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Abstract

This is a manuscript for giving an introduction to some concepts in several complex variables.
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1 Preliminaries: Basic Knowledge in Several Complex Vari-
ables
Notations
o The disc D(ag,r) :=={z € C: |z —ag| <r} for ap € C and r > 0.

e The polydisc D(a,R) = D(ai,R;1) x -+ X D(ay, R,) for a = (a1,...,a,) € C* and R =
(Rl, ey Rn) € RZO

e A(r):=D(0,r) C Cfor r >0, and A"(r) :== A(r) x --- x A(r) C C" for r > 0. In particular,
A" = A"(1).

o The ball B(a,R) :={|z —a|] < R} C C" for a € C" and R > 0.
o AP1(Q): the set of (p,q) forms in 2.
o 2P1(Q): the set of smooth (p,q) forms with compact support in .

e Jq(z): the distance from z to the boundary of €, i.e. dq(z) = dist(z,02). We also denote
0(z) = dq(z) for simplicity.

We recall some basic knowledge from several complex variables in this section.

1.1 Holomorphic function

Let Q C C™ be an open subset.

DerFINITION 1.1. A function f: Q — C is called a holomorphic function, if f is continuous and for
each j,

zj— f(.,25,..0)
is holomorphic when z1,...,2;-1,2j4+1,..., 2, are fixed.

REMARK 1.2. 1. (Hartogs) The continuity condition can be dropped.

2. We usually denote the ring of holomorphic functions on Q by O(Q) or H(Q).
THEOREM 1.3 (Cauchy integral formula on polydiscs). Let zo = (20,1,-..,20,n) € C* and R =

(R1,...,Ry) €eRY. If f € O(Q) and D(z0, R) C Q, then for all w € D(zy, R), we have

1 f(zl,...,zn)
f = dzy -+ dzp,
(u)) : /F(Z(h )( 21 z

(27i)» 21 —wi) e (zn — wy)
where I'(zg, R) = 0D(z0,1, R1) X -+ x 0D (20 n, Rp)-
Proof. See [0, p. 22]. |

VERPIK IR (20, R) JEFFN “HHAERLI MR RIS LB,

COROLLARY 1.4 (Cauchy inequality). Suppose f € €(Q) and D(zg, R) C Q). Then

!
|f(a)(zo)\3% sup |f], VaeZZ,.
R 1(29,R) =
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COROLLARY 1.5. We can write

(o)
f(Z) = Z f Oé('ZO) (Z—Zo)a, Vz GD(Z()vR)v
a€Zl, .

when f € O(D(z, R)), where the expansion is compactly (absolutely) convergent.

XWFEAR AR (MR ED) 1E L. BIAiHE Ohsawa i3 [14] .
COROLLARY 1.6 (Montel’s theorem). Ewvery locally uniformly bounded sequence (f;) in () has a
convergent subsequence.

X 0(Q) —A> Fréchet Z5[H].

Recall

0 ;9N 9 1709 9N o,
oxy, o ’ 85]672 oxy, g, ’ - =

ou
u=y > 6,;;] dzp A dzr A dZy,

and

1, 1<k<n

=y > dur,g dz, A dzp A dZy,
1,J 1<k<n Oz,

du =0u + Ou,

for the (p, ¢) form
u = Z ur,ydzr A dz;, U[’JGCS(Q,(C).
l|=p,J|=q
Then L o
d?=9*=09"=0, 00+00=0,
and 5
f: Q — C holomorphic <« a?f:O Vi<k<n, < 5f20
k
= 00f=0 = i9dlog|f|=0o0nQ\ f~1(0).
Lenvivia 1.7 (Dolbeault-Grothendieck lemma). Let § be a neighborhood of 0 in C™ and u be a (p,q)
form on Q of C*® such that Ov =0, where 1 < s < co.

1. If ¢ =0, then v = Z|1|:P vr(z)dzs is a holomorphic p—form, i.e. a form whose coefficients
are holomorphic functions.

2. If ¢ > 1, there exists a neighborhood w C Q of 0 and a (p,q—1) form u of C* such that Ou = v
on w.

Proof. See [6, p. 28].
Use the Koppelman formula:

v(z):/a Kgﬁ(z,C)/\v(C)Jrgz/Kg’l\q/fl(z,g)/\v(C)wL/Kgﬁ(z,o/\av((),
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for w with piecewise C' boundary and (p,q) form v of class C' on @, where KEy(z,() is the
component of Kpn(z, () of type (p,q) in z and (n —p,n — ¢ —1) in ¢, Kpm(z, () is the pull back
of kgm by the map 7: C* x C* — C", (2,{) — z — ¢, and

JEda A A Az AdE AL dE L A d2,
|Z|27L

km(z) =cn » . (—1)

1<j<n

is the Bochner-Martinelli kernel,

o w(n—l)!
¢n = (=1) @2mi)n

BT T O— AL R AT,

THEOREM 1.8 (Weierstrass preparation theorem). Let g be a holomorphic function on a neighborhood

0
of 0 in C™, such that 9 ’Szn) has a not zero finite limit at z, = 0. For v = (ri,...,r,_1) and

n
small enough, one can write

g9(u) = u(z)P(¢, ),
where u is an invertible holomorphic function in a neighborhood of A™(r',ry,), and P is a Weierstrass
polynomial in zy, that is, a polynomial of the form

P(2 2) =25 +a1(2)z5 4+ as()),  ar(0) =0,
with holomorphic coefficients ay(2') on a neighborhood of A"=1(r") in C"~1.
Proof. See [6, p. 79]. |

COROLLARY 1.9 (Weierstrass division theorem). Every bounded holomorphic function f on D =
A(r',ry) can be represented in the form

f(z) = g(z)a(z) + R(', zn),
where ¢ and R are holomorphic in D, R(2', z,) is a polynomial of degree < s —1 in z,, and

suplg| < Csup|f],  sup|R| < Csup|f]

for some constant C > 0 independent of f. The representation is unique.
Proof. See [6, p. 80]. |
COROLLARY 1.10. The local Ting
On =0cng=C{z,...,2,}
of convergent power series is a Noetherian (i.e. every ideal & of 0, is finitely generated) UFD.

Proof. See [0, pp. 81-83]. |
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1.2 Analytic set

DEFINITION 1.11. A subset A C ) is said to be an analytic subset of Q if A is closed and if for every
point z¢ € A there exist a neighborhood U of z¢ and holomorphic functions ¢1,...,gn € O(U)
such that

ANU={z€U: q1(2) =... = gn(2) = 0}.

REMARK 1.12. 1. We can define the germ (A,x) by modulus of the equivalence: A ~ B iff
ANV =BnNV forx eV open neighborhood.

2. Let & = (g1,...,9n) be an ideal of O,. Then we can denote by (V(F),x) the zero variety by
V(J)={2€U: q1(2) = ... = gn(z) =0}.
3. Let (A,x) be a germ of analytic set at x. Denote
Ias={f€ 0, f(2)=0, Vz € (A,2)}.

Then Sy is an ideal of Oy, and Iy (7). D S .

THEOREM 1.13 (Cartan 50°). For any analytic set A, the sheaf of ideals Z4 is a coherent analytic
sheaf.

Proof. See [6, pp. 99-100].
Omit. Use the following local parametrization theorem. |

THEOREM 1.14 (Local parametrization theorem). Let . be a prime ideal of € and let A =V (7).
Then we can choose the coordinates

(2/52") = (21, s 2d; 2d a1y - - - Zn)

such that:

The ring O, /1 is a finite integral extension of Oq; let q be the degree of the extension and
let §(2') € Oy be the discriminant of the irreducible polynomial of a primitive element u(z") =
Y oksa Chzr If A, A" are polydiscs of sufficiently small radii v',7" and if r' < " /C with C' large,
the projection map w: AN (A’ x A”) — A’ is a ramified covering with q sheets, whose ramification
locus is contained in S = {z' € A’: §(z') = 0}. This means that

1. the open subset Ag = AN ((A"\ S) x A”) is a smooth d—dimensional manifold, dense in
AN (A x A”Y;

2. m: Ag = A’ \ S is a covering;
3. the fibers m=1(2") have evactly q elements if 2’ ¢ S and at most q if 2 € S.

Moreover, Ag is a connected covering of A’ \ S, and AN (A’ x A") is contained in a cone {|z"| <

ClZ'|}.
Proof. See [6, pp. 95-97]. [ |
XA E BT AFAE R RTIRCAS ) Noether TEAAk i 3.
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THEOREM 1.15 (Hilbert’s Nullstellensatz). For every ideal % C Oy,
v =VI,

where /T is the radical of .7, i.e. the set of germs f € O, s.t. some power f* € 7.
Proof. See [6, p. 97]. |

DEFINITION 1.16. Let A C € be an analytic subset and z € A. Then x € A is called a regular point
of Aif ANU is a C—analytic submanifold of U for some neighborhood U of z. Otherwise, z is said
to be singular.

The corresponding subsets of A are denoted by Ay and Aging respectively.

DEeFINITION 1.17. For an irreducible germ of analytic set (A, x), define the dimension by
dim(A, z) == dim(Ayeg, ).
If (A, x) has several irreducible components (A;, z), then
dim(A4, z) == max{dim(A;, z)}.

If all the irreducible components of (A,z) have the same dimension, then (A,z) is said to be of
pure dimension. Set codim(A4, z) :=n — dim(A4, z).
THEOREM 1.18. Aging s an analytic subset of A.

Proof. See [6, pp. 100-101].
(A Trreducible:) Let g1,...,gn be local generators of A in a neighborhood U of regular point.
Then Aging N U is defined by

8,
det(g]> =0, JC{l,...,N}, Kc{l,....n}, |[J|=|K|=n—d,
JeEJ, kEK

azk
where d = dim A. [ |
ExamrLe 1.19. Let

A = {(21722723) € C3: ZlZ% = 2,’22:;) = 0}

Then A = A; U A, where
AII{ZIIZSIO}’ A2:{Z2:0},

Then dim A; =1, dim Ay =2 = dim A = 2. We also can see Agng = {0}, and

Fa0 = (2122, 2223) = (Z1Z§,Zzz§’)~
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1.3 Plurisubharmonic function

DEFINITION 1.20. A function u:  — [—00, +00) is said to be plurisubharmonic (psh for short) if

1. w is upper semicontinuous;

2. for every complex line L C C" is subharmonic on QN L.

» gy
We denote the set of psh functions on by Psh((Q).
PROPOSITION 1.21. o Ifuy € Psh(QQ) is decreasing, then v = limuy € Psh(€2).

o Ifuy,...,up € Psh(Q), and x: RP — R is convex function s.t. x(t1,...,tp) is non-decreasing
in each t;, then x(u1,...,up) € Psh(Q). In particular,

uy + -+ up, max{uq, ... ,up}, log(e*t 4 --- 4+ e"?) € Psh(Q2).

o Letu € Psh(Q), and u Z —oo on each component of Q. If (p.) is a family of smoothing kernels,
then ux p. € C*° NPsh(Q.), the family (u* p) is non-decreasing in e, and limg_,ou* pe = u
(from above).

Proof. See [6, p. 39]. |

PROPOSITION 1.22. Let (uq)acr be a family of upper semicontinuous functions @ — [—o00, +00)
which is locally uniformly bounded above, and u = sup,, Uq .
The upper semicontinuous reqularization of u is defined by:

u*(z) = lim sup u.
e—0 B(Z,E)

(Choquet’s lemma) Then the family (un) has a countable subfamily (v;) = (uq(;)) st v =
sup, v; satisfies
v<u<u <ut =v".

If all uq € Psh(Q), then u* € Psh(Q) and u = u* a.e.
Proof. See [6, p. 38]. |
Exampre 1.23. If f1,..., f € 0(Q) and o, ..., a4 > 0, then
log (121 ++ -+ + 1f,]) € Psh(9).

u € Psh(9) is called as having analytic singularities near z € € if there exists a constant ¢ > 0,
holomorphic functions fi,..., f; near z, and a bounded function v near z, such that

u:glog(|f1|2+---+|fq|2)+v near z.

REMARK 1.24. Ifu € C?(,R), then

0%u
8zj82k

u € Psh(Q) «— ( ) is semi-positive.
1<j,k<n

If the matriz is (strictly) positive definite at every point, then u is called strictly psh and denote by
u € SPsh(Q).
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PROPOSITION 1.25. If Q = w + iw’, where w,w’ are open subsets of R™, and u € Psh(Q) which
depends only on x = Rez, then w > x — u(x) is conver.
As a corollary, if u € Psh(D(a, R)) C C", then

1 27 27 . .
M(wﬁ"“’rn):W/o /0 u(ay + 1€, . a, +7,e) d0; - d6,,
n),

m(u;ry,...,mn) = sup u(z1,...,2
z€D(a,r)
are convez functions of (logry,...,logr,) that are non-decreasing in each variable.
Proof. See [6, p. 41].
Let
1 2 2 . .
s 21,y 2n) = n/ / u(ay + €% . a, +e*e)db, - db,,
@2m)™ Jo 0
m(u;z1,...,2n) = sup u(ar + e wy, ..., an + € wy,).

lwj|<1

1.4 Pseudoconvexity

DEFINITION 1.26. Let €2 be an domain of C".  is said to be

o a domain of holomorphy, if every domain € with ; Q' there exists F' € (), which can
not be extended to be a holomorphic function on Q';

¢ holomorphically convex, if Ko € Qfor every compact subset K C X, where the holomorphic hull

Ro = {z € Q: [f(2)] < sup|f], v f € O(@)}.

AR QS ax gl ARFATRT AR Q 1555

Ki€eK,e..eK;e...eQ, [(JK; =9,
j=1
HAEREAD K WE (K), = K.
REMARK 1.27. o Ang domain in C is a domain of holomorphy.

e (Hartogs phenomenon) There exists a domain in C™ which is not a domain of holomorphy
when n > 1.

1 1
Q= {(21,22): |21] < 1, 3 <za| < 1} U {(21,22)1 3 <|z| <1, |22 < 1}.

In fact, when n > 1, every holomorphic function f € O(Q\ K), can be extended to be an
element in O(), where K is a compact subset of Q s.t. Q\ K is connected (Hartogs).
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THEOREM 1.28 (Cartan-Thullen theorem). TFAE:
1. Q is a domain of holomorphy;
2. Q is holomorphically convez;

3. There exists a function F € O(Q) which is unbounded on any neighborhood of any point of
on.

Proof. See [6, pp. 48-49]. |
DEFINITION 1.29. 1: @ — [—00, +00) is said to an exhaustion if every sublevel set
Qe ={z€eQ:¢(z)<ct €, VcekR
(1 is said to be

1. weakly pseudoconvex if there exists a smooth psh exhaustion function ¢ € C*°(£2) N Psh(£);

2. strongly pseudoconvex if there exists a smooth strictly psh exhaustion function ¢ € C*(2)N
SPsh(9).

