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1 What is Nagata’s Conjecture?

NT I, AR NI ISR A AR C B FFEBAT || - || k3on .
HERRETERL (2117 = |21 + - 4 [2al? B | - | SRFIRVEHL |2] = max {21, 2]}, Hrh

z2=1(21,...,2n)-

1.1 Nagata’s Conjecture

1.1.1 Hilbert’s 14-th Problem and Nagata’s Conjecture

— Y] [A) B SRR E Hilbert £ DY [r] fi:
Let k be a field and let x4, ..., x, be algebraically independent elements over k. Let K

be a subfield of k(z4,...,x,) containing k. Is k[z,,...,2,] N K finitely generated over k 7

Nagata £t | ] R T _Eik Hilbert S5+ PURIIRG S B Hor—A S B2 25 il
JE IS PR R IE SR EL 7

Suppose py, ..., p, are r general points in P2. If a curve C of degree d that passes through

every p; with multiplicity at least m, then d/m > /r.

HH s — MR P X P2 _ERY ¢ general points B TRUIRFAE (P?)" H)—4> Zariski-
open T W i P £ W Er.

Nagata 1EB] TUIR » = 8% R5E2 VI8, HApEsE s > 4, W r W2 Empse. JFHE

fib e [Nagso] SCPEEHR T %440 Nagata’s Conjecture:
CONJECTURE 1.1 (Nagata’s Conjecture). ... It will be enough for r to be greater than 9.

1.1.2 Necessity of r > 9

et r > 9 BB, 6 P2 ERY r general points py, ..., p,, MIEEEE m, id §(r,m) K
/N IEREREL d RAEAEIREC d 2 B pi RUALHY vanishing order > m. X r <9,
Harbourne | | 15817 6(r,m) = [e,m], Hip

r | 1]2 3 415 6 7 8
e |11 3/2]2]2]12/5| 21/8 | 48/17
AILAEE—F r = 1,4,9 BHMEHIFDL.

1.1.3 Different Multiplicities

Nagata’s Conjecture SZfr &M T U F EHECAHEFIFIY ([ D):
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CONJECTURE 1.2. Suppose p,...,p, are r general points in P? and that my, ..., m, are given
positive integers. Then for r > 9 any curve C' that passes through every p; with multiplicity

m; must satisfy

1 T
degC > — m;.
>

1.1.4 Progress in Nagata’s Conjecture
o Nagata [ J: 7> 9 HASEA VTN, SR

o Geng Xu | ]:

o H. Tutaj-Gasinska | ):

degC > %Zml

1.2 Variations of Nagata’s Conjecture

1.2.1 Positivity of Divisors

Nagata’s Conjecture thE #A AU N RTHE P2 _LXF r /4> i blow-up HYA5AE:
Let pu: P = Bl,.(P?) — P? be the blow-up of the projective plane along r very general

points. Denote by H the pull-back of a line, and let E C P be the exceptional divisor of y (so
that £ = 2:21 Ez)

CONJECTURE 1.3. The R—divisor

1
H—— E

Jr
is nef on P provided that r > 9, and ample provided that r > 9.
1.2.2 Seshadri Constants

FIF Demailly 8] A1 Seshadri constants, Nagata J&4E 1 a] LLHE ™ 21 H b il 1A _E.

Let X be a smooth algebraic surface and L be an ample line bundle on X of degree d.

Let u: P = X’ — X be the blow-up of the X along r general points, with exceptional divisor
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E C X'. The Seshadri constant

e(pry...,pr; X, L) = Sup{eZO|,u*L—e-Eis nef}.

CONJECTURE 1.4. For sufficiently large r the Seshadri constant satifies

d
6(pla s 7p7‘;X)L> = W

MR p'L —e- B2 nef ), HARENFLEA ('L —e-E)%) >0, A

(L) -~ E(E*)>0 = d*—-r>0 = >

<=

1.2.3 Higher Dimensional Cases

Tarrobino ¥ Nagata A48 2 T4ER n > 2 4.

CONJECTURE 1.5 (Iarrobino, | ). Any hypersurface in P™ passing through r generic points

1/n

with multiplicity m has a degree > r'/™ - m, except for an explicit finite list of (r,n).

