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Abstract

We construct a four-connected planar domain for which equality in the higher order Suita conjecture
never holds at any point or at any derivative order. More generally, such a domain exists for every connec-
tivity n > 4.

1 Introduction

Let Q be a planar domain in C bounded by n analytic Jordan curves I'y,...,T,, where I, is
the boundary of the unbounded component of C\ Q. For each j € {1,...,n — 1}, let u; be the
harmonic function on 2 determined by

wile, =1, wlr, =0 (ke {l,...,n}\ {j}).

We recall the higher order Suita conjecture in the form used below. If Gq(-,w) is the Green
function of Q with pole at w, set

ca(w) := exp (lim (Ga(z,w) —log |z — w\)) .

zZ—w

For m > 0, define the m-th order Bergman kernel by

K™ (w) = sup{|f<m><w>|2:feo<m, FDw) =0 (0<j <m), / IfIQdAgl}.

The higher order Suita inequality, proved by Blocki-Zwonek [1, 2], is

m!(m + 1)! cq(w)?m+2

K (w) > -

Guan—Sun—Yuan [4] characterized its equality locus: equality at z € Q holds if and only if
(m+1)u,(z) € Z, j=1,....n—1

Consequently, equality holds at some order at z precisely when all the numbers u(z),. .., u,—1(2)
are rational.
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Recently, Xu-Zhou [7] constructed, for every n > 3 and every sufficiently large integer M,
smoothly bounded n-connected planar domains on which equality fails at every point for each order
m = 0,1,..., M. The following result gives one domain for which equality fails simultaneously at
all orders.

THEOREM 1.1. There exists a planar domain  in C bounded by four analytic Jordan curves such
that, for the corresponding harmonic functions uy,us,us, there is no z € Q with

u;j(z) € Q, ji=1,2,3.

In particular, at no point of Q does equality in the higher order Suita conjecture hold.

The proof is a generic-parameter construction. We vary the radii of three circular holes and
show that the corresponding harmonic-measure map is a submersion. A dimension argument based
on Sard’s theorem then excludes all rational harmonic-measure vectors for almost every parameter.
The same construction works for every connectivity n > 4; see Section 3.

2 The counterexample and the proof

We prove Theorem 1.1 by a generic-parameter construction.
Fix three pairwise distinct points c1, c2, c3 € D and choose pg > 0 so small that the closed disks
D(cj,2p0) are pairwise disjoint and contained in D. Let

B := (3p0,p0) X (300 p0) X (3P0, p0) C R,

where (%,007 po) denotes the open interval in R. For r = (r1,79,7r3) € B put
Dj(r) :=D(cj,rj), I'j(r) :=0D;(r), j=1,2,3, Iy := 0D,

and
Qr) =D\ (Dl(r) U Da(r) U D3(r)).

Then Q(r) is bounded by the four pairwise disjoint analytic Jordan curves I';(r), I'y(r),'s(r) and
I'y; see Figure 1.

For j = 1,2,3 let u;(-;r) be the harmonic function on Q(r) with boundary values 1 on I';(r)
and 0 on the other three curves, and set uq := 1 — u; — us — uz. Basic facts on harmonic measure
used below can be found in [3].

LevMa 2.1, For every z € Q(r) and j,k € {1,2,3},

Ou . Ouj . : Oua .
aim('z?r) > Oa 87’k (Z,I‘) <0 (] 7é k)a 3rk (Z,I') <0. (21)

Proof. The functions u; are real-analytic in (z,r); this follows from the standard analytic depen-
dence of solutions of the Dirichlet problem on analytic boundary perturbations; see [5, 6]. The
first inequality in (2.1) is the usual monotonicity of harmonic measure under enlargement of the
corresponding boundary component (Figure 2); it follows from the maximum principle, since on the
new, smaller domain the old solution is < 1 on the new boundary and = 0 on all other boundary
components.
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Figure 1: The four-connected domain Q(r) = D\ (D; (r)UDs(r)UD3(r)) with boundary components
Fl, FQ, Fg and F4.

Figure 2: Enlargement of the inner disk bounded by I'1(r) by dr; > 0: the dashed circle is the new
boundary, and the red arrow indicates the radial displacement corresponding to the increase of rq
in the variational formula (2.2).
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For the strict derivative signs we use Hadamard’s variational formula [6]. Let Gy(w,z) be
the Green function of Q(r) and let n denote the outward unit normal. Up to a fixed positive
multiplicative constant,

Ou ir) = %waGwzs
g = [ ) w2 dstw), 22)

For an inner boundary I'y(r) one has dG,/0n > 0 on I'y(r). By Hopf’s lemma, Ju;/On on T'y(r) is
strictly positive if j = k and strictly negative if j # k; similarly Ous/0n < 0 on I'y(r). Hence (2.1)
follows from (2.2). |

For z € Q(r) put

Ou .
A(zr) = (8’”@ (z r)) 1<5,k<3’

LEMMA 2.2, For every r € B and every z € Q(r) the matriz A(z;r) is invertible.