THEOREM 1.30. TFAE:
1. Q is weakly pseudoconver;
2. Q is strongly pseudoconvex;
3. Q has a psh exhaustion function ;
4. —logd(z,Q°) is psh on (.
Proof. See [0, pp. 54-55]. |

THEOREM 1.31. Q C C™ domain. Then

Q holomorphically conver < ) pseudoconver.

Proof. See [, pp. 49-50] and [6, Chapter VIII] (by the theory of L? estimates for 9). |
g2 e 2 Y Levi 1)/ (Oka, Norguet, Bremermann). %8855 (X — Ay i TE

HAXS, A g s N2 B, MRS s EAEN TN Stein WIE (40N + SRR 4

15), HL BRI Stein tUBFC Levi I (Hi Grauert 524 k).

ExavpLe 1.32. Let Q = A* x A € C?, where A* = A\ {0}. Then

¥(z) = max { — log|z1], —log(1 — |z1]%), —log(1 — |z2|?)} € Psh(),

and ¥(z) — +oo as z — 9.
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THEOREM 1.33 (Kiselman’s Minimum Principle). Let Q C CP x C™ be a pseudoconver open set s.t.
each slice

O ={zeC ((,2)eq}, Cec,
is a convex tube we +iR™, we C R™. If v((, 2) € Psh(Q) does not depend on Im z, then

u(¢) = Ziensi v(¢,2) € Psh(Y), € = pre.(Q),

or locally = —oc.
Proof. See [0, p. 57]. |
WEREA v SRR, XS AN,

1.5 Pluripolar set

DEFINITION 1.34. o Aset A C Qissaid to be (locally) pluripolar if for every z € ), there exists
a neighborhood U of « and u € Psh(U), u # —oo, such that ANU C {x € U: u(z) = —o0};

e Aset AC Q is said to be complete pluripolar if for every z € €, there exists a neighborhood
U of x and u € Psh(Q) N L (U), such that ANU = {z € U: u(z) = —0};

loc

« A C C" is globally pluripolar if A C u=*(—oc0) for some u € Psh(C");

o A C Q is negligible if there is a family of psh functions {u,} on © locally uniformly bounded
from above such that A C {u < u*}, where u = sup,, uq.

REMARK 1.35. o Any analytic subset is a (complete) pluripolar set. If we take ANU = {g1 =
... =gn =0}, then ANU = u=t(—00), where u = log(|g1|®> + ... + |gn]|?).
W analytic set —5E 42 pluripolar set, {H)z 4% A—E, SLPr I analytic set — & & LA FHER
i%), {8 pluripolar set A[17] 82 MH).
ExampLE 1.36. Let = A C C, and ¢ € Psh(A) as

1 1
k=1

Then A = ¢p~1(—o00) = {0} U{1/2%: k > 1} is a (complete) pluripolar set, but A is not an analytic
subset since 0 is a cluster point in A.
If we let

i

T

= 1
() =) 15 log
k=1
then A = ¢~ 1(—00) = {1/2%: k > 1} is a pluripolar set which is not closed.
PROPOSITION 1.37. Let A C Q be a closed pluripolar subset. Then:

1. Every v € Psh(Q\ A) that is locally bounded above near A extends uniquely into a function
v € Psh(2);

2. Every f € O(X \ A) that is locally bounded near A extends to a function f € O(Q).
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Proof. See [6, pp. 44-45].

May assume u < 0 on W where ANW C u_l(—oo). Let v, =v+euand v. = —ccon ANW.
Then v = (supv.)*.

Apply (1) to £Re f and +Im f. |

THEOREM 1.38. Let A C C". Then A is
locally pluripolar <= globally pluripolar <= negligible.

Proof. See [3, Chapter 3.1]. |
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2 L? Methods and Multiplier Ideal Sheaf

2.1 L? estimate of 0—equation

We only focus on (n,0) and (n,1) forms in this section.

Let 2 be a domain in C*, and ¢ € C? N Psh(f2). We can see that (L,h) := (2 x C,e”?) is a
trivial line bundle with a singular hermitian metric h == ¢=® on Q. Let w = %Zl dz; A dz; and
dV = %L Then

L?Q’?(Q,h) = {u € ANMQ): /Q|u|,21dV < —i—oo}

is a Hilbert space, where
lu|7 AV = 2‘1( Z |'U¢J‘2€7¢) dz A dz,
[71=q
for
u(z) = Z uydz A dzy, where dz= dzi A---A dz,.
[T]=q
AT DU ARG B S (A L? JEECRsE &1k,

It can be seen that the operator:

9: LT QR) D 9MITHQ) — 2MQ) C LG (2, h)

is a densely defined closed operator, which malifs it possible to extend d, and define its adjoint.
Let Dom(9) C L?Q’;Fl(Q, h) be its domain and 9;, be its adjoint operator.
HEAEE I (n,q) Bk, FIUA 0 TR L A#R2 0. RAVHE—T 9, mEEL: (=1
HIE) &
U=udz, V= Z v dZ A dz,
J

)
oU = Z“J dz? A dz.
J
pre
(OU,V) = 2/ Z'ujﬁef‘” = —2/ Zu (’Lﬁe*")/ = —2/ Zu, (ﬁjef"" — UTQ"‘)‘jef""> ,
Q% Q% J Q%
=

J J

=% T o , Ov
0,V = (6j0) —v])dz =) (azy” T2 ) dz.

~Jj

THEOREM 2.1 (Bochner-Kodaira-Nakano inequality). For u € 2™41(Q), one has
1Du])? + [18yul® > (iOnAu, u),
where Oy, is the curvature form i©, = i09¢, and A = 5 > (dz)*(dzy)*
(iOpAu,u) = 2‘1/ Z Z ¢¢5UK,¢W,J'67¢ dz A dz, ¢; = 882% .
Q 2j0%;

|K|=q—11<i,j<n
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Proof. See [6, pp. 329-332]. -
TR, Nk ¢ = 1:

(iOpAu, u) = 2 / > guite?dz A dz.
Q1< j<n

) Kahler JiE By EA (F ) b, SHMER F— R (p,q) B3, A Bochner-
Kodaira-Nakano Z£3\;:
O=0+ [i@FJ“A].

I HIE TR - B
1Bull? + [Full? — 107wl — [pull® = (O, Alu, ).

T, TR R AORIE: n = 1. BN V = vdz A de,
v = %ZV =0 ((¢v —v.)dz) = (P20 + ¢vz — v5,) dZ A dz.

=
18, V|? =@V, V) = 2/ (¢-500 + 050 — vz,0) e dz A d,
Q
Sk | |
/ —vz0e ?dz A dZ = / Vs (607‘3) dz A dz
Jo Jo N
= / vs (T — ¢.0) e ?dz A dz
J
— ||’U§||2 — / vs¢, e ?dz A dZ.
JQ
NI]

|3,V =2 / ¢.zvve”?dz A dZ + |Jvz||? = 2([iOn, A]V, V) + [|0* V2.
Jo
EAFHEN R, DA TR RS EI R ER 1000 B IEH:.
LevMA 2.2, If Q 4s pseudoconver, then 2™1(QY) is dense in Dom(é*) for the graph norm
w > |ful| + [[9pull.
Proof. See [6, pp. 368-370]. |
Consider two closed and densely defined operators T, S among Hilbert spaces:
AT Ay S
with SoT = 0.
Leviva 230 In order that Im T = Ker S, it suffices that
|T*z||3 + ||Sz||2 > C|lz||3, Va2 € Dom S N DomT*,

for some constant C > 0. In that case, for every v € 6 s.t. Sv = 0, there exists u € JA s.t.
Tu=wv and

1
lull} < Zllvl3.
C
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Proof. See [6, pp. 364-365].
Write z € Dom T* as ¢ = 2’ + 2 with 2’ € Ker S and 2" € (Ker S)* C Ker T*. If Sv = 0, then
(v,2'")2 = 0. Note that Sz’ = T*z” = 0. We can get

(v, 2)2]? = [ (v,2"), |2 < [u]l3]12[I5 < éllngllT*w’H% = él\vllgllT*xll%
Finally, use the Hahn-Banach theorem and Riesz representation theorem to the operator:
L:Im(T") — C
y=T"2r— (x,0)s.
|

COROLLARY 2.4. Let Q C C" be a pseudoconvexr domain. If the operator A = iO,A is positive

definite everywhere on N™1(Q)), ¢ > 1, then for every form v € L?z’)q(Q h) satisfying v = 0 and

Jo(A™ v, v) AV < +o0, there exists u € Li5] Y(Q, h) such that du = v and

/|u|idV§/(A_1v7v)dV
Q Q

Proof. See [6, p. 371]. |
PR, R ¢ = 1:

Ly, v) =2 o”z jTje”?dz A dz,
(4 > ,

1<4,57<n
Hrp (¢) = (¢i7)"" /& ¢ 1 Hessian %lg]ﬂpaﬁ SR o
WH 1006 > ew MWHA e > 0 WMoz, thi2 ¢ — 52

Zo,]z i > € Z

] 7

. 1 .
/ lu|2 dV < — / |v|2 dV.
Q ac Jq

COROLLARY 2.5. Let Q C C" be a bounded pseudoconvex domain, and ¢ € LL(Q — [—o0, +00))
satisfying i00¢ > —Aw on Q for some constant A > 0. Then for every (0,1) formv ="
satisfying Ov = 0 and

2 ¢ Psh(Q) HE ik

2

Uj

)

=15 dZ;

/ Z lv;|? | e d\ < 400,
Q

Jj=1

there ezists a function u € Dom(9) on 2 such that du = v and

/|u|2e*¢dAgcA,Q/ D vl | e d,
Q \;o

where Cg o > 0 only depends on A and the diameter of ).
If v is smooth, then u can be chosen as smooth function.
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Proof. Take h = ¢=?~A1#1" for A’ > A, and transform (n,q) forms into (0, q) forms. |

THEOREM 2.6. Let ¢ € Psh(Q), where Q C C" is bounded and pseudoconvex. If zg €  and e~ ¥ is
integrable near zo (e.g. (z9) > —00), then there exists f € O(Q) such that f(z0) =1 and

/ |f|?e™? d\ < +o0.
Q

Proof. Let 6 be a cut-off function such that § = 1 and supported near zo. Let v = 9(1 — 8), and
since e~ ¥ is integral near zy we can take 6 such that

/ |v|2e7"°72”1°g‘ZﬁZOHZ|2 dA < +o0.
Q
Then we can get a solution u of Ju = v = —d¢ with (2 is bounded)
/ ‘u|2€—ap—2nlog|z—zo| d) < +o0.
Q

Let f = u+ 6. Then we have f € O(Q), u(z0) =0 = f(z0) =0(20) =1, and [, |f[*e™? d\ < +o0.
|

COROLLARY 2.7. Let ¢ € Psh(Q). Then
V(Z(p)) ={z € Q: e™% is integrable near z}

is an analytic subset.

Proof. See [0, p. 384].
For every =z € €, let U be a small bounded pseudoconvex neighborhood of z in 2. Denote
A%(U,e=%) == L*(U,e=?)N O(U). Then

V(Ze)= [ 0.

feA2(Ue=¥)

Then the result follows from the coherence of .# () or the fact that the intersection of a family of
analytic subsets is an analytic subset (Noetherian). |

COROLLARY 2.8 (Levi’s problem). A bounded pseudoconvex domain @ C C" is a domain of holo-
morphy.

Proof. See [0, pp. 373-374]

Since 2 is pseudoconvex, we have —logd§(z) € Psh(Q).

For every zp € 01, select a sequence of pts {z;} C Qs.t. z; — z9. For each j, let 6; be a cut-off
function with Supp6; € Vj, where V; is a sufficiently small neighborhood of z; and disjoint with
each other.

Let

P(z) = X( —logd(z) + |Z\2> + ZQnHj log |z — z;| € Psh(Q), (2.1)

j=1
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where 6(z) = dist(z, ), and x is an increasing convex function undetermined.

Let -
j=1
Suppose
/ lv[2e™" d\ < +oo. (2.2)
Q
We solve du = v with L? estimates
/ lul?e™" d\ < 400,
Q

and let f = —u+3> 72, j0; € O(Q). Then u(z;) =0 = f(2;) = j = f can not be extended across
20-

Then we only need to find x s.t. (2.1) and (2.2) hold. Note that 6; = 1 near z; and i99(6; log |z —
z;]) is bounded outside {¢; = 1}. If we take x increasing so fast, then (2.1) is OK. It also works on
(2.2). |
2.2 [? extension theorem

Cartan B theorem tells us that the extension of a holomorphic function from an analytic subset
to a Stein manifold always exists.

THEOREM 2.9. Let Q be a pseudoconvex domain in C" s.t. sup,cq |2n| < 1, let ¢ € Psh(Q), and let
H = {2, =0}. Then for every f € 0(QN H) with

/ |f|2e_“" d\g < +o0,
HAQ

one can find a holomorphic extension F of f to Q satisfying

/ |F|2e=?d) < Cw/ 2™ dAg.
Q QNH

Here C can be chosen as: C = 1620 (Takegoshi-Ohsawa), ... , C =1 (Blocki, Guan-Zhou,).
THEOREM 2.10 (twisted BKN identity, Ohsawa-Takegoshi 87’). For u € 2™1(Q),

Iadull® + /5 + e Byul> > (i(~00n — con £ 3y +nOn) A, u).

where 0 < n € C™(Q) and 0 < ¢ € C(N) are bounded.
Therefore, if we assume the operator

B :=i(—00n — c10n A On +nOp)A
is positive definite everywhere on A™4(Q), Then, for every v = 2™9(Q) with Ov =0 and
(B_lvm) < 400,

we can get a solution of Ow = v satisfying

2
H(n + cfl)fl/QwH < (Bflv,’u)
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Proof. See [15, pp. 115-117].

FNRAE—T n=q=115E: &V =0vdzAdze 2Y(Q), Hi QCC, [14z 5;‘/ = ¢,v

R T R, )
VALV = @0a,V), V), =2 /

(0]

Q
Horr . .
/ 77]'1)7_5'1707'*4) dz A dz = / (11571217 + nus(vs) — 11;7}@5&) e ?
JQ Jo
a / (—=n¢,vz0 + 1.v:0) e ?+ ||ﬁ8*VH2,
Jo
PAS
/ n,vs0e ¢ = / ( — 12500 — nv(v,) + 'r)zézv’ﬁ>e_(/’.
Q Q
NI

lna, V|2 >2 / (62200 — nosvw) e
JQ

+2 / (7)2<7b21;77 + 1. Pz00 — NzV,0 — 7727)(’1)2)>()7®
Jo

=...+4-Re / <775®(®ZU — 1)2)>(‘,7(5’
Jo

...+ 4-Re (52‘/, on A (AV))

h

= Ve 1, V2 = |[Vedn A (AV)]]?,

Y

X HLIE AR B A 2

1
2Re (AB) > —5|A\2 - C|B|*, C>0, A,BeC.