Evain | JIEWT T 25 s™ AR IE BRI ARG (BR T (4,2),(9,2), (8,3).)

1.2.4 Symplectic Packings

Nagata’s Conjecture £ symplectic packing [A)#iH A BEZ/FEH.

4 B Oy 4 4Bk, FEATATTREM B A r MBS N 4 4EBRTE B* hp=Ei.
0 0(B,r) ke A\ FTREE S I AR L ER S, FEid
o(B*,r)

Br)= —— .
v(B%r) Volume(B*)

# o(BYr) =1, MIFRK TSR “full symplectic packing”.
McDuff-Polterovich | ] 1IEBH T Nagata’s Conjecture would imply that the four-dimensional

ball B* admits full symplectic packings of r > 9 balls.

R, (B r?) = 1. LIEGI G. Xu | | F2ET Nagata S AR 945 5 A0 B HE HY
v(Btr)>1-1

i 4EY Nagata J548 (Rl Tarrobino fE48) o] IO I 45 HY 4R =F BRI R OC I 25 51

Nagata’s Conjecture A 5LEHGEHA K8 N AR singular degree 7% [0 Z B HH IS, X
D IATIAE G 8.
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1.3 Proof of Xu’s Theorem

THEOREM 1.6 (] |). Let p1,...,pr be k generic points in P?, and C be a reduced and

irreducible curve of degree d with mult,, (C) = m;. Then

(1)

(2)
1

k
1
d+ > — m; if k> 2.
T R !

FATE SCUEIT T 5 [ 2.

LEMMA 1.7 ( \). Letps,...,pr bek generic points inP?, and C be a reduced and irreducible

curve of degree d with mult,, (C') = m;. Then

k

2 2

d- > g m; —my,
i=1

forany q € {1,...,k} such that m, > 0.

IERR. (B s [HEE s R, AR X TR pi(0) = pi (i € {1,...,k}) [ deformation p;(t),
FATAT LR C |9 deformation C(¢) i C(0) =C, H

deg(C(t)) =d, mult,,,H(C(t)) >m;, and d°< me —my.

L XY, Z) A ERT pi(t) = [ei(t), di(t), 1] = (ci(t), di(t)) HY generic FFIRARR, HIX
F(X,Y,Z) =0 N C(t) ££ P? i U7 R iifiist, JATA, 12 pi(0) = pi B,
Ft(xayv 1) = Ft <)Z(7 %7 1)

r+s>m;
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it
AL e W o IR 21
+ ;Z:m daést(t) _ (z = ¢;(0))" (y — d:(0))".
WERIFATE > pi /) deformation, jifff2:
- dei(?) dd; (¢)
Tl mat0 S| =dito
I D W G| =0 BRI T ARG ¢, 5 d,, RATTLUEI

deg(D) =d, mult, (D)>m;, Yi#q, and mult, (D)=mg,— 1.

BT C 2 reduced H irreducible, ff Bezout FH, {14

k
#=C.D> Y w? +mylm,—1) = Y m? —m,
i#q =1
T .
FTHIZG H Theorem 1.6 FRTERH.

Proof of Theorem 1.6. AiiE 0 <my <my < --- <my, HXt i >1, m; =0, I84 | <k.
HT =1 WIHEE trivial 19, AFRIZ 1> 2.

(1) f1 Lemma 1.7, Xt ¢ <14 d* > S m? —mg, HI

=1 = Yz (L) = om = (1-7) (Lm)

VI—1 R —1
A2 o=y 2 Y
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(2) H2<I<k=2,0 (k=0 >k FATH
(k—1) (me) > (k — )lm? > km,

il
k‘(Zm?—ml) > lme > (ZmZ')Q.