Proof. By (2.1), Aj; <0 for j # k, and

ou;
AT jizarjfarj ’LL1+U2+U3) *7‘>0.
=1

Thus AT has positive diagonal, nonpositive off-diagonal entries and positive row sums. If AT”x =0
for some x # 0, choose an index ¢ at which x; = max; x; > 0; if all z; < 0, choose instead an index
¢ at which z; = min; z; < 0. In the first case, since A;fk <0 for k # 1,

0=(ATx); = Al + > Ahar > Alwi + > Afai = (AT1)i2; > 0,
k#i k#i

a contradiction. The second case is analogous with all inequalities reversed. Hence A, and therefore
A, is nonsingular. |

Proof of Theorem 1.1. Let
={(2,r) eCx B:z€Q(r)},
an open subset of R? x R? = R5, and define
F:X —R3, F(z,r) := (u1(z;1), uz(z;1), us(z;1)).

By Theorem 2.1, F' is real-analytic. Its derivative contains the invertible 3 x 3 block D, F' = A(z;r);
hence F' is a submersion at every point of X.

For q = (q1,92,q3) € Q® set Sq := F~'(q). By the implicit function theorem, Sy is a real-
analytic submanifold of X of dimension dimgX — 3 = 2 (possibly empty). Let mq : Sq — B be
the projection onto the parameter box. Each connected component of Sy is a two-dimensional ct
manifold. Since dimgB = 3, Sard’s theorem shows that its image under mq has empty interior (in-
deed Lebesgue measure zero). A second countable manifold has at most countably many connected
components, so mq(Sq) is a countable union of null sets, hence a null set. Consequently

E:= U 7q(Sq)

qeQ?
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is a countable union of null sets, and B\ E is nonempty (in fact of full measure).

Choose r € B\ E. We claim that  := Q(r) has the required property. Indeed, if for some
z € Q all three numbers u,;(z;r) were rational, then with q := (ul(z; r),us(z;r), us(z; r)) € Q3 we
would have (z,r) € Sq and hence r € E, a contradiction. This completes the proof. |

3 Generalization to higher connectivity

The proof of Theorem 1.1 extends verbatim to every n > 4.

THEOREM 3.1. For every integer n > 4 there exists a planar domain Q) C C bounded by n analytic
Jordan curves such that, for the corresponding harmonic functions uy, ..., un—1, there does not exist
z € Q with

u;(z) € Q, j=1,...,n—1.

In particular, at no point of Q0 does equality in the higher order Suita conjecture hold.

Proof. Fix n > 4 and set m := n — 1. Choose m pairwise distinct points c1,...,¢, € D and
po > 0 so small that the closed disks D(c;,2py) are pairwise disjoint and contained in D. Let
B :=(po/2,p0)™. Forr = (r1,...,7m) € B define

Dj([') = D(Cj,?“j), I‘j(r) = BDJ(I‘) (]. S] S m), Fm+1 = 5‘]D),

and

r):=D)\ U Dj(r)

Let u;(-;r) be the harmonic measure of I';(r) with respect to Q(r), and put w41 :=1— E;"Zl
which is the harmonic measure of the outer boundary I';, 1.
The variational argument in Lemma 2.1 applies unchanged with m in place of 3: for all j, k €

{1,...,m},

Uj,

3u] ﬁuj U +1
or; ory. ory

Indeed, the off-diagonal and u,,4+1 estimates follow from Hadamard’s formula (2.2) and Hopf’s
lemma exactly as in Theorem 2.1.

Let A(z;r) := (Ou;/0rk)1<jk<m- From (3.3),
5ul o i - 87.Lm+1
ZZ ar; oy (Zlul> Oy =0

Thus A7 has positive diagonal, nonpositive off-diagonal entries and positive row sums; by the same
maximum-entry argument as in Theorem 2.2, AT, and hence A, is nonsingular.

Define

(z;r) > 0, (z;r) <O. (3.3)

(z57) <0 (j#k),

X :={(zr)eCxB:2€Q(r)}, F:X = R"™, F(zr):=(u(z1),...,un(zr)).

Then F' is real-analytic and a submersion, since D, F' = A is invertible. For every q € Q™, the set
Sq := F71(q) is a real-analytic submanifold of X of dimension

dimX —m=(24+m) —m=2.
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Let mq : Sq — B be the projection onto the parameter box. Since dimB = m =n -1 > 3,
Sard’s theorem shows that mq(Sq) is a null set: every connected component is a smooth image of
a two-dimensional manifold, and there are at most countably many components. Therefore

E= U Tq(Sq)

is a countable union of null sets, and B \ E is nonempty.

Choose r € B\ E. If for some z € Q(r) all u;(z;r) were rational, then (z,r) € Sq for q :=
F(z,r) € Q™, sor € E, a contradiction. Hence 2 := Q(r) satisfies the conclusion of Theorem 3.1.
]
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