HRIGHEAEE
IVn+ e 18, V|? > <i(r/(-)h — 00n — cOn A On)AV, V).

(T],%(bzvﬂ + 7](5)22@6 + n(bzviﬁ - nivzﬂ - 7]%5’5)6_’ )

18

— v,

Proof of Theorem 2.9. We may assume (2 is bounded and ¢ is smooth up to the boundary
of D first (This is because we can approximate 2 with relatively compact pseudoconvex €; and

approximate ¢ with smooth psh ¢y).

Let f =pr*(fdz A...A dz,—1) be the constant extension, and 8 a cut-off function such that

6 = 1 near 2N H. For example, 6 = a(log|z,|?), where (fix ¢ < 0 first)

1 z€(—o0,—t—1),

a(@) = {0 € (~t,0).
Let v = 8(—60f) = —f90 and let n,c > 0 and ¢ € Psh(€2) with
n(z) =s(=B)), ¢(z)=u(-B)), ) =r(-B6))),
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where 1) = log|z,|?, such that
1. B is smooth, increasing and convex, 3(z) = z for z far from —oco, and S(x) =constant near
—o00, that is
x z € (—t,0
ﬁ(x) — ( ) )’
constant x € (—oo, —t — 1).

For example

B(a) = / "(1- ay)) dy;

2. and (h = e~¥~%7% here need not be positive definite) for some s,

i(n©y, — A0 — cOn A On) > icedu A Ou > 0.

Then we can solve dw = v = 9(—0f) with L? estimates and let F = w + 0f € 0(1).
Direct calculation: (A = S(v) for simplicity)

000 = —s' (=D)AL + 5" (= N)A(A) AD(D),

. 096 = —u/ (—A)ID(A) + u" (—~A)A(A) AD(A),
( ) =
i(n©y — 890 — con A In)
Si(us — 5" — rs?) (= A)(A) AD(A) +i(s' — su')(—A)ID(A)
= (5 — su) (=) (5’(@1@% + B (1)id A 5¢).
We hope:

(a) u'’s —s" —rs"? = 0;

(b) " —su' = 1.
May assume 3" ~ 1 and —a’ &~ 1 on an interval with length 1 (e.g. o/(z) = ~lonz € (~t -1+
g, —t — ¢) for € small enough). We then have —06 ~ 9v and thus (let ¢ — 0T)

[ e HF e < frevmee
Q {—t—1<¥<—t}
(2.3)
(o V[ e
{—t—1<p<—t} {—t—1<yp<—t}
‘We hope:
(c) >e¥ = |z, ie.

(S _'_,,,—1)—16—11 — e—t;
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(d) limy o0 u(t) = 0.

Then do approximations (let t — +0o next) to get

/ |F|?e™% < Chmmi/ |f]2e=¥¢ :Cﬂ'/ |f|?e™? d)\,
JQ O J{—t—1<yp<—t} QNH

where

C:= lim sup e ?) =1
=400 \ f_t_1<yp<—t}

Finally, we solve the ODE system

u's—s" —rs? =0,
s —su' =0,

(s+r ) le =et
In fact:

t . u's —s" 1 1—e!
l—e—til7 u(t) = —log(l —e™), 1= s7 etu—s e —t—1

s(t) =
The constant C = 1 is the optimal constant.

SEBr b A R UL TR AR ZANET A TR Bl KsndaE T, AR e LB, ¢ T 0, PAK
t #aT 5. FrPA Stein {JILJT/J:H/jUI[U:J J—J"HIJLJ\_IE/\? PRI B PR, 17 55480 Kéhler (JlLH/J:tt
BEERAPAL. [

For general ¢ € Psh(Q)) with pole:

THEOREM 2.11 (L? estimate part). Fiz B > 0. Let 2 be a pseudoconvexr domain in C" with o € €,
and v € Psh™(Q) with ¢(0) = —co. Let F € A?({¢p < —to}), where to > 0. Then there ezists a
holomorphic function F € 0(), s.t.

|F — F|?e™? is locally L" integrable near o,

and
~ 2 1 _ -
/Q P~ (1= b p@)F| < c/Q Sl Bepe i FPeT, C=1—e (0B,

where iy, _pey<—1} 15 the character function of the set {—to — B < v < —to}, and by, p(t) =

t
f—oo %H{*t0*3<5<*t0} ds.

Proof. (B =1 case) Replace log |z,|? by v in the above proof. We will get

/ |F — (1 = by, (1)) F|?e ¥+ < (supM) / |F|2e.
Q {—to—1<—9<—to}

Then |F — F|2e~ is locally L' integerable near o, and the estimate holds by f(z) > z. [ |
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THEOREM 2.12 (A twisted version). Let D be a pseudoconvexr domain in C" s.t. sup,cp |zn| < 1,
let ¢ € Psh(D), and let H = {z,, = 0}.

Suppose c(t): [0, +00) — (0,+00) is smooth s.t. c(t)e™" is decreasing in t, and f0+°° c(t)e~tdt <
+00.
Then for every f € O(D N H) with

/ |f]2e? dA < 400,
DNH

one can find a holomorphic extension F of f to D satisfying

+oo
/ c(—=2log |z,|)|F|?e™% dA gw/ c(t)e dt/ |f|2e™ % dAg.
D 0 DNH

Proof. We need

(n+c )y te? =c(B)e”™, thatis (s+r ') te ™ =c(t)e "

See [10]. Solve the ODE system:

We get
t
u(t) = —log </ c(ty)e ™™ dt1> ,
0

(t) B fot (fotz C(tl)eitl dtl) dts
B f(f C(tl)eftl dtq .

and

Also, we let r = (u”’s — s")/s"2.

Sebr b e AFFEWELL, HLE, BUr AR, PAK

2

ot ot to
( c(ty)e ™ <1f|) > c(t)e™! (/ </ c(ty)e ™ dt—l> (lt~_)> , Vt>0.
Jo Jo 0

2.2.1 Applications of the L? extension theorem

Let D = {z: p(z) < 0} C C" be a bounded strongly pseudoconvex domain with C* boundary,
where p is C? and strictly psh on an open neighborhood € of D. Let §(z) = dist(z,dD) for z € D.
Let ¢ € Psh(D) N CY%D). Let

A2 (D)= {f € 0(D): /De*“"éa|f|2d)\ < +oo},
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and
1£1I5.5 = (@ + 1)/De—%a|f|2dA.
Let
42, (D) ={f € o(D): lim (14 a)/De*%a\deA < +oo},
and

2 . . — e% 2
121 = lim (14 a) [ eesman

Let H = {h = 0} be a smooth complex hypersurface in Q, and dh|, # 0 for every z € H N D.
Assume 0D intersects with H transversally ([10] says this condition can be dropped, but I do
not think so).

THEOREM 2.13 (Beatrous, Diederich—-Herbot, Ohsawa, Guan—Zhou). The extension operator:
A2, (DNH)— A2 (D)

for every ae > —1 has a bound Comax{C¢,C&}, where Cy,C1,Co > 0 are independent of a.
Consequently, the extension operator from Ag (D N H) to A%, (D) is bounded.

Proof. See [10, p. 60] or [8].

Since p € C?(2) N SPsh(Q), and 4D is C?, —p/d has uniform positive upper and lower bound
on D.

Replace § by —p. Let

¢=—1og(—p+1> <0,

golh|?
where . Since

—log(—t) is increasing and convex for ¢t < 0, we have — log(—p + €o|h|?) € Psh(D) = 1 € Psh(D).

Let
t* 0<t<1,
c(t) =
1 t>1.

1
+oo —t
Then fO C(t)e dt < m + 1. Let

¢ = —alog(—p+eolh|?) = ¢+ € Psh(D).

For this case we can still use the twisted L? extension theorem. We may see h as z, in the above
theorem. The functions

v [(eolhP) 2 H oD,
_p/€0|h|2 z = aDa

and
(eolh|?)® 2z — H\ 0D,

- _ (_ h2 o
"= (=ptalf) {(—p)a 20D\ H.

If 0D intersects with H transversally, then we are able to omit the areas near 0D N H.
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We will have the following estimate of the extension F|png = f (denote a local holomorphic
extension of f by f itself):

2
/ ()| FIPe 2 A < Cp ot
D

lim inf / |f|Pe¥=%=2d\
{—t—1<yp<—t}

+ a t—+o0
1 — «
SCD,HCSZm/D He 2(=p)* T fI? dAg.
N

Finally, note that

c(=tp)e? ( —p )a ( Eolhlz)a
SPE =(log(1+—L2)) - (1+
(=p)* ‘{w>—1} g( €o|h\2) —p
Cy® z— 0D\ H,
C;" z—0DNH,
> min{C5 %, C;“},

>

Thus, we have

1

—Q(_ aF2 < a fe'
/De (=p)° [F? A < Cmax{CF, O —

/ e ?(=p) [P dAm.

DNH

Finally, we can replace —p by §. |
Let I' C C be a discrete set of points such that

inf{|y —7[: 7,7 €T, v #~'} > 0. (2.4)

We say that the interpolation problem is solvable for I' if for any collection {a, € C: v € I'} of
complex numbers such that
2
Z |av‘2€_h| < 400,

yel’

there is an entire function f such that
f(y)=a, and / 1£(2)|2e™* dA(2) < +00.
C

THEOREM 2.14 (Seip). The followings are equivalent.

1. The discrete set T satisfies (2.4), and

I':|z— R
D(T") := lim sup sup iy € |22 ol < R} < 1.
R—+o0c0 z€C R

2. The interpolation problem is solvable for T'.

Proof. (Berndtsson-Ortega Cerda) We prove 1 = 2. Let R > 0, and

U(z) =Vr(z) =) (loglz -7 - - log |¢ — ledz\(C)> :

2
o TR J{jc—z1<R}

Then
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1. Vg is well-defined and negative;

2. In the sense of currents,

I':|z—
#{v¢€ II; N<B}

100VR(2) > (2);

3. e~ VR is not locally integrable at each v € T;
4. There is a constant Cg . > 0 such that if vy € I" and €/2 < |z — 7| < ¢ then Vg(z) > —Cg...
|

THEOREM 2.15 (Guan 197). Let Q be a pseudoconvex domain in C"* with o € Q, and 1 € Psh™(Q)
with ¢ (0) = —oo. Assume the holomorphic germ (F,0) € O, \ Z(1),. The minimal L? integral on
any domain D > o is defined as

Crp(D) = Cr sy, (D) = {/D [F: (F~ FL0) € #(0), & F € 0(D)}.

Then the function
(0,400) 5t — G(t) == Cpy (2N {v < —t})

satisfies that G(—logr) is concave in r € [0,1).

Proof. See [7].
Use only mathematical analysis and real analysis. However, the computation is a bit compli-
cated, so we introduce Berndtsson’s log-psh of fiberwise Bergman kernels, which can be directly

implied by the optimal L? extension theorem, fewer calculations are used, and usually have similar
efforts. |

COROLLARY 2.16 (Berndtsson 06). Let Q be a pseudoconvex domain in C*t™ over a pseudoconvex
domain D C C™, and pr is the projection. Let ¢ € Psh(Q). Denote the Bergman kernel on each
fiber Qy, = pr=(w) NQ w.r.t. the weight ¢|q, by

f(2)]?
Ky(z,w) =K, _—¢lg,(2)= sup ——————.
v Quppe™70 reo@u) Jo, [f17e Vlow

Then log K, (z,w) € Psh(f).

Proof. See [15, pp. 191-192].
(Guan—Zhou method) We only prove the mean value inequality on the direction of w. Assume
D = A the unit disc in C. Let f € €(£p) such that

_ |f (20)[?
Jou [F(2)Pe=vG)

Using the optimal L? extension theorem, we can find some F(z,w) € €(f2), such that F(z,0) = f(2)

and
[ipree <n [ P,
Q Qo

K%O(Z(b O)
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Then apply Jensen’s inequality to the increasing convex function y = log x:

log ( / |f|2e“") > log <}T / |F|2e*9)
NRTC

1
> 7/ log(/ |Fw|2679"> d,
T JweA Qu
1
> —/ (log\Fw(zo)|2 - logK¢(z0,w)> dAy
T JweA
1 , 1
== log | F(zp, w)|* — = log K (20, w)
T JweA T JweA
1
> log |20, 0)* - 7/ log K (20, w)
T JweA

1
:log|f(zo)|2—;/ log K (20, w),

weA
where F,,(-) = F(-,w), and log|F,,(20)|? is subharmonic in w. Thus,

1
log K.»(20,0) < —/ log K,y (20, 10).
T JweA

Berndtsson f¥] 4k B 7 ¥ & S 7E G Ig 6 I B AR A 0T B 3, e 45 & Hor-
mander L? fliit. Z GXETEK RN TR H9E Brunn-Minkowski FHit, FH7E direct image
of relative canonical bundle [¥IEM: A BN . u

Let D be a domain in the complex plane containing the origin. Let G(z) := G(z,0) be the Green
function on D with pole at 0. Then 2G(z) = log|z|*> — h(z), where h is a harmonic function such
that G vanishes on the boundary of D. Then ¢p := h(0) is the Robin constant at 0, and

2 __ —CD .__ : _ 2
¢3(0) = e~" = exp lim (2G(z) log |2| )

where cg is called the logarithm capacity.

COROLLARY 2.17 (Blocki, Guan—Zhou). The inequality part of Suita’s conjecture says that
7K (0) > e~ P,
where K(0) is the Bergman kernel at 0.

Proof. See [, p. 2].
(Berndtsson—Lempert) Let D, = {z € D: 2G(z) < —t}, and

Q= {(z,w) € D x [0,400) +iR: 2G(z) + Rew < 0} C C?,

which is a pseudoconvex domain. Then log K (0, w) is subharmonic in w and only depends on Rew
= log Kp,(0) =log K(0,t+1i-) is convex in t € [0,400). Using the definition of ¢p, we can find

AT‘l g Dt g AT‘Q
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for 1 = e(=ttep=)/2 and ry = e(=ttep+e)/2 if ¢ is sufficiently large. It follows that

et*CD
K, ~ , t— H4o0.
0

Thus, log Kp, (0) — ¢ is convex and bounded from above in ¢ € [0, +00), which implies the function

is decreasing =
e °p

Kp(0) > lim e 'Kp,(0)+t=

t——+o0 T

Suim sy l tjcﬁiim 7 HAS 4 H. Mﬁ D &4E[AT A KRR

0 %A (Guan-Zhou). X 5 AL A TE IR ERS 2 1, T2 MBS T2 twisted version
il 01)t1mdl L? JE4F 5 P lﬂ If”(lzl%]lél’] optimal L* E4f #5545 B A 2 JR 82 AN L2
BRI FENEZ — [

Let D C C be a planar regular region bounded with n boundary components which are analytic

Jordan curves. Let Hzc) (D) denote the analytic Hardy class on D as the set of all analytic functions
f(2) on D s.t.

|f(2)|> <U(z) on D, 3U harmonic.