B Lemma 1.7, 45 d? > Y. m? —my, M d > (3. ms) /Vk, FEHFMEHT.

ol=k—1, BAMIBAAREX (k=1 m? > kmy o7, BEEmi=---=m=1. %4
my=---=my =1, i Lemma 1.7, d*> > k — 2, #: & k > 3,
d+ >Vk—2+ > = ;
2(k — 1) k-1~ Vk Vk
k=2, MZE trivial .
¥ L=k, § Lemma 1.7, d®> > >-m? — mq, I d > VEk — 1my. T

<Zmi>2<§mz<d2+ml<(dm)2<(d+1 )
T 24/~ 2Vk—-1) '

d+ > .
2vVk —1 vk
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2 Singular Degree

2.1 Waldschmidt’s Singular Degree

A8y C" h—A R 8. Waldschmidt 5| A\ T FriE singular degree. T EIEH 1 > 0,
18 Q(S,1) A S HhEFRIALEY vanishing order > 1 2T, P € Clzy,. .., z,] BIH/MIE:

Q(S,1) =min{deg P | P € C[2], ord(P,p) >, Vp € S}.

Bl no=1 1, BIA QS) = Q(S,1) = Card S =: |S|.

M
Q(S, 11 + 1) < Q(S, 1) + Q(S, 1)
FH I AT PAGE S AUSD AUS.D
e

R Q(S, 1) 2 S 11 degree (F15 S HUAREGE i E Y B/ NAED, Q(S) 24 S 11 singular degree. ]
Ffl Hormander-Bombieri-Skoda g # (C™ Fo )\ — fiY L2 #E47 EH), Waldschmidt | ]
HEHH T

THEOREM 2.1 ([ ). For positive integers l; and la,
Q(S, 1) Q(S,12)
-1 =T
FATRAE S T [E] s — 1 X1 5 B IE .
Esnault-Viehweg | | FIFARE U] T2 ERH, Azhari [ | FIFl Hormander L? fi
T EHTIERT: S0+ 1
)+
Trno1 =0
Demailly | | AR

CONJECTURE 2.2 (Chudnovsky-Demailly Conjecture). sf4£%& [ > 1:

(S, 0) +n—1

“Irao1 =9
Hrp [ =1 1§%/2 Chudnovsky | | F9—AVEAE, Hon =2 B E B0 (B EEA
i, Y42 Chudnovsky | | FIHAMACERISUE, I H Demailly | | M

JTIESRSIAERT).
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LA R LR IR MG e A SR, PN A2 L Demailly K3 | J:

Waldschmidt | | BHEH] 74 Q(S, 1) 1y _ERALT
THEOREM 2.3 ([ ). We have

QS 1) < (I4+n—1)S)"" = (n—1).

UERA. XS5 SR R trivial f— Ml FEEE], DT PRI ARNIEI 55 IR

TR
D?P(s) =0, (s €S, a € Z%, |af <1-1)

AL S (707) - 1SI I PVOR d

(d—i—n) - (l+n—1) 18,
n n

WRZ T R AT AR P L. TEEE]

d+n l+n—-1 S d+n \"
)= Es)
BRI d > (17— 1)[S]V" —n, BE 2, d = [(1+n—1)[S[V" = (n— 1)), FTh—E L
HF d wE W, P e Cl2] i/ ord(P,s) > 1, Vs € S. [l

QS) <d < (l+n—1)[S)Y" —(n—1).

kAT Q(S) < |S]Vn.

R Q(S, 1), 7] LUK Nagata’s Conjecture ZEikH:

In C?, if r > 9, then Q(S,1) > I/r, VI > 1 holds for a set S of r points in general position.

WA [S] = r, AT QS) = S|V, BLHIE QS) 1583, 4 AS,0) > 1|8,
FEEA S| AR n K, A QS0 > 1-[S|Vm.

2.2 Consequence of Héormander-Bombieri-Skoda Theorem

Hormander-Bombieri-Skoda Theorem was used to give estimates of (S, 1) (] D).

Levma 2.4 (Hormander-Bombieri-Skoda). Let V' be a plurisubharmonic function on a pseu-

doconvex domain D C C", not identifying to 0. Let e > 0. Then there exists F € O(D) not
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identifying to 0, such that
/ IF(2)2e™"@ (1 + ||2]]*) " " dA(z) < +oo,
D

where ||2]|2 == |z1]? 4+ - + |2n|? for 2 = (21,...,2,) € C™.

