — +00 and the failure of concavity

As computed in Subsection 3.6 — the comparison

D(0,(1+¢) ") c DI c D(0,(1—-¢q) "), 0<g<]1,

together with the rescaling K 7 (0) = R~PF+2 KZ 7 (0) and the disk value K (0) = (k)P (kp-+
2)/(2m) — one has, for every p > 1,

i, 280y = B2

q—0t 27

=: L.

Proof of Theorem 1.5. First, G,(0) < +oo: since (F — F,0) € mf* and F € L?(D) (D is
bounded), we have Gp(0) < ||F||’L’p(D) < 400. Moreover G,(0) > 0: every admissible F' has
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F®)(0) = 1, hence positive L? norm on a neighborhood of 0; equivalently G,(0) = I/Kf;’p(O) €
(0, 4+00).
As t — 400 we have a — —o0 and ¢ = ce”™® — 0, so Lemma 4.2 and the limit above give

1 1 E+2
o o kt+2)a _ L _prT=
Gp(t) 7€ 7 exp( SET1) t).
Let g(p) := Gp(—logp) for p € (0,1]. Then
1 pk +2 k(p—2)
~ — ot = — = ]_ —_— ]_
gl ~ =gy T ) T

as p— 0T,
The function g is non-decreasing, because G, is non-increasing in ¢t. Moreover lim;_, o, Gp(t) =
0, hence g(0+) = 0: indeed,

Gp(t) < / |F|PdA — 0
{p<—t}

by dominated convergence as the sublevel sets shrink to {0}. Also g(1) = G,(0) > 0.
If g were concave on (0, 1], then for 0 < e < p < 1,

p—¢ I—p
> 1 S —
9(p) =2 79+ 1—_9(e),
and letting € — 0% gives g(p) > pg(1) for every p € (0,1]. But u > 1 and g(p) ~ p*/L imply
g(p) < pg(1) for all sufficiently small p — a contradiction. Hence g = G,(—1log p) is not concave
in p € (0,1], which proves the theorem. |

AT declaration

The first counterexample, concerning the non-convexity of the logarithm of a higher order
Bergman kernel, was obtained with GPT-5.6-sol (xhigh). The second counterexample, concerning
the failure of monotonicity of higher order p-Bergman kernels for p > 2, and the third counterex-
ample, concerning the failure of the LP analogue of Guan’s concavity theorem for p > 2, were
obtained with DeepSeek V4 flash and pro. The author independently verified all statements and
computations and takes full responsibility for the content.
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