Then each f € H$(D) has Fatou’s nontangential boundary value a.e. on dD belonging to L?(dD).
The conjugate Hardy H? kernel on D is the unique kernel function R;(z,w) satisfying

o for any fixed (w,t) € D x D, as a function of z, Et(zgﬁ) € HQ(C)(D);

o for any f € HQ(C)(D)7

- —1
fw) =5 [ feRGD) (aGg(”) Al V(ewt) e Dx DX D,

where Gp(z,t) is the Green function on D and 5Z- - denotes the derivative along the outer
normal unit vector v,.

~

R c
Or equivalently, M (z) = M € H, ( )( D) is the uique solution of the following extremal
Ri(w,w)
problem:
, dGp(z, 1)\ " .
wt{ [ 1R (PE2ED) sl g e mP ), ) =1
oD Vy
Let

R(z,W) == Ry(z,w), and R(z) = R(z,%).
Let B(z,w) denote the Bergman kernel on D and B(z) := B(z,%).
THEOREM 2.18 (Saitoh’s conjecture; Guan 19°). If n > 1, then

R(z) > nB(2).
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Proof. Verify for every f € HQ(Z)(D)7 and w € D,
sy I 2 -
lim f{2GD( w)>—t} :/8 ()2 (5 GD(z,w)) dlzl,
D

t—0+ t ov,

which implies

BN (w) — Bt w
lim D ( ) {QGD(.’w)<7t}( ) Z Aﬂ'

t—0+ t R(w)

. Yt>0.

Since the function
log B(t) —t = log B{QGD( . ’w)<,t}(w) —t
is convex and decreasing in t € (0, +00), we have

1+ BO) 1 BO =BT logB(t) —t—log BO)
=0+ t t—0+ t

S 07
and thus R
R(w) > nB(z).

For n > 1, the equality will not hold: if the equality hold, then

i(logB(t) —t)

dt =0,

t=0+

so log B(t) —t is a constant function, and then it follows from the equality part of Suita’s conjecture.
|

THEOREM 2.19 (Guan 19°). Let D C C" be a pseudoconvex domain containing the origin o, and
¢ € Psh™ (D) with (o) = —oo. If [ e™¥dX < +o0, then for every p > 1 satisfying
p _
— > K ?dA
L Kplo) [ e
we have e P? is locally L' integrable near o.

Proof. (An optimized version of Berndtsson’s proof of the openness conjecture) Let ® = gy for
some ¢ > 1 and Dy = {2z € D: ®(z) < —t} for every t > 0. Using the same arguments in the
above proof, we have that log Kp, (0) —t is convex in ¢, and we can use Theorem 2.11 (only a rough
version and very few calculations are needed) to get that log Kp, (o) — t is also upper bounded if
(1,0) ¢ #(®/2),. Thus, log Kp, (o) —t is decreasing in t, that is

e 'Kp,(0) < Kp(o) = K]Stl(o) >e 'Kl (0), Vit>0.

Using Fubini’s theorem, when (1,0) ¢ .#(®/2),, i.e. e 9 is not L' integrable near o, we have

» +oo
/e—wdA:/ e’?d)\:/ / 1% ] et dt
D D —00 {d<—qt}

“+o0
> \D) + Kp (o) dt
0

+oo
ngl(o)JrKgl/ e T dt
0
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Consequently, if ¢ > 1 satisfies

q _
4 Sk #dx
-1 D()/De ’

then we must have that e~9% is locally L! integrable near o (note that [, e™¢ > A(D) > Kp'(0)).

(Bao—-Guan 22’; —26i 52 L1 “Multiplier ideal sheaf” /NY) QIR LA [ [F|?e™% < 400
XMHRA F € 0(D), #A1%IE:

g€ = {(Ealaezz,: D I6alp™! < +oo for every p> 0},

PANAET Y Bergman 1%

Henle) = j’é;FD) JplfI? 7

F@)(z)
2) = ;EQ al
AT AEAF B 2B fiberwise FIZ UIRAINE, I IRBERE k(t) = log Ke.p, (0) — t BOIYYE. [RIREHY,
H R 2,11 T LS
E€lywy, ={net™: (n-1)(0)=0, V(f,0) € .7(®/2),},
W (t) A5, TR k() BB, RRER TR A SR I p > 1 W
p ./D |F|2eﬂp
p—1" B(F, Z.(cE(9)p)o, D)’

Hrp

=

-F)(0)]?
B(F, j@f(‘?’)@)mD) = sup w
EELy (F (0)0)o ¢0(0)

WAy \F\QC’W TE o MBI L' WAL SRJah TARMIE REHE, FATHFIEY B(F, 74 () (9)p)o, D) >
0, B, #7 (Fl0) € O, \ I, HeHf I 5y O 1—ABUH, WnFFAE € € € fififT (€ F) (o) # 0 BT (e.g.
FRZ R AT 2 B ). 2P, SR EFRATTA] PAIERA

B(Fa ‘](05((70)99)()’ D) - CF,J(CUF(A,a)w)U(D) > 0.
AR TR AR RIS — IR, - HAE—A> sharp A RPEL R u

THEOREM 2.20. Suppose p € (0,2]. Let Q be a pseudoconvex domain in C™ s.t. sup,cq |2n| < 1, let
» € Psh(R?), and let H = {z, = 0}. Then for every f € €¢(D N H) with

/ [f]Pe™% dX < +o0,
HNQ

one can find a holomorphic extension F of f to Q satisfying
/ [F]Pe=% dA < O / IF[Pe% dA.
Q QNH

Here C can be chosen as the C in the L? extension theorem.
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Proof. Berndtsson’s iteration technique. See [10, pp. 61-62].
May assume € is bounded and ¢ is smooth up to boundary of 2. We first take a holomorphic
extension F} of f satisfying a rough estimate:

A1 ZZ/ |F1|peigpd)\<+00.
Q

Let
1=+ (2 —p)log|Fi| € Psh(Q).

Then the optimal L? extension theorem gives some Fy € 0(Q) s.t. Fy|pnu = Fi|pnx = f and

/ |Fy|%e %1 < 7T/ |f|?e ¥ = 7T/ [f|Pe™% = A.
Q DNH DNH

Note that ,
|F2 |2 5 1-%
() () e
q [Fi[*7? Q Q
that is
Ay < AP (mAy .
By iteration, we will finally get an extension F,, with A, < mA. ]

THEOREM 2.21 (Demailly’s approximation theorem). Let Q be a bounded pseudoconvex domain in

C™, and let ¢ € Psh(QY). For each m > 1, the Demailly approrimation o, of ¢ is defined as
1 1
om(2) = =—log Kome(2) = — log sup If(2)?, VzeQ, (2.5)
2m s 2m feAQ(Q,e_%’“P),
£ ll2me=1

where K, denotes the Bergman kernel for the weight e=*™% on Q.
Then there are constants C1,Cy > 0 independent of m such that

for every z € Q and r < dist(z,09Q). In particular:
1. ¢, converges to ¢ pointwise and in LllOC topology on  when m — +oo.
2. For every z € Q,
v(p,2) = = < vlom,2) < v(p,2).
Proof. See [5, pp. 136-138].
First, applying the mean value inequality to |f|? for every f € A%(Q,e ™), we get

9 1
lf(2)]" < m

|
< n’I’L.2n sup 82m<p(<) / ‘f'|2e—2mtp dx
—r CeB(z,r) B(z,r)

! (e2mSuP\<—z\<r“’(O>/ |F]2e™2m d),
Q

— ﬂ-nTQn

|17 dX
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for every z € Q and r < dist(z, 99), which implies

1 1 Co
om(z) = Im log Kome(z) < ICEI;IPO"()O(C) +log .

Second, according to the Ohsawa—Takegoshi L? extension theorem, there exists a constant Cf,
which only depends on nm and diam {2, such that for every m > 1 and z € Q, there exists a
holomorphic function F on , satisfying F(z) = 1 and

/ [F|Pe™?m? d) < Cle?m?(3),
Q

It follows that
log O]

1 C
Pm(2) = 5108 Kame(2) 2 9(2) = — -4 = p(2) = —

Third, we choose r = % for m sufficiently large, and then we will find that ¢, converges to ¢
by the upper semi-continuity of ¢ and log(Com™)/m — 0 as m — +o0.
Finally, for the Lelong numbers, from the inequality we get
1 1o C2 _ Gy
SUP|;—zg|<2r SD(Z) + m 108 < SUP|z—zo|<r (pm(z) < SUP|z—z0|<r SO(Z) m

logr - logr - logr

By letting r — 0T, we get

n
V(%ZO)—E SI/(QOm,ZO)SZ/(QO,ZO), VZ()EQ

Note that every ¢,, has analytic singularities.
For a psh function ¢ near zy, the Lelong number of ¢ at zy is defined to be

su
v(p, 20) = lim inf _ vl _ lim PBGon?
z—z0 loglz — 29| r—ot  logr

In particular, ¢ = log|f|, with f holomorphic near zg, then
V(. 20) = ord., (f) = sup{k: D*f(20) = 0,¥|a < k}.
COROLLARY 2.22 (Siu’s semi-continuity). Let ¢ € Psh(2). Then
(o) = {2 € Q: vlp,2) > ¢}
is an analytic subset of Q0 for every ¢ > 0.

Proof. See [5, p. 138].
Let ¢, be the Demailly approximation of ¢. Then by the above theorem, we have

Ec(w): ﬂ Ec—n/mEc(SDm)

m>mo
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for some mqg > 1. For each E.(¢p,), we can see

Om = {z € O al(a)(z) =0, Vi & |o| < mc},
where (07) is a complete orthogonal basis of A%({),e=2™%). Then every E,_, /m(©m) is an analytic
set, so E.(p) is an analytic set. [ |
THEOREM 2.23 (Skoda 72°). If v(p,2) < 1, then e=2¢ is locally integrable near z.

Proof. This can be proved by dynamically using L? extension and a simple lemma in complex
analysis.

(Guan—Zhou) Assume ¢ € Psh™ (A"), v(p,0) < 1, and e~ 2% is not locally integrable near o.
By the definition of the Lelong number, we have that there exists a sequence of points {z;} C A"
such that
zj — o0 and |z]%e"2#() 50 when j — 4oo.

For every z;, using the Ohsawa-Takegoshi L? extension theorem, we can find some F; € 0(A™)
with Fj(z;) =1 and

/ ‘Fj|2 < C/ |Fj|2 < C/ ‘Fj|2ef2tp < 01672(/’(%),
L‘,jﬂAn An An

where £; is a 1-dimension plane across z; and o, and C only depends on the diameter of A™. Since
e2% is not locally integrable near o, we have F;(0) = 0.

A simple lemma For every h € O(A™) with h(0) = 0 and h(z) = 1, where z € Ay, there is a
constant Cy > 0 independent of h and z, such that

/ |h[2dX > —

C
‘Zj|2e—2<.0(2j) > ?2 >0, Vji>1
1

It follows that

Contradiction! [ |

2.3 Multiplier ideal sheaf
DEFINITION 2.24. Let ¢ € Psh(Q). At each z € , define the multiplier ideal

I(p). = {f € Oq..: |f|?e” % is locally integrable near z}.

Then .# () can be defined as an ideal sheaf of Jq.

DEFINITION 2.25. Let 7 be a sheaf of rings on a topological space X and .# be a sheaf of modules
over &/. Then .# is said to be locally finitely generated if for every zy € X, one can find a
neighborhood U and sections Fi,...,F, € #(U) such that for every z € U the stalks .7, is
generated by the germs Fi 4, ..., Fy, as an @ -module.
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DEFINITION 2.26. Let U be an open subset of X, and Fi,...,F, € .#(U). The kernel of the sheaf
homeomorphism
F: () — Sy
(g*,..., 9% — Z ¢Fj., €U
1<j<q

is a subsheaf Z(F1,...,F,) of (&/|y)®?, called the sheaf of relations between Fy, ..., F.
A sheaf . of &/-module on X is said to be coherent if

1. 7 is locally finitely generated;

2. for any open subset U of X and any F1, ..., F, € #(U), the sheaf of relations Z(F1,. .., Fy)
is locally finitely generated.

PROPOSITION 2.27 (Strong Noetherian property). Let & be a coherent analytic sheaf on a complex
manifold M (i.e. sheaf of modules over Oyr), and let F1 C Fo C ... be an increasing sequence of
coherent subsheaves of F. Then the sequence (Fy) is stationary on every compact subset of M.

Proof. See [0, p. 90]. |
PROPOSITION 2.28 (Nadel 89%). () is a coherent sheaf on €.

Proof. See [5, p. 37].

Since the structure sheaf O is coherent (Oka), it suffices to prove that .# () is a locally finitely
generated sheaf. For each x € Q, let U € ) which is a bounded pseudoconvex domain containing
x, and by the strong Notherian property of coherent sheaves, the family of sheaves generated by
finite subsets of A%(U, e~2%?) has a maximal element on each relatively compact subset of U. Hence,
A%(U,e=2%) generates a coherent ideal sheaf .# C Op. It is clear that . C () on U.

In view of:

Krull’s lemma Let (R, m) be a Noetherian local ring, and F' be a finitely generated R-module.

Then
) (E+w") =E.
k>0

We only need to prove at any x € U, we have
T+ I(@)e N = 7 (0)a, Vs € Zsxo.
Then the proof is very like what we did before. Let f € Z(p),, and let
P(2) = ¢(2) + (n+ 5)log|z — @] + |2,
We will solve u = d(6f) with the metric e=2? and let F' = —u + 6f, which is holomorphic and
fo—Fr =tz € F(p)x N m?f;

This proves the coherence. |
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ExamMpLe 2.29. If ¢ is a psh function near 0 € C, then

T (p)o = (Zk)o

for some k € N, and k can be determined by v(¢,0) € [k, k + 1).