Proof of Theorem 2.1. By the definition, let P be a polynomial with degree (S, ls) such
21 2n — 2
that ords(P) > Iy for any s € S. Set u > hton— 2

2
plurisubharmonic on C™. Then by Lemma 2.4, there exists an entire function F', not identifying

The function V' = plog|P| is
0, satisfying
/ |F(2)P[P(2)| (1 + [|2]*) 7" ~*dA(2) < +oo.
C’!L
Let ¢ € C", and r > 0. Since |F|? is subharmonic, we have

FOP < Sty L, FEPAE)

Thus, there exists some constant C; > 0, independent of ¢ and r, such that

FQOP< iz s (1P L+ [alP)).

T LeB(r)

Choose r = ||¢ — o||, where o € S. Then for ¢ near o, it holds that
[F(Q < Call¢ = af#=72m,

which implies ord, (F') > %lz —n>1l; —1forany o € S.
Choose |¢| = R and r = R/2. Then we also get

IF||% < GRS +2e,

where C3 does not depend on R. It follows that F is a polynomial of degree < = -Q(S,l5) + €.

=

2(1 -1
Let € and p — % be sufficiently small, thus we get
2
l -1
(S, 1) < (S ),
2
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3 Convergence of Multipoled Pluricomplex Green Func-

tions

3.1 Multipoled Pluricomplex Green Functions

4 S C P —MAERSE, S| MEANNE. 4 R A—DF 0 KN IESLEOHHS
S C B(O,R). % gr(S,-) N B(O,R) EMFE S W& —mALA — M ER R 2 E Green B
1

gr(S, 2) = sup {u(z): u € PSH™(B(O, R)), u(z) < logl|z — p|| + O(1), Vp € s}.
gr(S,-) & N Dirichlet [r] 1) ff:

we PSH™(B(O,R)), ue C(D\ S),
(dd°u)" =0on D\ S,
u(z) = log|lz — p[| + O(1) as z = p, Vp € S,

u(z) - 0as z € dD.

XHER = € B(O,R), 4 gr(S.2) = 91(S/R, 2/ R). WTTATLIAEL 4 BO,1) FEyf i
IR g0 W *
g(2) = (nmsupgl@s, z>) ,

C*3t—0

Hrp o« L LAESE NI, AR,

IS| - log ||z]| < goo(2) < gB(0,1)(O, 2) = log ||2]|.

91(tS, z) == sup{g:1(tS,w): [w]| = ||z},
IFRE X
9oo(2) = sup{geo(w): [lw] = [}
TR goo(2) KT log ||| 2N ELISIGHY, RIIX EE AT E FEESEN T
Rashkovskii-Thomas | , Theorem 1.1] & 1FFLA:

The family (g:1(¢S,-)), .. converges locally uniformly outside the origin in B(O, 1) to gu..

C*
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3.2 Convergence of Pluricomplex Green Functions with Colliding Poles

1M S. Nivoche & [Niv21] Z5H T 900 5 S HY singular degree AU KK &:
THEOREM 3.1 ([Niv21]). Let S be a finite set of points in C". The two psh functions go, and

oo Satisfy several properties:

(i) The Lelong number v(gs,O) = Q(S), and (dd°g.)™ =0 in B(O,1) \ {O}.

Q(S)" < (dd°ga)"(0) < / (dd°goc)" < |8,

B(0,1)

and we have
Joo(2) < Q(S)log ||z]|, in B(O,1).

(ii) The family (g1 (¢S, -))tec* converges uniformly outside the origin in B(O, 1) to go which
is equal to Q(S)log|z| in B(O,1).

(i7i) If QS) = |S|V/" then (dd°gs)"(O) = Q(S)" = |S| and

Joo(2) = |S|1/" log||z]|, in B(O,1).

(iv) Conversely if goo is equal to Q(S)log|| - || in B(O,1), then Q(S) = |S|*/™.