PROPOSITION 2.30 (Restriction formula). Let H be a complex hyperplane, Y = H N D, and ¢ €
Psh(D). Then

J(ely) € F(p)ly-
Proof. Direct consequence of O-T L? extension theorem. |
PROPOSITION 2.31 (Subadditive property).
o Let p1 € Psh(Dy), @2 € Psh(D3), and m;: D1 X Dy — D; be the projections. Then
F(prom + @y 0my) = I (1) - T 7 (p2).
o Let p,¢p € Psh(D). Then
F(p+¢)CI(p)- I (¥)
Proof. See [5, p. 159]. |

2.4 Openness and strong openness

Let
I(p) =] I (1 +2)p).

e>0

Then Z, (¢)|lk = F((1 4+ ek)p)| i for some ex > 0 on compact K by the coherence (or simply
by the Noetherian of &, we have .7, (¢), = .#((1+ 50)4,0)1 for some g9 > 0). Demailly’s strong
openness conjecture (proved by Guan-Zhou) is:

If #(p) = O, this is the openness conjecture (proved by Berndtsson).
COROLLARY 2.32. If cE'(¢) < 400, then (F,0) ¢ Z(cE(p)¢)o-

THEOREM 2.33. Let ¢; be sequence of psh function near o such that ¢; increasingly converges to a
psh function ¢ near o in Lebesgue measure. Then

I(9)o = Z(¢))o

j=21
Proof. Omit. See [11]. |

COROLLARY 2.34 (Fornzess). The strong openness property is also true for every p > 0.
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Proof. Let k € Z with 2k > p. Observe
|F|pe_2“’ _ \Fk|2e_ (2¢+(2/€—p) logIF\)7
and for every q¢ > 1,
|Fk|2e—q(2w+(2k—p) logIFl) — |F|2k—2kq+pqe—2qsa > |F|1:)e—2qso7

due to 2k —2kq+pg<p < q(2k—p)>2k—p<qg>1. |

COROLLARY 2.35. If @, ¢ are psh functions near o, and v(p,0) =0, then

I+ d)o=F(P)o
Proof. Use Skoda’s result.

Since v(¢,0) = 0, we have that e~2?% is integrable near o for every ¢ > 0. Hélder’s inequality

implies
1/(1+¢) e\ /()
/|F|2e—2¢—2¢ < </|F|2(1+s)e—2(1+e)g@> . (/ e 272 d)) )

Take £ > 0 such that [ |F|?e=2(+9)¢ < 400, [ ]

COROLLARY 2.36. For psh function ¢ near o, there exists a psh function ¢4 with analytic singu-
larities such that

j(‘P)o = ﬂ(‘PA)w
Proof. See [9].

For every j > 1, set
Ij = ‘j(jQD)o‘

Claim X

The claim follows from, for every positive continuous function y near o, we have

OS/ Xe—2cp_/ Xe—2max{<p,j%llog\lj\}
\4 14

1 .
X (e—2ga _ e_2jT1 log\IJ\)

s/\/ﬁ{gagjllloglﬂ}

<

Xe—QjW-?(j—l)w

s/\/ﬂ{gagjllloglﬂ}

< / VL Pe % < 4o
14
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Demailly’s approximation theorem gives
1 )
—log|l;| > ¢+ 0O(1), Vj=>1.
J

According to the strong openness property, we can take some €y > 0 such that

F(p)o = I ((1+c0)p),-
Thus,

1
7 (wax{o 20l ) = 20 = (14 0)0),
cs (1 _;go 10g|Ij|> cs (max{ap, ! —;50 long|}) .

1 1 1
BLINP  DEEG  PRL
Jj—1 J €0

1 1
5 (max{go,,llog|lj|}) o7 (max{gp,mlogﬁj}) ,
] - o ] o

which implies that all the multiplier ideals are equal. Consequently, .#(¢), = #(p4)o,, for

If we take j such that

then we have

1
j—1

A= log|I;|, where j>>1st. F(p)o=S <‘7<p> .

j—1
|

The following is a sharp effectiveness result of the strong openness property, where we have
proved the special case for the openness property.
THEOREM 2.37 (Guan 197). Let D be a pseudoconver domain in C™ containing the origin o, and ¢

a negative psh function on D such that p(0) = —oo. Suppose F € (D) and [, |F|?e™%? < 4o0.
Then for any p > 1 satisfying

p > fD |F|2€_2¢
P=1" Cru (r(pe).(D)

we have (F,0) € S (pp),. Here

cF () = sup{c > 0: |F|?e™2% is locally integrable near o},

and
Cr(D) = int { /D PP F e o(D), (F~Fo)el),
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2.5 Skoda’s L? division theorem

THEOREM 2.38 (Skoda, 727). Let Q C C™ be a complete Kihler (< pseudoconver) domain and
¢ € Psh(Q). Let g = (g1,...,g-) be an r-tuple of holomorphic function on Q s.t. g=1(0) = &. Set
m = min{n,r — 1}. Then for every holomorphy function f on  s.t.

I= / |f12]g] 7219 dX < 400,
Q
there exists holomorphic functions (h1,...,h,) on Q s.t. f=3"g;h; and

/ IBJ2]g| 2+ dx < (1 + T) L.
Q 13

Proof. See [6, pp. 388-392].
Consider the diagram of Hilbert spaces and linear operators:

HOL>H1

I
Hy
where T3 is continuous and 75 is closed and densely defined. Let G; be a closed subspace of Hj.

Suppose T (KerTy) C G;. We need to following lemma in functional analysis:

LEMMA 2.39. If there exists some ¢ > 0 such that
[T7 w1 + T3 w0 > cflza]lx

for every x1 € Gy and x5 € Dom Ty, then we have Ty (Ker Ty) = G;.
Moreover, for every r1 € G, there exists xg € KerTy s.t. Tixg = x1 and

1
llzollo < =lz1]l1-
C

Proof. Let Gy = KerT5, and G(J)- be the orthogonal complement of Go in Hy. Then Im 7% is dense
in Gé. Note that Go = Hy/ G({ be seen as the quotient space equipped with the quotient norm.
Let TE: H; — Gy be the induced map of T5: Hy — Hy. Then for every u; € Hy, with respect to
the quotient norm, we have

inf T* 12 — inf T* T 2> 2 2.
mt |77 w1 + vollg vQEgémTzH Tl + T5val|g = ¢ lually

/

Trugl|2 = inf ||TFuy 4 woll2 =
1T, o |77 w1 + vol|g .

This implies for the given x; € Gy,
2 2 2 1 21 2
1, w7 < Hlzallillulli < SlleaF 175wl
which shows that the functional
L: Gg—C

wy, = ﬁul — (T1,u1),
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is bounded. Thus, by the Riesz representation theorem, we can find some xy € G such that
<$1,’U,1>1 = E(Tl*ul) = <S(}0,T1*U1>G = <JJ0,T1*’U,1 + Gé>0 = <T1$L‘0,’LL1> , Yup € Hy.
0
Consequently, we have 1 = Tiz(, and the norm control comes from

1
lzollo < I€]lgo—c < —llzalls-

Let

n,0 _ r T, :=
L{3)(Q,e=%)%" = Hy —
ng::g

Hy, = Ker <L?2’)1(Q, e %o)or i L?Q’)Q(Q, e_¢°)@’”>

H, = Lgf(ﬂ,e—%)

where ¢g = 2(m +¢)log|g| + ¢, and ¢; = 2(m + 1 +¢)log|g| + . Let Gy = H; NKer d. We want
to prove G; = T (Ker T5).
First, we can directly compute by the definition:

(Tys,w)p, = (s, Tyw)g,, s € Hp, u€ Hy,

to get
Tiu=uge " = (ugie ",...,ugre "), T =log|g|*.
Thus, for our case, | Ty 1|2 = ||z1]|3 for every x1 € Hj, and especially when 1 € G we have
ToTyzy = 0(x1ge” ") = 210(ge”) = 218, where = d(ge~") € Kerd.
Then, for any real number a > 1, and x1 € Gy, 2 € Dom(Ty) C Ha, we have
T2y + Ty a2 = | T7a || + 175 z2llg + 2Re (17 21, 22),
= lle1llf + 175 22llg + 2Re (218, 22),

. _ 1 - -
2 ||951H%+HT2$2||3—04/Q|9\25'$2€ %o dV—a/Q|g| 2zp)%e" % dV

1 * 3 2
_ (1 - a) a3 + T3l — o 1915 - 22|

We need to estimate:
* 112 a2 2 7% 112 — 2 - 7* 2 —T 2
15 lld — olglB -l = 18" ully, - aflgoe™) - ul| = D187 w2~ af|lglotge) - u
2 -
Jj=1

for every u = (uy, ..., u,) € Dom(Ty) = Dom(8 ) N Hy. In fact, by the Bochner Kodaira Nakano
identity and the approximation result, we have
107 u;1* = 110" usl|* + 10us]|* > (1©c-00 Ay uz), G =1,....7,

for every u =€ Dom(d ) N H,. We also need the following
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Skoda’s basic inequality

T

38

m Y (i007)(v;, v;) > |gI*|0(ge™7) - ],
j=1
for every v = (v1,-+- ,v,) € (TQ)@T at any point in Q. In other words, for every n = (1;)1<;<» € C",
we have )
—~ 9?log|g|® )
mz Z iy = |g|2 ZZ — lu
02,07, 5’ Zjp
7j=1p,v=1 j=1p=1
Some calculations: On the one hand,
0 = 0
PR 972g>’ 5, _ {9 29>.
9] 9l
- dg,0 0 A{g,0
55 — 1199, 29> _;199,9) 4<g, g>,
9] 9]
=

1097(€,£) = 1912109 - £1* — | (09 - €, )

lgl*

for every £ = Z fy 0

v

)

_‘ | - Z Z’ 9gj ugl glaug])g

1<j<i<rv=1

€ Tq, by Lagrange’s equality. On the other hand,

2 r n 2
l91[0(ge™") - m|* = |g] (Iglzﬁg —g <8979>) =197 D0 > 7, (95009k — 96009;) Mk
j,k=1v=1
Lenvivia 240, Let nyr € Zso, and (ax), (bY), (ck) be complex numbers for 1 <k <r, 1 <v < n.

Then, with m = min{n,r — 1}, and |a|? =

<

> ajlasby — apd) ’3

Jik,v

Zk |ak|2:

we have

alb

mlal®>_>_|(

kv j<li

(a;b] —

Proof. The case m = r — 1 is a direct consequence of the Cauchy—-Schwarz inequality, but the case

n < r — 1 is a bit complicated. See |

Now by Bochner—-Kodaira—Nakano identity

T

, Pp. 282-284].

and Skoda’s basic inequality, we have

r _ 2
S 18w = (m+€) Y6097 (s uy) = (14— ) |lgloge™) - u| -
j=1 j=1
Take o =1+ =. Then we have 1 — é = m+€, and
* * € *
| Ty ) + Ty aal|2 > lzi]|?, z1 € Gi, x2 € Dom(T5).

T m+e
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Thus, for every z; € G; = H; NKer 0, there exists zo € Ker Ty s.t. Tyzg = 21 and

m—+ e

ol < 417,

which is the desired result exactly (f = z; holomorphic, and h = zy holomorphic r-tuple, with
g-h = f and the L? estimate). |

SePR EARMER g H(0) = @ WERATHE— BB [g] 7 @ _EA ERVARIER TS, HE 20T DA
53] A2(Q,e %) PRITCEERTT AL g MFRTE, I B2 G RERTERE A2(Q,e%) 1 (B C"
H S5 LN B 2T psh BB AL Bergman 23 (8] HH Y Corona [F] @135 /2 R R 1).

DeriNiTion 241, Let k € Ry, and ¢ = (g1,...,9r) # (0) be an ideal of &), ,. Define:
o the ideal
j(k) = {f € Ono: |u| < Clg|" near o, 3C > 0},
where [g? = |g1|* + -~ + [gr[*;
o the ideal
j\(k) = {/V |f2gI 2%+ AN < 400, IV S0 & € > O}.

In fact, we know ¢ = 0 is enough (e.g. by strong openness property), that is, ﬁk) =
I (klog |g|)o-

COROLLARY 2.42 (Briangon—Skoda, 747). If set p = min{n — 1,r — 1}, we have
1. gD = 7 g0 =77 7 for k > p;
2. 7" ¢ FUtn) ¢ gF forall k€ 7, .
Proof. Obviously, /ﬁk) C 7}7’“) c ﬁ’”‘l). We only need to prove ﬁ’“‘l) C /ﬁ’c).

If r < n, it immediately follows from the L? division theorem. If » > n, we need the following
lemma:

Levva 2430 If 7 = (g1,...,9r) and T > n, we can find elements gu, ..., gn in # which are linear
combinations of g;:

Gi=aj-9= > amgr a;€C\{0},

1<k<r
such that C~1|g| < |g] < Clg| near o. In particular, the ideal J = (gi,...,gn) C 7 satisfies
j(k) = j(k) and J*) = ﬁk) for all k.
Proof. See [5, pp. 119-120]. |
Let J C _Z be as in the lemma. Then
D — JUAD c gTR ¢ g g0 YE>n—1.

The first result implies
j\(k+p) — /kj\(p), VkeZ,,

by induction, which gives the second result. |
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COROLLARY 2.44. The ideal y is the integral closure of 7, i.e. the set of germs f € Oy, which
satisfies
flrafi=t 4+ 4as=0, as€ 7% 1<s<d.

Proof. See [5, pp. 120-121].
If f is in the integral closure of #, using |as| < C|g|® and

[roots| < 2 max |a,|'/,
1<s<d

we can get |f] < C|g|.
Let f € ? Let v1,...,vn be generators of ﬁp). Since fv; € ?ﬁp) = /ﬁp), there exists
elements b;, € ¢ such that
fvj = Z bjkvk.

1<k<N

Thus, f satisfies the equation
det (féjk - bjk) =0.

The L? division theorem can also be used to prove Levi’s problem.

Proof of Levi’s problem. Let € be a bounded pseudoconvex domain, and let a = (a1, ...,a,) €
0 be any boundary point. We prove that there exists a holomorphic function in © which can not
be analytically extended across a.

Let ¢(z) = —2logd(z) € Psh(Q2). Then p(z) > —2log|z — al|, and thus for every € > 0,

/ |z — a| 2" F)e=?(2) d) < +o0.
Q
In addition, z1—az, - .., 2, —a, have no common zeros in €. So we can divide 1 by z1—aq, ..., 2, —an,

which gives 1 = Z?:1(Zj —aj)h;(z) with h; € O(Q) for every j. Then we can see that there must
be one of h; which can not be analytically extended across a. ]
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3 Pluripotential Theory

The “weakly convergence” in this section are in fact “weak*-convergent” what we usually called.

3.1 Preliminaries: Distribution

Let © be an open subset of R”™. Denote by 2(Q) the set of smooth real functions on € compactly
supported in  and by Pk the functions in 2(Q2) supported in K. Then for every s € Z>g, we can
define a seminorm:

p°(u) = sup max [u'¥(z)|, Yuec 2(Q).
zeQ a|<s

Besides, for every compact subset K of €2, and s € Z>(, we may also define

P (u) = sup max |[u'?)(z)], Yue k.
zeK |af<s

We can equip Z(92) with the topology defined by the family of seminorms (ps)s, or equivalently
(p%)K » Which makes Z(Q2) to be a locally convex space.

DEFINITION 3.1. A distribution A on €, denoted by A € 2'(Q), is a continuous linear functional
on 2() (with respect to the above topology), i.e. A: Z(2) — R is linear and for every compact
subset K of €, there exists N € Z>o and C' > 0 such that

|A(u)| < CpR(u), Yuc Pk.
EXAMPLE 3.2. e Let p e, and
Op(u) == u(p), Vue 2(Q).

Then the Dirac function (measure) §, € 2'().

 Suppose f € L (). Define

loc
Ay (u) :/Qu(m)f(x) dz, VYue 2(Q).
Then Ay € 7' ().
o If p is a positive measure on  with u(K) < 400 for every compact K C €, then
Ay (u) :/Qudu, Yue 2(0Q)

defines a distribution A, € 2'(Q).
REMARK 3.3. o Let A€ 7'(Q) and o € Z%,. Then

(DYA)(u) = (=D)A(D), Yue 2(Q)

defines a distribution D*A € 2'(Q).
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o Suppose A € 2'(Q) and f € C*(Q). Then
(M) () = A(fu), Vue H(9)
defines a distribution fA € 9'(). The Lebniz rule can also be applied.
o Suppose A; € 2'(Q), i =1,2,..., and
Au= lim Aju, Yue 2(Q).

71— 00
Then A € 2'(Q).
DEFINITION 3.4. The order of A € 2'(f) is the smallest N € Z>( such that there exists C' > 0
such that
[A(w)] < CpN(u), Yue 2(Q).
The order of a distribution can be +oc.
Exanrre 3.5. For every p € Q and a € ZY,, the distribution D, is of order N = |a].

DEFINITION 3.6. The support of a distribution A € 2'(Q2) (denoted by SuppA) is the smallest
closed subset A of Q, such that A(u) =0 for all u € 2(2\ A).

PROPOSITION 3.7. If A € 9'(Q) has compact support, then A has finite order.

Proof. See [17, pp. 164-165]. Take a cut-off function # of the support, and notice A = A:
|[Aul = [(0A)u] = [A(Ou)| < CpR- (Bu) < C'p™ (u).

EXAMPLE 3.8. o Suppd, = Supp D*j, = {p}.
e Suppose A € 2'(Q), p € Q, Supp A = {p}, and A has order N. Then there are constants c,

such that
A= Z caD0p.
la|<N

THEOREM 3.9. Suppose A € 9'(), and K C Q compact. Then there exist a continuous function f
on Q and o € ZY, s.1.

Au= (_1)\a|/ﬂf(x)(mu)<x) dr, Vue Px.

In particular, if A has compact support and of order N, then there exist finitely many compactly
supported continuous functions fg s.t.

Au = %:(_1)\/3I /Q Fo@)(DPu) (@), Vue 2(Q).

PROPOSITION 3.10 (Approximation of distributions). Let A € 2'(Q), € > 0 and p. € 2(R") the
smoothing kernel with support in B(o,e). Then

(A pe) (@) = Ap=(z — -))
defines a smooth function A * p. on Q. s.t. Ax p. converges to A in 9'(Q) as e — 0. As current,

(A*p:)(u) = A(pe xu), Yuée Pk, (somehow nontrivial).
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Proof. See [17, p. 173]. |
ExaMPLE 3.11. If A = 6, then (0, * po)(x) = pe(x — - )(0) = pe(x).

Exavprre 3.12. The following is an extremly wrong calculation, which shows that it is not always
appropriate to define the products of distributions (so for currents): Let € > 0 and H. € C*(R)

be increasing with
1 >0
H.(x) = -
(@) {O r < —e¢.

Then H. — H = X[0,400) and dH. — do as distributions. We have (really?) (H.do)(u) = do(H-u) =
50(U) = H(SO = (50 by letting € \L 0, while 50 — d(HEQ) =2H.dH. — 2H(50 = 50 = H(SO =0.

3.2 Current

DEFINITION 3.13. A current on a domain €2 in C™ of bidegree (n — p,n — ¢) (or bidimension (p, q))
is a differential form

T = Z Trydzr A dzy
[I|=n—p, |J|=n—q
whose coefficients Tt ; are distributions. The space of bidegree (n—p, n—¢q) currents on € is denoted
by 2, ,(Q) or "7P1(Q).
Equivalently, a current of bidegree (n — p,n — ¢) on  is a continuous linear functional on the
space 2P1(Q) of smooth (p,q) forms with compact support.

PROPOSITION 3.14 (Approximation of currents). Let T' € 9, () and p. € Z(R") the smoothing
kernel. Then

Txp. = Z(T[,J * pe)dzr A dzy
I,J

is a smooth (n —p,n —q) form Q¢ s.t. T * p. converges to T in 2, ,(Q2) as e — 0.

DeriNirion 3.15. A current T € 2, ,(Q) is positive (T" > 0) if (T,u) > 0 for all test forms
u € PPP(Q) that are strongly positive at each point, i.e.,

u() =Y Ysitan ATan Ao ANagp A,

where a ; € Tg; , and v, > 0. Denote by T' € 7, (X).

REMARK 3.16. e Positive (p,p) forms are forms with L
currents.

1

e Coefficients that are positive as (p,p)

o A formu= iZj w Wik dzi A Az, of bidegree (1, 1) is positive if and only if (uji) is semi-positive
definite.

o The notions of positive and strongly positive (p, p)—forms coincide for p =0,1,n — 1,n. But
this is not true for other cases in general.

o Ifuq,...,us are positive forms, and strongly positive expect one, then u; A...Aus is positive.

e There is ezample shows: «, 3 positive forms but a A < 0.
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o T € 2,,9) is positive iff T Nu € @('070)(9) is a positive measure for all strongly positive
smooth (p,p) forms u on Q (constant coefficients strongly positive forms are enough).

PRrROPOSITION 3.17. FEvery positive current T is real and of order 0, i.e. if
T = i(n—p)2 ZT[]dZ} A dzy,

then the coefficients Try are complex measures and Ty; = Tyy.

DeriniTiON 3.18. If T is order 0, define the mass measure of T' by
1T =" T4
1,7

(This depends on the choice of coordinates).

PROPOSITION 3.19. If T € 2,8 (X) and v € C3*(X) is strongly positive, then T'A v is a positive
current.

Proof. See [6, pp. 133-134] or [2, p. 3]. |

DEFINITION 3.20. A current T' € 9, ,(2) is closed if it is d-closed, i.e. dT" = 0, where
(AT, u) == (—1)T T, du), Yue 2P 1P=H(Q).
ExampLe 3.21. Let ¢ € Pshn L (Q). Then

82

1<j,k<n

de A dzg

is a closed positive current of bidegree (1,1).
Using Dolbeault-Grothendieck’s lemma, conversely we have
PrOPOSITION 3.22. If© € @'ilﬁnfl(ﬁ) is a closed positive current of bidegree (1,1), then for every

n

point zg € §) there exists a neighborhood D of zo and ¢ € Psh(D) s.t. © = i00¢.
Proof. See [0, p. 135]. |

EXAMPLE 3.23 (see [5, p. 10], [6, p. 135]). Let A C 2 be a closed analytic subset of pure dimension
p. Define

([A], ) == /A a, € PPP(Q).

The current [A] € Z,,(2) is a closed positive current (Lelong 57’; see [0, p. 140]).

i AJe THE, XA current 1Y RE VR B, —BUEIEAT DA R RS AU e SRR E]. 1)
PEAEIE R Stokes EBEAFE], Ar 57l 2 2] Skoda-El Mir FiE#; 52 P
DEFINITION 3.24. For every T' € 7, (), the trace measure of T w.r.t. w is the positive measure

1
O'TzﬁT/\wp.
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When w = 1 57 dz; A dZj, and T =i"9" S0, Ty dzy A dzy,

or =27P Z T[,[ idzg A dzy A ... Aidz, A dZ,.
[I|=n—p

ExampLe 3.25. Let Z be a p-dimensional complex analytic submanifold of 2. Then
0[z] = Riemannian volume measure on Z.
Proof. See [6, pp. 136-137]. |

Fri% A1 complex analytic 751, W o1z = adVyz H |a| < 1 PAKSES MY HAYY complex
analytic. X LI FIRIE RN THE. SLPr b current theory =83k B F7E ) LTI BE & (1 F
et
PROPOSITION 3.26. For positive current T € @I’,‘;(Q), the mass measure is dominated by its trace
measure, that is

IT|| < Cor, C isa constant.

Proof. See [6, pp. 133-134]. |

REMARK 3.27. With the weak topology defined by seminorms T — | (T, f,) |, where (f,) dense in
Dpp(Q), D)1 (Q) is a metrizable subspace of 7, ,(2).

THEOREM 3.28 (Skoda-El Mir). Let E C Q be a closed complete pluripolar set and T € Z,%,(, E)
a closed positive current. Assume that T has finite mass in a neighborhood of every point in E.

Then the trivial extension T € 255 (Q) (obtained by extending measure Try by 0 on E) is closed on
Q.

Proof. See [6, pp. 138-140]. |

DEFINITION 3.29. A current O is said to normal if © and d© are currents of order 0.

SR E AT BN 00 normal current, H 2.0 H A closed positive current, {H R XMl &
KEH T TRHE—T.
ProroSITION 3.30. Let © € @1/94)(9) be a normal current. If Supp © is contained in an analytic
subset A of dimension < p, then © = 0.

Proof. See [0, p. 141]. B B
On A;eg, observe that 0gx AO = 0(g,0) — 9100 = 0 for every generator g5, of A. Use dimensional
assumption to deduce each ©;; = 0. Then Supp © C A, and conclude by induction on dim A. W

ProrosITION 3.31. Let A be an analytic subset of 2 with global irreducible components A; of pure
dimension p. Then any closed current © € 9, () of order 0 with support in A is of the form

©=> X\l4;], A eC.
J

Moreover, © is positive iff all \; > 0.

XHITTER T BT 7. (2B TRATIA LRSI BE, X WU current fE5—ER
T TH A AE R .
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Proof. See [6, p. 143]. |

THEOREM 3.32 (Lelong-Poincaré equation). Let f € M(Q) be a meromorphic function, and let
Y- m;Z; be the divisor of f. Then

g0 | = Y ms1

in the space Dy, 1 ,_1(X).

Proof. See [6, p. 143].
Let Z =J Z; be its support. Near a € Z;j N Zyeg, using Weierstrass’ preparation theorem, write
f(w) = u(w)w;"”. Note that i0dlog |wy|?> = 7[{w; = 0}]. At last, use Proposition 3.30. |

3.3 Complex Monge-Ampere operator
3.3.1 Definition: Case of locally bounded psh function

Denote 1
d=0+3, d°=-(9-0).
2mi
Then dd€ = %85.
PROPOSITION 3.33. Let  be a smoothly bounded open set and let f, g be forms of class C? on Q of
pure bidegree (p,p) and (q,q) withp+q=n—1. Then

/f/\ddcgfddcf/\g:/ fAd?g—d°fAg.
Q o0

Proof. See [6, p. 144]. Using Stokes’ formula. |

Let u be a locally bounded psh function and T a closed positive current.

DEFINITION 3.34 (Bedford-Taylor 827). Then w1 is well-defined: wu is locally Borel function and T
has measure coeflicients. Define
dd®u AT = dd®(uT).

REMARK 3.35. Generally, we can not define the product of two currents (Kiselman 83’).
PRrROPOSITION 3.36. dd°u AT is a closed positive current.

Proof. See [6, p. 145].
Let smooth ug; — u decreasing convergent. Note that dd® is weakly continuous. |

DEFINITION 3.37. Given locally bounded psh functions uy, ..., u4, define inductively
dd®u; Add®ug A ... Add®ug AT == dd° (ulddcug Ao AddC uy /\T).

In particular, for locally bounded psh function u, the bidegree (n,n) current (dd°u)™ is well-defined
and is a positive measure.
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REMARK 3.38. If u is of class C?, then

9? !
(dd® u)™ = det (az;zk> : %idzl AdEL AL Aidzg A dZ,.
J

All operators (dd®)? are called Monge-Ampére operators.

THEOREM 3.39 (Chern-Levine-Nirenberg inequality, 697). For all compact subsets K, L of Q with
L C K°, there exists a constant Ck 1, > 0 s.t.

H ddc Ul AN ddC (5] VANPAN ddc Ugq /\T”L S CK7L||U1HLOO(K) R ||uq||Lc>o(K)||T||K7

where [|©]|x = |O1(K) = [i¢ 327 |Tr.a]-

Proof. See [0, p. 146].
Note that | T|| and o7 are dominated by each other when T is positive. |

COROLLARY 3.40. Let uy,...,uq be continuous psh functions, and uk ... ,u’; be sequences of psh
functions s.t. ué’“ — u; locally uniformly for each j. If a sequence of closed positive currents Ty, — T
weakly, then

1. u’fddculg/\.../\ddcu’;/\Tk —rurdd®us AL Addug AT weakly;
2. ddculf/\.../\ddcuf;/\T;€ — dd®up A ... Add®ug AT weakly.

Proof. See [0, p. 147].
(2) implies (1) due to the weak continuity of dd°.
By induction, only need to prove (1) when g = 1. Let u. be regularization of u, and write

uF Ty —uT = (uf —w) Ty + (u — u) T + ue (T, — T).

Then apply the Chern-Levine-Nirenberg inequality to the first two terms and u. (T} —T') converges
weakly to 0 since u, is smooth. |

k

THEOREM 3.41 (Bedford-Taylor 82°). Let us, ..., uq be locally bounded psh functions, and uf, . .. ) Ug

be decreasing sequences of psh functions s.t. u;“ — u; pointwise for each j. Then
1. u’fddculg/\.../\ddcu’; AT — updd®us A ... Add®ug AT weakly;
2. dduf A ... /\ddcu’; AT — dd®ug A ... Add®ug AT weakly.
Proof. See [0, pp. 147-149]. |

COROLLARY 3.42 ([6, p. 149]). The product dd®ui A...Add® uq AT is symmetric w.r.t. ug,...,Uq.
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3.3.2 Definition: Case of unbounded psh function

Assume that Q is pseudoconvex. Let u € Psh(Q) and T' € 2, () a clsoed positive current on
Q of bidimension (p, p).

DEFINITION 3.43. The unbounded locus L(u) is defined as:

L(u) = {x € Q: u is unbounded in every neighborhood of z} C u™!(—o0).
ProPOSITION 3.44. If
1. T has nonzero bidimension (p,p) (i.e. degree of T < 2n),
2. the boundary 02N L(u) N SuppT = &,
then the current uT' has locally finite mass in €.