YENIH, S. Nivoche £5H 1—> C* iy 2 EAFIEHIELE S — 55 CAR) P Hh Na-
gata SEARRYSEM1E:
CONJECTURE 3.2 (Conjecture Py). In C", except for a finite number of integer values r,
for any general set S = {p1,...,p.} of r points, the family of pluricomplex Green fucntions
(9B(0,1)(£S, -))tec* converges locally uniformly outside the origin of B(O,1) to /" gg0.1)(0, ),

when t tends to 0.

CONJECTURE 3.3 (Conjecture Ay). In P, except for a finite number of integer values r, for
any general set S = {py,...,p,} of r points, Q(S) = r'/".
R, no= 2 B, EIMEESEIRRY Nagata SERUZTFUTRY (r A2 5E2 P Ir 8. mise
VTSR 2 CARY). DARAE P i, BB AT LAE Y Tarrobino’s conjecture Jif37.
K B(O, 1) #hy— A7 F581™ (hyperconvex) 38 D, JK O #h D LR/ 20, T
AL 22,
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4 Entire psh Functions in C" and Affine Invariants

2wy C" EMZUCHTIREL, Hid

Yo = limsup u(z) € [0, 4o0].

2] 400 l0g [|2]]

S ={p1,...,p.} CC" H—HREE, MEE C" _EMZRFFIRE u, it
S v(u,p;)

w(S,u) = ’y

XHRIEE S, B SCHHAMRM AL R

Wpsh (S) = sup{w(S,u): u € PSH(C")},

LA
(S) == sup{w(S,u): uw e PSH(C")N L. (C"\ S)}.

psh

CONJECTURE 4.1 (Conjecture Ps). In C", except for a finite number of integer values r, for

any geneml set S = {pl, . 7pr} Of T poz'nts,
Wpsn (9) = w, (9).
psh psh

Jﬂjlﬁj 15 Chudnovsky [Chud79] £ XA “the very singular degree” of S, Rl |S|/w(S) #H

"_,ord(P,p;
w(S) = Sup{zjdegl(j Py) :Pe (C[z]} )
sl

0G0 BATH

HEE w(Ss) >

5]

w(S) > a0

CONJECTURE 4.2 (Conjecture As). In P, except for a finite number of integer values r, for
any general set S = {py,...,p,} of r points, w(S) = |S|*~=.
B9k Conjecture A, 5 A, ZE.

CONJECTURE 4.3 (Conjecture Ps). In C", except for a finite number of integer values r, for
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any general set S of r points, we have:

for any € > 0, there exists an entire continuous psh function v € LS. (C™\ S), such that
v(u,p) > 1 for any p € S and v, < (1+€)|S|V/™.

S. Nivoche UER] | _Fidk e AL A S Pk

THEOREM 4.4 ([Niv21]). Each conjecture Py, Pa, Ps is equivalent to Ay and As,.
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5 Proof of Theorem 3.1

B SERT LA T XA B 4] 1
EXAMPLE 5.1, 4 8 = {(1/2,0), (~1/2,0)} 2 C* FHili S4B RSk, FURRTAZER Q(5) = 1.
FEAM LR A%, MHERERS /N t e C, 1Al
Jlog |22|}

A _ERIAE ¢S H AL BB A X EARIEIN 2 Green B%L. A1

(z21 —t/2)(z1 + t/2)
(1 —t21/2)(1 + t21/2)

g1(tS, z) = max {log

9o (2) = max {2log |21],1og | 22| },
HH LA 9o (2) = max{log |21], log |22} = log |2|.

MR AR T ERE 3.1 (YIENT.

5.1 Schwarz Lemmas

Levva 5.2 Let @Q € Clzy,. .., 2, be a holomorphic polynomial, and 0 < o < R be positive

real numbers. Then

10212l ~ log 12l > dex(@) -log (2)

where || f||, = SUP, ¢ (o, [f(2)].

HUERA. Let zo € C™ with ||z = R and |Q(20)| = ||Q||r- For w € C, set
Alw) = wieeQo (20
Q(w) =w Q(w) € Clw].