Proof. See [0, pp. 150-152].
(1) is necessary: T = §p, u = log |z|. |

DEFINITION 3.45. Let ug,...,uq € Psh(Q), and 02 N L(u;) N Supp T = &. Define inductively
dd®u; Add®us A ... Add®ug AT == dd° (ulddCuQ AL ANddCuy /\T).

If uf,...,ul are decreasing sequence of psh functions with u% — u; pointwise, then Theorem
3.41 (1,2) hold.

Proof. See [0, p. 152]. |

REMARK 3.46. [0, Proposition 4.4, p. 152] Moreover, we can define V.dd®us A ... A dd®u, for
V € Psh(2), when 9Q N L(u;) = @ (V can be unbounded near S, but it is OK due to V is Li ).

REMARK 3.47. [6, Theorem 4.5, pp. 152-156] The currents uq dd®ug A ... Add® ug AT and dd®u; A
...ANdd°u; AT are also well-defined and has locally finite mass in  if

1. q<p;
2. and the Hausdorff measure
Hop—am+1(L(ujy) N ... N L(u;,,) N SuppT) =0

for all choices of indices j1 < ... < jm in{1,...,q}. Moreover, the analogue of the monotone
convergence Theorem 3.41 (1,2) hold.

REMARK 3.48. [0, Proposition 4.12, pp. 156-157] Let uj = log|f;| for f; € 0*(R), and [Z;] =
dd®u;, 1 < j < gq. If the supports satisfy

codim(|Z;,|N...|Z;,

y=m, Vm,

then it follows from the above remark that [Z1] A ... N [Z,] is well-defined.
Moreover, if (Ck)k>1 is the irreducible components of the point set intersection |Z1|N...N|Z,],
then there exists integers my > 0 s.t.

ZOA A Z] =3 milChl.

The integer my, is the multiplicity of intersection of Z1,...,Z, along the component Cj,.
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3.4 Lelong Number
3.4.1 Demailly’s generalized Lelong number

Let © € C" be a bounded pseudoconvex domain, and ¢: Q — [—o00,+00) a continuous (here
means e¥ is continuous) psh function. Set

S(r) ={z € Q: p(x) =r},
B(r) ={x € Q: p(z) <r},
B(r) ={z € Q: p(x) <r}.
DEFINITION 3.49. We say ¢ is semi-exhaustive if 3R s.t. B(R) € €; semi-exhaustive on A C
closed if AN B(R) € 2, 3R.
We now let T' € 7, (Q), and ¢ semi-exhaustive on Q. Assume B(R) N SuppT € Q.
DEeFINITION 3.50. Set for r € (—o0, R),

v(T,¢,r) = / T A (dd® )",
B(r)
v(T, o) = / TAdd® )P = lim v(T,p,r).
S(*OO) T——00
ProrosiTioN 3.51. For convex increasing x: R — R,
[ rate ey =X - ow@ o)
B(r)

Proof. See [0, p. 158]. |

ExXAMPLE 3.52. o Let x(r) = 2"

(T, p,r) = e 2" /B( A e2P)P.

o Let p(2) =log|z —al:

or(B(a,r))

— 1 C .2\ —
pTplor) = 5 [ Ta@ackpy = TRES

r2p

o Denote v(T,a) = v(T,log|z — a|), which is the (ordinary) Lelong number.

e When T'=1=1[Q], ¢ =log|z — a|, we have

_ |B(a,7)|

/B(a’r)(ddC log|z —al)" =v(T,p) = Ty =1.

Thus, (dd€log|z — a|)™ = d,.
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e When T = [A], and A is an analytic subset of pure dimension p,

0 z¢A,

1 z € A is a regular point.

V([ALJ;) = {

Since o4) is the volume measure on A near regular points.

PROPOSITION 3.53. For every ¢ > 0, the set E. = {x € Q: v(T,z) > ¢} is a closed set of locally
finite 5%, Hausdorff measure in €.

Proof. See [6, p. 160]. |
REMARK 3.54. o T — T weakly =

limsup v(Ty, @) < v(T, p).

k—o0
o ¥k — e% compactly uniform =

lim sup V(Ta @k) < V(Ta 90)

k—oo
Set ¢>, = max{y,r}. Then

(dd® @)™ on Q\ B(r),

(dd®p>p)" = {0 on B(r).

DEFINITION 3.55. Define the measure
Ly = (ddC (,DZT)” — HQ\B(T) (ddc (p)n, re (—OO, R)

Then the measure p, is supported on S(r) and p,(S(r)) = pu(B(s)) = fB(T)(ddC o)™ for s > r.
THEOREM 3.56 (Jensen-Lelong formula). Let V' € Psh(Q). Then

)= [ viade ) = / V(dd® V, 1) dt.
B(r) —o0

Proof. See [6, pp. 163-164]. |

For r < ry < R, we then have

s
wr(V) — pirg (V) +/ V(dd®¢)" = / v(dd®V, o, t) dt.
B(ro)\B(r) o

COROLLARY 3.57. If (dd¢)™ =0 on Q\ S(—00), then r — u, (V') is convex increasing, and

WA V,p) = tim )

r—-—oco T

Proof. See [6, p. 164].
Because v(dd®V, ¢, t) is increasing and non-negative. |
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ExAaMPLE 3.58. If (2) = log|z — al, then

— 1)
v(dd® V,log |z — al,logt) = M/ iAV.
B

an—1¢2n—2 (a.t) 2T
Thus,
Vdis su Vv
v(dd® V, a) = lim fS(a,r) A(S(a,r) Lim SUPS(anr) ¥ =sup{y: V < ~vlog|z — a| + O(1) near a},
r—0 logr r—0 logr

by Harnack’s inequality and the convexity of logr — supg(, )y -
THEOREM 3.59. Let ¢, € C(Q2) NPsh(R?), and semi-exhaustive on SuppT. If

Y(z)

£:=limsup —= < +o00, asx € SuppT and p(x) = —oo,

p(x)
then v(T, ) < Pu(T, @), and the equality holds if £ = lim/p.
Proof. See [6, p. 166].

Set u. = max{y — ¢, ¢} for ¢ large enough. [ |
REMARK 3.60. e This shows the Lelong numbers v(T, x) are independent of the choice of local
coordinates.

o For A\i,..., A\, >0, it implies

n

)\j _ ,)‘j — .
<ddclog @%'Zﬂ > = ddclong; |21 = A1 Ano.
SJxn

o The Kiselman number is

. Aj
v(T,x,\) =v (T, log max |2j — ;] J) ,

and v(T,x) =v(T,z,(1,...,1)).
THEOREM 3.61 (Thie 677). Let A be an analytic set of dimension p in C". The Local parametriza-
tion theorem shows we can take coordinates (z';2") = (21,...,2d; Zd41, - - - » 2n) near x such that
(A, x) is contained in |2"| < C|2'|, and the projection map w: AN (A" x A”) — A’ is a ramified
covering with m sheets. The m € Z>q is called the multiplicity of A at x. Then

V(4] ) = m.
Proof. See [6, p. 168]. |
THEOREM 3.62. Let ui,...,uq and vi,...,v, be psh functions s.t. each g-tuple satisfies the condi-
tions in Definition 5./5 or Remark 3.47. Assume u; = —oo on SuppT N ¢~ (—o0) and

£; = limsup Uj(z) when z € SuppT\ujfl(—oo)7 o(z) = —o0.

u;(2)

Then
v(dd®vr A Add ug AT, ) <y Lgr(ddur AL AdAd ug AT, ).
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Proof. See [6, p. 169].
Set w; . = max{v; — ¢, u;} for c large. [ |

COROLLARY 3.63. Ifdd®u; A ... Add®uq AT is well-defined, then at each x € (2,
v(dd®ui AL Addug AT, ) > v(dd®ug, x) - - v(dd® ug, 2)v(T, x).

Proof. See [6, p. 169]. Take ¢(2z) =v1(2) = ... = v4(2) = log |z — z|. |

3.5 Siu’s theorems
3.5.1 Siu’s slicing theorem

THEOREM 3.64 (Siu’s slicing theorem). For almost S € G(q,n) with ¢ > n—p, the slice T|g satisfies
v(Tls,0) = v(T,0), where G(q,n) is the Grassmannian of q-dimensional subspace in C™.

Proof. See [6, pp. 172-173].
The slice of current is somehow a little complicated, but we can think about the psh functions.
One important ingredient in the proof is Crofton’s formula:

‘/’ (5] dv(S) = (dd® log |2])"~,
SeG(q,n)

where dwv is the unique U(n)-invariant measure of mass 1 on G(gq,n).
Think that (p =n—1,¢ =1 and T = dd°« smooth)

vls0) = [ 7ls= [ Tas

SNB(0,r) B(0,r)
SO
/ v(¢ls,0,r)dv(S) = / / TA[S] = / T A (dd®log |z))" ™t = (4,0, 7).
Secpr-1 S JB(0,r) B(0,r)
In this special case, we also have v(i|g,0) < v(¢,0) for every S. |

ExampLe 3.65. Let ¢ = logmax;—1 2|2, where 0 < A; < Aa. Then v(2|g,0) = Ay except for

3.5.2 Siu’s semi-continuity theorem

Let ¢: @ x D — [—00,4+00) be a continuous psh function, and T' € .@;E(Q). Assume for every
compact subset K C D, there exists R = R(K) < 0 s.t.

{(z,y) € SuppT x K: ¢p(z,y) < R} € Q x D.

For every y € D, let ¢ (x) = ¢(z,y). Assume that ¢ is locally Hélder continuous w.r.t. y, i.e.
locally we have

lo(z,y1) — p(z,y2)] < Mly:s —yo|”,  ~ € (0,1].
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THEOREM 3.66 (Demailly 87°). The upperlevel sets
E(T,¢) ={y € D: v(T,py) > c}
are analytic subsets of Y.

Proof. See [6, pp. 173-180].

The proof is an application of Kiselman’s minimum principle and Corollary 2.7. The proof is
complicated, but we will give a proof for the semi-continuity of relative types (another generalization
of Lelong number) with the similar methods later. |

COROLLARY 3.67 (Siu’s semi-continuity theorem). If T € 2,1 (), then
E(T)={zeQ:v(T,z)>c}
of Lelong numbers are analytic subsets of dimension < p.

Proof. Let p(z,y) =log|z — y|. |

3.5.3 Siu’s decomposition theorem

THEOREM 3.68. IfT € @I’,;(Q), there is a unique decomposition of T as a (finite or infinite) weakly
convergent series
T=Y NA4]+R, >0,
jz1
where A; are irreducible p-dimensional analytic subset, and R is a closed positive current with the
property that dim E.(R) < p for every ¢ > 0.

Proof. See [0, p. 181].
Ezistence: Let A; be the p-dimensional irreducible components occuring in one of E.(T), ¢ € Q4
and A; > 0 be the generic Lelong number

Ay =inf{v(T,z): z € A;}.
The rest is to show Ry =T — 7, ;o v Aj[4;] is positive. |

ExAaMPLE 3.69. Let ¢ € Psh™ (A) in C, and v(¢,0) = ¢ € (0,+00). Then 0 € E.(¢). Since the
0-dimensional irreducible analytic subset must be a point, by Siu’s decomposition, we have

0<R:=T-c[0] =dd®¢ — cdd®log|z| = dd°(¢ — clog|z|),

that is, ¢ == 1 — clog |z| € Psh(A). Note that ¢ < 0 near DA, so ¢ € Psh™'(A). Thus, ¥ < clog|z|
on A. From Siu’s decomposition (or by definition), we can also find that v(¢,0) = 0.
Now if ¢ € [k, k+ 1) for k € Z>¢, then

/ |f|2672w ~ / ‘Z|2m672clog\z\f2¢ _ / ‘Z|2m720672¢, m = Ordo(f).
A(r) A(r) A(r)

Since v(¢,0) = 0, by Skoda’s result, e~2? is locally integrable. We can then conclude that .# (¢)o =
(2")o-
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3.6 Cegrell’s class

DEFINITION 3.70. A domain Q C C" is said to be hyperconvex if there exists a bounded psh
exhaustion function, i.e. 3o € Psh™ (Q), s.t. {¢ < —t} € Q for any ¢ < 0.
In this “subsection”, we will always assume that 2 is a bounded hyperconvex domain in C™.

PROPOSITION 3.71. Suppose u € Psh™ (). Then there is a decreasing sequence of functions u; €
Psh(Q2) N C(Q) with ujlan = 0 for every j € Zso, lim u;j(z) = u(z) for every z € Q, and
j—oo

Jo (dd® u;)™ < 4-00.
Proof. See [4, p. 3]. |

DEFINITION 3.72. &(2) is the convex cone of bounded psh function u with lin% u(z) = 0 for any
z2—
z € 0Q, and [,,(dd®u)" < +o0.
REMARK 3.73. For u € Psh™ () \ {0} with lirré u(z) =0 for any z € 09, and T a closed positive
z—r

current on §2, the current dd°u AT is well-defined.

DEFINITION 3.74. Let u € Psh™ (). We say u € £(Q) if for every zg € Q there is a neighborhood
w of zp in Q and a decreasing sequence h; € E(Q) s.t. hj — u on w and sup; [,,(dd® k)™ < 4o0.

For uq,...,u, € £(Q), define dd®u; Add®us A ... Addu, to be the (weakly convergence) limit
measure obtained by the decreasing sequences (independent of the choice in fact, see [4, pp. 7-8]).
DEFINITION 3.75 (Cegrell’s class). We denote by .# (€2) the subclass of functions w in £€(u) s.t. there
exists a decreasing sequence u; € &(Q) s.t. u; — u on Q and sup; [,,(dd®u;)™ < +oco.

REMARK 3.76. o The integration by parts is allowed in F ().
o Every u € E(Q) is locally in F ().

o In the unit ball B of C?, u = log|z2| ¢ £(B). Moreover, —(—log|z2|)* € £B) iff 0 < a < 1/2.
THEOREM 3.77. Suppose u,...,u, € FZ(Q) and h € (). Then

n 1/n
/hddculA.../\ddCungl_[(/ h(ddcuj)”) :
Q Jj=1 Q

Especially, we have

n 1/n
/ddcul/\.../\ddcungn</(ddcuj)") )
Q j=1 Q

/Q (dd ur)? A (dd® us)"7 < ( /Q (ddcul)">j/n- ( /Q(ddc ug)")l_j/n.