Then the maximum principle gives

Q[ < 1Rl r/0

which implies

_ " R deg Q
1Qle = 100} < 101 < 1Gllrse < (Q) sup
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LEMMA 5.3. Let S be a finite set of distinct points in C™. Let € > 0. There exists ro(S,e) > 0,
such that for any l € Ny, any R > o > ro with 2¢"” - o < R, and any polynomial Q) with
ord(Q,p) > 1 for all p € S, we have

g 1Ql, ~ og @l < (5. ~ 1) og 272

(5.1)
< —1(Q(S) —¢) log (259> .

HEBA. The proof is quite complicated, so we omit it here, where the second inequality is directly
from the definition of €2(.S). For the details, see | , ]. [

FATAT LA L 7o(S,€) = [|S]] = sup,es [lpll IXFERIEIL.

5.2 Approximations of Pluricomplex Green Functions

LEvvA 5.4, We have

9r(S,-) =sup Hg r; = lim Hg gy,
1>1 l—o0

where
1
Hspi= sup{710g|f|: f€O(B(O,R)), | fllr <1, ord(f,s) >1 for any s € S}
1
= sup{710g|Q|: Q€ Clz, |Qr <1, 0rd(Q,s) >1 for any s € S}.

HUERA. The last equality can be induced by the fact that B(O, R) is a Runge domain. The
approximation result can be proved by Demailly’s approximation theorem:

Approximate gg (S, -) by ¢g,(S, -) for r - R— and r — R+ (inside and outside) respectively,

and use Demailly’s approximation theorem to each g¢,.(S,-) with r > R.

For S being a single point, see | ]. Similar results also hold for global Zhou weights,
and even tame maximal weights (see [ ], FALTFATR). [ ]

5.3 Calculating the Lelong Number

For every [, there exists a polynomial @ s.t. ord(Q, p) > [l for every p € S, deg(Q) = Q(S,1)

and ||Q||gr = 1. According to Lemma 5.2 and Lemma 5.3, we obtain

Q(S,1) 0 Q(S,1) 20e™
— ) < < — .
; log (R) < s Hs ri(2) < < i e |log { =
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Since Hg1/¢,(2) = Hisn,(tz) when |z| < 1/[t| and ¢t € C*, we have

O(S, 1 (8,1 .
5D og(ltle) < sup  Hisaa(z) < (()—e) log(2elt]e"),
l 2€B(0,t|0) l

or equivalently: for any ¢ € C* and ¢’ > 0 such that |t|ro(S,e) < o’ <1,

2(5,1) logo' < sup Hig1.(2) < (Q(f’l) — 5> log(2¢'e™).

! 2€B(0,0")

Let ¢t be sufficiently small s.t. ¢S C B(O,¢’). Since (His,1,); converges uniformly to

91(tS, ) (Lemma 5.4 and more) as | — oo, we deduce

Q(S)logo' < sup  g1(tS,2) < (Q(S) —e)log(20'e™),
z€B(0,0’)
where 0 < ¢’ <1, ¢t € C* with [t|ro(S,¢e) < ¢ and ¢S C B(O, o).
Thus, for every fixed p € (0,1) and g, > 0 with e17(S,¢) < p,

Q(S)logp < sup (sup gl(tS,z)> < (Q(S) — ) log(2pe™).

z€B(0,p) \|t|<e1

Since %
Joo = lim | sup gi(tS,- )
e1—0 <t1|<51 ( >>
where the limit decreases when e; decreases, and according to the fact that (g1(tS,-))iecs
converges locally uniformly outside the origin in B(O,1) to g (| , Theorem 1.1]), we

obtain

Q(S)logp < sup  goo(z) < (2S) — €) log(2pe™).
z€B(0,p)

Finally, we get
V(goo, O) = US).

5.4 The Other Results

Left to the readers. Or see [ ]



Proof of Theorem 3.1 19

For example, using the comparison principle for the complex Monge-Ampére operator:

/ (ddv)™ < / (ddu)",
{u<v} {u<v}

and the fact

(ddgi(tS,))" = du,

pES

one can deduce that

[ g <is
B(0,1)
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6 Equivalence of the Conjectures

The equivalence of Conjecture P; and A; is a consequence of Theorem 3.1.

For the rest, see | ]

20
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