Proof. See [4, pp. 169-170]. |

and

COROLLARY 3.78. Suppose u,v € F(2). Then

(o)™ < (f )" ([ @nr)”
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Proof. Actually we need to show u + v € .Z#(Q), but directly we compute

1/n
MA (u + v)!/" = (/ (dd®u + dd° u)”)
Q

1/n

= /Q zn:(ddc u)? A (dd®wv)™ I

IN

Z /Q MA (u)?/™ - MA(v)' =9/

- ((MA(u)l/” + MA(U)I/")n) Y MA@+ MA ),

where MA(u) = MAqg(u) = [ (dd®u)". [ ]
COROLLARY 3.79. Suppose u € E(R2), and 0 € Q. Then the (higher) Lelong numbers

esu) = [ (@d ) A (adlog 2",
{0}

satisfy
1. ej(u)? <ej_1(u)ejpr(u), for 1 <j<n—1;
2. ej(u) > er(u), for 0<j<m;
3. en(p) < ej(w) !~/ e (w) 8=/, for 0 < j <k <1 <.

THEOREM 3.80. Let u,v € L NPsh(Q), and liminf (u(z) — v(z)) > 0. Then
z2—00)

/ (dd° v)" < / (dd° u)".
{u<v} {u<v}

Especially, if (dd°u)™ < (dd®v)™, then v < u in Q.
Proof. See [2, p. 10].

For u,v € C(Q) this case, take v. = max{v,u +e}. |
3.7 Extremal plurisubharmonic function

We continue letting 2 bounded hyperconvex.

3.7.1 Maximal weight and relative type
Assume 0 € Q. Let ¢ € L2 (Q\ {0}) N Psh™ (Q) which satisfies ¢(0) = —oo and (dd®¢)” =0

loc

on 2\ {0}, i.e.  is maximal on Q\ {0}. We call ¢ a mazimal weight near 0.
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DerFINITION 3.81 (Rashkovskii). For every psh germ u at 0, the relative type of u to ¢ is defined
by

o cu(z)
= — = >0:u< .
o(u,p) llirilglf 202) sup{c > 0: u < cp 4+ O(1) near 0.}

PROPOSITION 3.82. Assume u € Psh(Q2), and u(0) = —oo. Then

Aluyp,r) = sup u(z)
z€B(r)

is convexr and decreasing in logr, where B(r) = {p < r}.
Proof. See [16, p. §]. |

COROLLARY 3.83. We have
u < o(u, p)p +O0(1)

near 0.
Proof. See [16, p. 9]. |
THEOREM 3.84. Let ®: Q x @ — [—00,0) be a negative psh function s.t.
1 {: 8(2,Q) = —o0} = {C};
2. for any ¢ € Q and r <0, there exists a neighborhood U of ¢ s.t.
{(,0): ®(z,0) <r, CeU}ED X
3. (dd°®¢)" =0 on Q\ {C} for every fized {, where ®¢(z) = ®(x,();

4. €29 s locally Holder continuous in C, i.e. 338 >0 s.t.

‘e‘i’(%ﬁ) _ e‘t’(x»fz) < C|C1 _ C2|ﬁ.

Let u € Psh(Q), and denote
Se(u, ®;9) ={CeQ:o(u, ) >c}, ¢>0.
Then S.(u, ®; Q) is an analytic subset of Q for each ¢ > 0.

Proof. See [16, pp. 22-23]. |

COROLLARY 3.85. Let ¢ be a maximal weight near 0 which is Hélder continuous. Then for every
u € Psh(Q) and ¢ > 0,
Ec(u;p) = {z € Q: 0:(u, 7290) = c}

is an analytic set.

Proof. Let R > 0 such that ¢ € Psh™ (B(0,2R)), and let ®(x,() = ¢(z — (), which is a negative
psh function on B(0, R) x B(0, R). |
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3.7.2 Pluricomplex Green function

DEFINITION 3.86. A locally bounded psh function « is maximal if (dd®u)™ = 0.
In fact, it is the maximal psh function among those have same boundary values.

DEerINITION 3.87. For every zg € €2, the function
Gal(z, 20) = sup {v(2): v € Psh™(Q), v(z) < log|z — zo| + O(1) near z }
is the solution to the Dirichlet problem
u € Psh(Q)NC(Q)
(dd®uw)™ =0o0n Q\ {20}
ulag =0
u(z) =log|z — 20| + O(1) near z,

where u € C(Q) means e* € C(Q). We call Gq(,2) the pluricomplex Green function on
with a logarithm pole at zg.

REMARK 3.88. o Actually we only need Q bounded or hyperconvexr to define the pluricomplex
Green function, but we may have Gqg = —oo when unbounded.

o Go(z,w) is continuous on Q x Q\ {z = w}.
o If Q is strongly pseudoconvex with C*' boundary, then Gql(, z9) is CH' in Q\ {20}.

o FEven Q is strongly pseudoconvex with C'° boundary, the pluricomplexr Green function can be
not C% up to boundary.

o When n > 2, in general, Go(z,w) is not symmetric in z and w.
DEFINITION 3.89. A bounded domain D C C™ is said to be strictly hyperconvex if there exists
a bounded domain Q and a function g: @ — (—o0,1) such that ¢ € C(Q) NPsh(N), D = {z €
Q: o(z) < 0}, g is exhaustive for Q and for any real number ¢ € [0, 1], the open set {z € Q: o(2) < ¢}
is connected.

We have the following approximation theorem of pluricomplex Green function:

THEOREM 3.90. Let D be a bounded strictly hyperconvex domain and 0 € D. For any m € N4,
define
&Em(D) = {f € O(D): sug|f(z)\ <1, ordo(f) = m—1},
zZ€

and

1
Om(z) = sup —logl|f(z)|, VzeD.
fe&m(D) M

Then ¢, converges to Go(-,0) pointwise.

Proof. See [13].
Use Demailly’s approximation theorem. |

COROLLARY 3.91. If0 € D is a bounded strictly hyperconvexr domain, then

Gq(w,0) = sup{y log|f(w)|: f € O(D), s1L,1)p|f| <1, flo)=0, f£ 0}.

o
(log|fl,0)
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3.7.3 Capacity function
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4 Some applications

4.1 Asymptotic behavior of Bergman kernel

Suppose €2 is an open set in C", and ¢:  — R is a C? psh function. Consider the weighted
Bergman space . = A%(Q,e~%?) and Let By be the Bergman kernel on the diagonal for J#.

LEMMA 4.1. We have that

1
lim sup — By, (z)e F*() dA(z) <
koo k" 7!

Proof. Let h € 74, with
/ |h|2e™* < 1.
Q

WLOG, say z = 0. We first assume ¢ has the Taylor expansion

$(¢) = (0) + > y;l¢1* + o(|¢?),

where each v; > 0. Then for every A < +o0,
1> / |h[2e R dX > (1 — g )e F¢© / |h|2e R E w61 g,
> vil¢1P<A/k Yil¢i1P<A/k

where €, — 0 as k tends to co. By the mean value inequality,

/ |h|2e R Z 016G q) > \h(0)|2/ e R EwIGI" qn
7ilGi12<A/k Yl 12<A K

— IO [ ek
B(0,A/k)
= [h(O)* (71 -+ - k™) "1™ (1 = 8a),
where §4 — 0 as A tends to co. Hence,
[(0)2e™H¢0) /K™ < 7=y (1 4+ 284)(1 + 21)
for A and k large. Taking the supremum over A of norm at most 1 we then get
Bi(0)e O /km < p ey oy (14 264) (1 + 26p).

It follows that (e.g. taking A = CVk)

(1094)"(0).

1 1
lim sup —Bk(())e*kd’(o) A< —71 -y =
71—1'7/

kooo K" 7n!

It is easy to see that this also holds when some of ~;’s are 0. A general ¢ has the Taylor expansion

#(¢) = #(0) + 2Re (p(€)) + a(¢, ¢) + o(I¢[*).

We can reduce this case by change of variables and the substitution A +— he™P. ]
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THEOREM 4.2. Additionally assume that D is bounded pseudoconvexr. We have that

in(z)e*WZ) d\(z) — an! (100¢)"(2)

kn

pointwise.
Proof. We only need to show the reverse estimate. We may assume z = 0, and near 0,

3(¢) = ¢(0) + [¢I* + o(|C]*).

Let x € C$° be compactly supported in B(0,1) and x = 1 in B(0,1/2) and d; be a sequence of
positive numbers s.t. 6 — 0 and 7% = VES, — 0o. Set

gi(Q) = k2RO 2y (1,.0).
Then

/ gk %% dx < / Kb O |y (7 ) [2e 4 d
Q Q

< k"eko(0) / Y
¢z <2

< FP0)5-2n / o RO/ )
B(0,1)

< (1 + e4)eh#0) 52—k (0) / o IC/012 gy
B(0,1)

<1+ ek)/ eI dx - 77 (k — o).
B(0,6; 1)

We can also see B
|8gk(z)\2 < Ck"ek¢(0)T,§,

and Jg, = 0 except when 7, '/2 < |¢| < 7, "

5uk = ggk with

So we can use Hérmander’s L? estimate to solve

1
/ lug (2)[2e % d\ < C’f/ kneko0)r2e=ko q )
Q k ot 2<i¢l<r

< Ck”é,i/ e kICI® qx

7'1;1/2<\§\<‘r;1

gca,%/ e lPar 50 (k= oo).
s t/2<¢l<st

Set Fy = gi — uy, which is holomorphic. Then FJ,(0) = gx(0) = k*/2e¥¢(0)/2 and
/ |Fi2e ™ dX\ < 7" + o(1).
Q

Thus,
1 1 kneke0) 1
lim inf—Bk(z)efk‘z’(O) > liminf — - R
—oo k™ k—oo kM T T

The rest is similar as above. | |
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4.2 Spectrum of Toeplitz operator

Let Q be a bounded pseudoconvex subset in C" and ¢ a C? psh function on . Let x be a
compactly suported bounded function on €). Define the Toeplitz concentraction operator T ., by

Tyof(2) = / (O F(Q)By(z O,

Q

where B, (z,() is the off-diagonal Bergman kernel of A%(Q,e~%®). It can be seen that T} , is of
trace class, where

Tr(Ty.p) = /D x(2)By(z,2)e?*)

and

TrTe) = /Q/Q X(Q)By (2, Q)Pe™#e#() = /Q X(2)]* By (2, 2)e %1

If f is an eigenfunction of T} ,, with eigenvalue A, then

MIIZ = (Tyofs /) = (X Pof) = (XF, f) = /Q X(2)|f(2)[Pe™?), (4.6)

where P, is the Bergman projection.
Now let x be a characteristic of a relatively compact open subset K, and denote the eigenvalues
of Ty, be A (D, ) = A (X, ), ordered in a non-increasing sequence (counted with multiplicity)

It is well-known [Weyl-Courant lemma)

Anlop) = pin, max (Deel: )
Il Flle=1

= max min (7;
dim F=m feF ( X#vaf)y

I7lle=1

where E, F are subspaces of A%(Q,e™%).

THEOREM 4.3. Let D be a relatively compact smooth open subset of Q. Then for any v € (0,1) we
have

. -n . _ 1 299, A\
kll)n;ok #{m € Z>o: An(D, k) >~} = ] /D(la&p) .
Proof. According to Theorem 4.2, we have

1

S B () AN(2) 5 — o x(2)(00)" (2

pointwise, which implies (T}, = Ty k)

k—o0

1 _
lim k=" Tr(Ty) = Jim k7 Tr(T?) = o / (100p)™. (4.7)
o0 . D
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By definition, we have (A, (k) = A (T k)
Tr(Te) = Y Am(k), Tr(Te) =Y Am(k)>.

It follows from (4.6) that A,,(k) < 1. Note that

ka7 f)
I1£1%,

(Ti1,1)

> 0.
%,

M(k) = sup TP D) 5

Thus, we have

0< D Am(k)> <D Am(k).
m m
By (4.7), for any § > 0, there exists ks s.t. when k > ks,

2m Am (k)
2 m Am (k)

1-6< <1

Now fix ks and for every 8 € (0,1) denote

Then
A=) Aalt) £ 3 Anlk)?+ 3 Am(k)?

m >\'rn >"/ )‘m S’Y
<D Ak 7 Y Ak)
Am >y Am <y
<

(1-255) Z Am (k) + 7S5 Z Am (k),

which shows

Hence,

H{m: Am(k) > 7} > > An(k) > (1 - 5) > Am(k). (4.8)

1—
Am >y "

Note that for v < 7/ < 1 we have
t{m: A (k) > v} = t{m: A (k) > '} +#{m: v > N\ (k) >}
% S k) + % S (k)

Am >y’ Y2 Am >y (49)

% > (k) + %svl > Am (k).

IN

IN
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Now combining (4.7), (4.8) and (4.9), we get

(s () > ) > (1= -2 ) [ vy,

~v ) wnl

and ) 5 .
limsup {m: A\, (k) > < < + ) —/ i0Op)".
k—o0 d (k) >} v A1 =2 ) 7l D( °)
The result follows since § > 0 and v € (v, 1) are arbitrary. [ |

4.3 Riemann—Roch; Holomorphic Morse Inequality

LEvva 4.4, Let 3 be a subspace of L?(X, ) consisting of continuous functions, and denote by
K(x,y) the reproducing kernel of 7. Then

dimj‘f:/ K(z,z)dp.
X

Proof. Let (h;) be an orthonormal basis for . Then

dim%:/ Z|hj|2d,u:/ K(z,x)dp.
X b's
[ ]

PROPOSITION 4.5 (Bouche, Tian, ...). Let L — X be a hermitian holomorphic line bundle over a
compact complex manifold. Assume h = e~¢ is_a smooth metric on L with i00¢ > 0 and positive
somewhere. Let X, be the open subset where i100¢ is positive. Then

R 1 AT n
lim —h°(X,kL) = M/Xo(laaqﬁ) .

k—oo k™

Proof. Since & is smooth, by the above lemma,
hO(X, kL) = / Bje .
X

The proposition then follows from Theorem 4.2. |

Now let X be a compact complex manifold, E a holomorphic vector bundle of rank r and L a
line bundle over X. If L is equipped with a smooth metric h of curvature form Oy, j, we define the
g-index set of L to be the open subset X (L, h,q) where i©f ;, has exactly ¢ negative eigenvalues
and (n — q) positive eigenvalues for 0 < g < n. Denote

A={zeX: det(O () =0}.

Then X = AU Uq X(L,h,q). Set
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THEOREM 4.6 (Demailly, 85’; Holomorphic Morse Inequalities). The cohomology groups H1(X, E ®
O(kL)) satisfy the following asymptotic inequalities:

1. Weak Morse inequalities

h(X,0(E)® O(kL)) < rk—‘ (—=1)4 <1®L,h> + o(k™).
n. X(L,h,q) 2

2. Strong Morse inequalities

> (1) (X,6(E) @ O(kL)) < o /X(Lh < )(—1)‘1 (2177@“) + o(k™).

- n!
0<j<q
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5 Some open problems

5.1 Zero mass conjecture

5.2 Sublevel sets of pluricomplex Green function

65
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